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ERRATA. 


Page 54, line 7. For collect-groups read generator-groups. 
106, δ 31. The first formula should read (4 + B) C= AC + ΒΟ. 


126. 
132. 


136. 
148. 
Eri: 
182. 


The third formula should read k (í — k) —j. 

Foot-note, second line of second paragraph, read j = τί j,— Jk), ae — z4 +J ns 
Last line of foot-note. Fore, read ἰ. 

Multiplication table of (4). For jit, read ji —j. 

Last line of foot-note, insert Z, at beginning of line. 

Foot-note. Add that on substituting k -+ vj for k, the algebra (aw,) adios to (a2), 


and the same substitution reduces (ays) to (az). 


. 187. 


Last line of foot-note. Fori, read 0. 


246, line 14. After the word hat insert with a value o y h cupable of being made less than 
any assignable quantity. 


On the 34 Concomitants of the Ternary Cubic. 


By Proressor CAYLEY, Cambridge, England. 


I have (by aid of Gundelfinger’s formule, afterwards referred to,) calculated, 
and I give in the present paper, the expressions of the 34 concomitants of the 
canonical ternary cubic aa? + by? + c+ Olxyz, or, what is the same thing, 
the 34 covariants of this cubic and the adjoint linear function ἔα + wy + fz: 
this is the chief object of the paper. I prefix a list of memoirs, with short 
remarks upon some of them ; and, after a few observations, proceed to the expres- 
sions for the 34 concomitants; and, in conclusion, exhibit the process of calcu- 
lation of these concomitants other than such of them as are taken to be known 

“forms. I insért a supplemental table of 6 derived forms. 

The list of memoirs (not by any means a complete one) is as follows: 

Hazssu, Ueber die Elimination der Variabeln aus drei algebraischen Gleichun- 
gen vom,zweiten Grade mit zwei Variabeln: Crelle, t. xxviii (1844), pp. 68-96. 
Although purporting to relate to a different subject, this is in fact the earliest, 
and a very important, memoir in regard to the general ternary cubic; and in it 
is established the canonical form, as Hesse writes it, γῇ + γᾷ + 43 + O0ty wi. 

ARONHOLD, Zur Theorie der homogenen Functionen dritten Grades yon drei 
Variabeln: Crelle, t. xxxix (1850), pp. 140-159. 

CavLzy, A Third Memoir on Quantics: Phil Trans., t. exlvi (1866), pp. 
627-647. 

ARONHOLD, Theorie der homogenen Functionen di itten Grades von des: 
Variabeln: Crelle, t. lv (1858), pp. 97-191. 

SALMON, Lessons Introductory to the Modern Higher Algebra: 8°, Dublin, 
1859. 

ΟΑΣΙΗΣ, A Seventh Memoir on Quantics: Phil Trans., t. cli (1861), pp. 
271—292. 


ΒΠΙΟΒΟΗΙ, Sur la theorie des formes cubiques a trois indeterminées: Comptes 
Rendus, t. lvi (1863), pp. 304-307. 
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ἨΒΕΜΙΣΕ, Extrait d'une lettre à M. Brioschi: Crelle, t. Ixiii (1864), pp. 30-32, 
followed by a note by ΒΗΙΟΒΟΠΙ, pp. 32-33. 

The skew covariant of the ninth order (y? — 2. 2— αὖ, αὖ-- αὖ for the 
canonical form αὖ + y+ 2¢-+ 6leyz), and the corresponding contravariant 
në —0.0]— E. E — nê, alluded to p. 116 of Salmori’s Lessons, were obtained, 
the covariant by Brioschi and the contravariant by Hermite, in the last-men- 
tioned papers. 

CLEsSOH and Gorpan, Ueber die Theorie der ternaren cubischen Formen: 
Math. Annalen, t. i (1869), pp. 56-89. 

The establishment of the complete system of the 34 covariants, contravariants 
and Zwischenformen, or, 88 I have here called them, the 34 concomitants, was 
first effected by Gordan in the next following memoir: | 

Gorpan, Ueber die ternàren Formen dritten Grades: Math. Annalen, t. i 
(1869), pp. 90—128. 

And the theory is further considered : 

GUNDELFINGER, Zur Theorie der ternären cubischen Formen: Math. Annalen 
t. vi (1871), pp. 144-168. The author speaks of the 34 forms as being “ theils 
mit den von Gordan gewählten identisch, theils möglichst einfache Combina- 
tionen derselben." They are, in fact, the 34 forms given in the present paper . 
for the canonical form of the cubic, and the meaning of the adopted combina- 
tions of Gordan's forms will presently clearly appear. 


There is an advantage in using the form aa? + bi? + οὗ + 6lvyz rather than 
the Hessian form a? + y? + 2+ θίαγα, employed in my Third and Seventh 
Memoirs on Quantics: for the form aa? + by? + ez! + 6lxyz is what the general 
cubic (a,b,¢,f,g,h,%,7,k, D(a, y, 2? becomes by no other change than 
the reduction to zero of certain of its coefficients; and thus any concomitant of 
the canonical form consists of terms which are leading terms of the same con- 
comitant of the general form. Ἢ 

The concomitants are functions of the coefficients (a, b, .. 1), of (E, η, Ὁ), 
and of (x, y, z): the dimensions in regard to the three sets respectively may be 
distinguished as the degree, class, and order; and we have thus to consider the 
deg-class-order of a concomitant. 

‘Two or more concomitants of the same deg-class-order may be uineas 
combined together: viz. the linear combination is the sum of the concomitants 
each multiplied by a mere number. The question thus arises as to the selection 
of a representative concomitant. As already mentioned, I follow Gundelfinger, 
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viz, my 34 concomitants of the canonical form correspond each to each (with 
only the difference of a numerical factor of the entire concomitant) to his 34 
concomitants of the general form. The principle underlying the selection would, 
in regard to the general form, have to be explained altogether differently ; but 
this principle exhibits itself in a very remarkable manner in regard to the 
canonical form aa? + by? + οὗ + bloyz. l 

Each concomitant of the general form is an indecomposable function, not 
breaking up into rational factors; but this is not of necessity the case in regard 
to a canonical form (only a concomitant which does break up must be regarded 
as indecomposable, no factor of such concomitant being rejected, or separated). 
So far from it, there is, in regard to the canonical form in question, a frequent 
occurrence of abc + δἰ) or a power thereof, either as a factor of a unique con- 
comitant, or when there are two or more concomitants of the same deg-class- 
order, then as a factor of-a properly selected linear combination of such con- 
comitants: and the principle referred to is in fact that of the selection of such 
combination for the representative concomitant; or (in other words) the repre- 
sentative concomitant is taken so as to contain as a factor the highest power 
that may be of abc + 87. (As to the signification of this expression abc + 87, 
I call to mind that the discriminant of the form is abe (abe + 805 5). 

As to numerical factor: my principle has been, and is, to throw out any 
common numerical divisor of all the terms: thus I write § = — abel + & 
instead of Aronhold’s S = — 4abcl + 40. There is also the question of nomen- 
clature: T retain that of my Seventh Memoir on Quantics, except that- I use 
single letters H, P, &c., instead of the same letters with U, thus HU, PU, &c.; 
in particular I use U, H, P, Q instead of Aronhold’s f, A, S,, T,. It is thus 
at all events necéssary to make some change in Gundelfinger’s letters; and there 
is moreover a laxity in his use of accented letters; his B, B', B", B", and so 
in other cases Æ, E', E", &c., are used to denote functions derived in a determi- 
nate manner each from the preceding one (by the d-process explained further 
on); whereas his L, I; M, M'; N, N' are functions having to each other an 
altogether different relation ; also three of his functions are not denoted by any 
letters at all. Under the circumstances, I retain only a few of his letters; use 
the accent where it denotes the 6-process; and introduce barred letters J, K, &c., 
to denote a different correspondence with the unbarred letters J, K, &. But I 
attach also to each concomitant a numerical symbol showing its deg-class-order, 
thus: 541 (degree = 5, class = 4, order 1) or 1290, (there is no ambi- 
guity in the two-digit numbers 10, 11, 12 which present themselves in the system 
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of the 34 symbols); and it seems to me very desirable that the significations of 
these deg-class-order symbols should be considered as permanent and unalterable. 
Thus, in writing S= 400 = — abel + l, I wish the 400 to be regarded as de- 
noting its expressed value — abel + D: if the same letter δ is to be used in 
Aronhold's sense to denote — 4αθοῖ + 4C, this would be completely expressed 
by the new definition S = 4,400, the meaning of the symbol 400 being explained 
by reference to the present memoir, or by the actual quotation 400 = — abel + ἴ. 

I proceed at once to the table: for shortness, I omit in general terms which 
can be derived from an expressed term by mere cyclical interchanges of the letters 


(a, b, 9), (£95 ο. (α, y , £). 


Table of the 34 Covariants of the Canonical Cubic aa? + by? + ο + 6blayz and 
linear form ἕω + ny + ζα. 


First Part, 10 Forms. Class = Order. 


Current No. ; 
1 S = 400 = — abel + E. 
2 T = 600 -- ate — 20abel.— 8l. 
3 A —Oll-  ka+ ny + e. 
4 O —222— α[-- PEP — alg] .. 
+ yz [ be? + 2Ρηζ] .. 
2 O' = 422 — a [I (abe + 218) P + a (abe — AP) n]. . 


+ yz [beP E — 9 (abe + 2B) nf]... 
6 O” = 622 = æ [ — (abc + 9056} + 12aP (abc + 38) ηζ].. 
+ yz [86ῥοΐ}ξ᾽ + 2 (abe + 22) 7] .. 
7 B —383— æ [æ (ey? — 08) ].. a 
+ yz [(abe + 803) χϑξ + 19bP DE + θδοϊξθη] .. 
| + ye [— (abe + 80) nf? — Obel? — 12cPEv?] . . 
8 B'-—538— αὖ [βαθὺ (en — b.. . 
+ να [— P (abe + 83) ᾿ξ + 461 (— abe + P) CE 
— be (abe — 1005) ἕδη] . . 
+ y£ [P (abe + 85) nf + be (abe — 1013) CE 
— 4cl(— abe + P) gx? ] . . 
9 B'—788— s [9al (c — bY]. . 
+ ys [L(abe + 88) (2abe + ἴδ vC 
+ b (abe4- 20) (abe—10109) "E + 66e (—abe 4-09) By] .. 
+ yz [--- (abe + 8*)(2abe + P) nF 
—6bel(—abe +18) LE» —c(abe-+ 21°) (abe—108) £x] . 
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Current No. 


10 


2T 
28 


| B'—988 — αἳ [Te (ex? — δζ)]. 


+ y [— (abe + 88)(abe — BY + 9b? (abo + 2PC E 


— 9'Tbcl* (abe +20) ἔϑη] . . 


+ ye? [(abe + 8PP) (abe — Pn? + 2'Tbcl* (abc + 20) CF 


— θο8 (abc + 2P\Ex) .. 


Second Part, (4 + 4 =) 8 forms. Class = 0, and Order = 0: 


Class — 0. | 
103 = aa? + bi? + οὐ + θίωψα. 


D == 
H = 303=P (ax + by + αλ) — (abe + 978) αγ». 
p = 806 = (abc + 8EY {ax + Phy - o85— 10 (boit caza? + aba?y?) t. 
Q = 1209 = (abc + 8 Jj by? — οὔ. o? — az. aa? — by. 
Order = 0. 
P = 330 = — / (bck + ex? + abt?) + (— abe + 48) Eng. 
.Q = 580 = (abe — 100) (bck? + can? + abs?) — 61 (babe + 4P) Eng. 
F = 460 = PEE dant alU 2 (abe + 169) (ax 4- GE + ey?) 


— 2413 (beg! + can? + abi?) Enë — 24] (abe + 25) Ene. 
I] = 1290 = (abe + 89)? ien! — b. αὖ” — οἴ”. bE! — ax? t. 


Third Part, (8 + 8 —) 16 forms. Class less or greater than Order. 


Class less than Order. 

J = 414 (abe + 85)$ Ex(by?— oz) + ny (ez — aa?) + £2 (aa? — ὂγ)}. 
K = 514 = (abc + 8 E [ala — 2blayi— λο[ααὲ }- 8boyf?] . .1. 

K' = 14 = (abe + 8P) E [(dbe + 20°) (azt — 2blay? — λο]οα)) 


— 18ῥο]ηῤφη . .1. 
E = 625 = (abe + 8P) f (by? — e?) [20 + beye] - 

+ x6 (by! — o) Aaa? + AP ys] . $. 
E' = 825 = (abc + 80) {P (by? — οδ)Γ](αδο + 218) z — 3bclyz] . 


+ nv (by? — οὔ)[ a (abe — 418) à? + 1 (abe + 20°) gals d 


E" = 1025 = (abc + 8) 15 (by? — ez')[(abe + 20) aè + 18beltyz] . 

+ an (bj) — c5) [ —12aP (abe + 918) a? - (abe + amy, ΚΝ 
M = 911 = (abe + BENE (by? — ο) [Bati— blay?—clae?— bey]. . |. 
Μ' = 1117 = (abe + BPE (by! — e) [ (abc + δγδαα! — by! — oxe) 


+ 18befhyfg] . t. 
Order less than Class. 


F = 841 (abo-- 80) {aka (e? — b) + rnb (aL? — o") + he bE —ax). 
K = 541= (abe + 8P)| x [bet — 3οαξηξ — 2abEC? — baln? ο] . .]. 
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Current No. Order less than Class. . 
29 K' = 741 = (abe+ 82) {a[P(bck*—2cakn®— 2abke*) + a(abe+ 2 yet? ]. .1. 
90 E = 652 = (abc+ 8) {a* (ο) --- 62) [2alE* + an] .. 
+ ys (en — ὑζ)[4Ρξ᾽ + 2αἶηζ] . .]. 
= 852 = (abe + 81°) }a* (ex! — 03) [a (abe — 418) P — ba Pn] . 
+ ye (on? — B [4l (abo + 20) E+ a(abe—4B) nk]... 
32 E" = 1052 = (abet 8P) |2? (on? — δδ) [— 3a?* (abe + 278 P+ θάβηζ].. 
Jy (ο)-- 02) [(abo-+ 2E — SaP(abe — AI) i |. 
33 M = κ = (abe + 80) 1a (οπ' — 80°) [(abe — 818) && — αξοξγ) — ET 
| — L2aP Eng — θα]. 
971 = (abc + 8P) |a (ex? —bi*) [δ(Ταδο-|- 82) E*— 3a*cP Ex? — Sa. dea 
+ 4al (abc — δ) Eng + a? (abe — 10P) 7] . .. 


È 


3l 


SS 
[ 


34 


To this may be jomed the following Supplemental Table of certain De- 
rived Forms: | 


35.  R —1200— 649? — T" = — abe (abc + ΒΒ) 

36 C = 103 = — TU--248H = (abe + 8P)$ (— abe-- A4P)(aa*-- by i οὐδ) 
+ l8abclzys|. 
9038 = — 8S8*U— 8 TH = (abe 1-8}! P(Babe-- 4I*)(az?--by*H- o2) 
+ 3abe (abe — τ; σα]. 
38 Y= 980--  8TP — 480 = (abc + 8Py {1 (bck? + can? + abi) 
.  — ΒαδοξήζΊ. 
39  Z = 1180 = — 48° P+ TQ—(abc-F-8P)| (abe + 209 (boE9-- can’ + abt) 
+ ἐϑαζοδξηξ |. 

40 Φ =1640= — 12(abc + 8PPF — 288S7P* + 7689°PQ — 8TQ? 
= (abe + SPY 1D CE + Pan + aic 
— 10abe (ar't* + BEE + ον]. 


viz. these are derived forms characterized by having a power of abc + 8Pasa 
factor: R is the discriminant; C, D, Y, Z occur in Aronhold, and see my Seventh 
memoir on Quantics: in Clebsch and Gordan’s memoir of 1869. 

_ € regard as known forms A, U, H, P, Q, S, T, F, that is, the eight forms 
3, 11, 12, 15, 16, 1, 2, 17; the remaining 26 forms are expressed in terms of 
these by formule involving notations which will be explained, viz: We have 


91 D 


/ 


18 Y= 3 (bebo —21f', . . gh'-Fgh —af'—uf, . JX, Y, ZXZ’, Y', Z!) +70". 
14 Q=ġ Ja (U, H, Y). 
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18 H =— $& [Jac] (P, Q, F). 

4 © = (be—f’,..gh—af,.. XE, n; £y. 
5 0 = FO. 

6 69 = 1890. 

T B = — i Jas (U, @, A). 

8 B= 48B. 

Ὁ BS 2 ΡΒ. 

10 p"— 1 gp, 

19 J = — 3$ Jac (U, H, A). 

Ar oF wu ¥ [Jac] (P, Q, A). 

20 K —-— ee SUA. 
21 K = — kA 

28 K = ? [493 493 + OAP} + QA. 
20 K'— τ) K. | 

22 E mcd Ja (K, U, A). 

23 E'- — 4 (δ) E. 

24 p" = + (8) E: 

30 E = — 2 Jac (K, σ, A). 

9] E =— τ} E 

32 E" = — 4 (8) Β. 

25 M = à Jac (U, F, A). 

26 M = — (NM. 

33 T = $ (sul, P, A). 

34 M'— + (8) M. 


In explanation of the notations, observe that 


U= απ -- by ro + lys, 
H = P (ao? + by + Mont ae 


Hence, writing 
6H= d+ by! + ο. Pays, 


we have 
a, U', ο, U = bab, θ98, 6cP, — (abe + 21). 


And this being so, we write 


X,rY,Z = ag? + 2lyz, by? + 2[πο, ex + Blry, 
a, b, c, f, g, h = am, by, cz, le, ly, lz, 
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for + of the first differential coefficients, and + of the second differential coeffi- 
cients of U; and in like manner | 

X, Y, Z) — sala Wys, Uy + Wea, dp Uey, 

a’, b/, ο, 85, g, bh = ao, by, dz, Væ, Vy, le, 
for + of the first differential coefficients, and 4 of the second differential coeffi- 
- cients of 6H. | | 
Jac. is written to denote the Jacobian, viz: 


9,0, QU, QU 
9,Η, 3H, 9,Π 
QU, av, QU 


Jae (U, H, Ὁ) = 








and in like manner [Jac] to denote the Jacobian, when the differentiations are 
in regard to (ἕ, η, ἕ) instead of (x, y, z): ὃ is the. symbol of the ó-process, or 
substitution of the coefficients (a, δ', d, ἔ) in place of (a, b, c, 2); in fact 
ô — αὖ, + VO, + dd, + ζο,: ὁ, 9, ὧο., each operate directly on a function of 
(a, b, c, D), the (d, V, ¢, i) of the symbol ὁ being in the first instance regarded 
as constants, and being replaced ultimately by their values; for instance, 
Gabe = d'be + able + abd, Babe = 2 (bed + albe + a'Uc) , Babe = θαδα. 

In several of the formule, instead of ô or ô, the symbol used is (ὃ) or (63): 
in these cases the function operated upon contains the factor (abe + 8%) or 
(abe + 85), and is of the form (abe + 8U)(aU + 6V+ cW) or (abe + 88) 
(dU + abV-+ &c.): the meaning is, that the ὃ or δὲ is supposed to operate 
through the (abe + Βία, or (abe + 8Py'a?, &c., as if this were a constant, upon 
the U, V, &c., only; thus: (δ). (abc + 8P)(aU + bV + cW) is used to-denote 
(abe + Βίδ(αδ ζ + bò V + οὐ). As to this, observe that, operating with ὁ 
instead of (ὃ), there would be the additional terms U5 (abe + 8i?)a + &c.; we 
have in this case ὃ (abe + 8)a, = a (2a/bc + able + abe + 2407) + 85g, = 24a? bcP? 
— 24af (abe + 20) + 48a15,— 0; or the rejected terms in fact vanish. For 
(8) .(abe + 85) (aU 4- bV + cW), operating with 9, we should have, in like 
manner, terms Ué* (abe + 8/)a, &c.; here 9 (abe + 8% )a = abe + 2abalc 
+ 2ασα’δ' + a?Uc + 24Pall’ + 24all”, which is found to be = — 24a (abe + 80) 
(— abel + (*), that is, = — 245 (abe + 8/*)a; and the terms in question are 
thus = — 248 (abe + 83) (αὖ + bV+ ceW), viz. (abe + 81) (aU + bY -- eW) 
being a covariant, this is also a covariant; that is, in using (é*) instead of δὲ, we 
in fact reject certain covariant terms; or say, for instance, ôE being a covariant, 
then (é*)# is also a covariant, but a different covariant. The calculation with (ὁ) 
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or (δ᾽) is more simple than it would have been with ὃ or δ᾽. See post, the calcula- 
tions of K’, K’, ὅς. | | 

I give for each of the 26 covariants a calculation showing how at least a 
single term of the final result is arrived at, and, in the several cases for which 
there is a power of abc + 8i? as a factor, showing how this factor presents itself. 


Calculations for the 26 Covariants. - 


18. B= 3 (be + b'e — 2ff', .. gh'+ g'h — af'— a'f. UX, Y, ΖΧ’ Y, Z) -- TU?, 
= 3 ((be + Uc) yz — δ11α,. appuie dija, Jae? + 2lyz, fata? + 2f yz , .) 
-+ Tes +..). 


The whole coefficient of αὖ is | 
— 6ll'aa! -- Ta, = 869? is + 2P)+ Te, 
viz. the coefficient of a*z is 
= 900 (abe + 213) + dbe — abel? — 878 
= dbe + 16abel? + 6415 
ES "ih T 80), | 
| τ "Ὁ Ἔ Q,U 


Here 
ΥΖ' — Y'Z = (by? + lead? + Way) — (ca? + "Ἕϊση)(δα + Way), 
| = (be — We) 4^? + (2 BY — VL) αγ — 2 (οὔ — cl) ax’, 
. = — 2 (abe + 8 e (by — oe’) 

Leba: B= 3 (wat — Daba?y? — δασαδαδ). 
Hence the whole 1s 
— (abe + ΒΙΡ}} αϑαῦ (by! — ez) + byt (es — aa?) + cet (aas — by, 
(abc + 8è )(by! — ROS aa (aa — by’). 
Q,P, Q, OF 
3P, 9,0, 9,1], 
aP, 0.0, OF 


| 


18. I= — & [Jac)(P, Q, F) =— A 








viz. if, in this calculation, we write l 

6P — a£? + bz? + 0f° + 6162€ , ie ὁ, b, e, l =—6be, —6ka, — blab, — abe -+ AP 
Q= LBH bte EVER, , a, Ὁ, ο, V= (abeo—10F (be , ca, ab), — P (babe + 48), 

then | | 

οἴ» + 9]ηζ, al + 3γηζ, TA 

br? + QE, b + 2176, } aR]. 

c+ 21ξη, e? + 21η, ἃ OF 


satis 1 
ποσα 





Vor, IV. 
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-Here 


(bi? + 21/E)(eh? + 2VEn) — (v? + itor 4 2 1E) 
= (be — 2ο) χ)ῷ + 2 (bl' — b/1) £x? — 2 (el — ell) E23, 
Or. since | 
be' — b'e — 0, 
bl'— b'l = — 6lea. — P (babe + 41°) — (abe — 105) ca (— abe + 40) 


= ca {6 (babe + 41°) + (abe — 40°)(abe — 1013)! 
= ca (abe + 809), 
and.the like for cl’ — ο], the expression 18 
— 2 (abc + 81°)*(can® — abc?) z 
and the oes is thus 
1 (abe + 81°) { (can? — ab) E. $ OF + . «| 
3 (abe + 8U) (can? — abg?) ο (abe + 10915) (E + e£) n" &c. ] 
+ (abt? — beE*) [eant — (abe + 161)(οξϑη} + ax) + &e. ] 
+ (bet? — ca) [ats — (abe + 1618)(an® + BEE) + &e.]]. 
Here the coefficient of £', inside the {}, is 
ab! + bà (abe + 1605), 258 (abe + 815), 
and — the whole is 
— (abe + πο ar Fae 
(abe + 8Py (en? — bg) (az — P — ax). 
4. | 65 (be — £*, . . gh — af, . JE, η, Ὁ) 
| = (beyz — Pat) . . + 2 (Pys — αἰαπς . . 
which are the terms of the. final result 
O = x [— PP — λα]ηζ] + ye [bek + Pn]. | 
B and 6. The $-process applied to the terms of © just written down gives 
Θ' = 1380 = 2 [WE — (αἴ + at)wt] + ys [π(ὐο + ve) P 4 Ung, 
9" = T = of (— PE — 2ang] + ys [WEP + ni], 
and substituting for a’, b’, d, V their values, we have the corresponding terms of 
Θ’ and ©” respectively. _ 
| X, 0,0, £ 
YG, Outs 
Z,9,0,¢ 
A term is X (40,0 — (0,0), and if, in this calculation, we write 
= (A, B, 6, F, G, Hýæ, y, z), ie. A = — PE — alg ,. F= t bpt Pané., 


then the term is 


(m (aè + Hya) |. A Gn — HO + y (Fn — BE) + s. (00 — ΣΙ. 


T. B—-——iJae(U,0,4),-— — 
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Here l 
2 (Gn — HY) = x(cax? + PE) — (ab + PE), = afen" — b’), 
and hence the whole term in a? is = ax (en? — 62°), | 
8,9, 10. The coefficient of αὐη in B is atc, and hence in àB, &B, 9B - 
the coefficients of this term are 2ααο + ασ, 2a% + dadd, 6u%¢, whence in 
B', B", B" = $6B, 4 9B, % &B respectively, the coefficients are 

| 4 (ασ + Qaa'e), d (afc + 2aa/d), 4 ad, 





ES 3D atc , Ilac, 2Tl*g?c respectively. : 
| X, Δ, E 
19. J=— ;Jac(U, H, A) —— 1| Y, Y, η 
. Ζ, Z, 6 








a term is = ; (YZ - Y’Z)&, where, as in a previous calculation, 
| YZ/ — Y'Z = — 2 (abe + 8l*) & (by? — cz). 
Hence, whole is l | 
= (abc + 8I) Ex (by! — c£) + ny (αἱ — as?) + La (a — by?) 
ab + 216, alk? + 21ηξ, x 
27. J= % [Jac] (P, Q, A) = $| by? --2VE, bh? + 21ζε, y 
|e 2l, (DRYER, ο 


oc 





if, as in a previous calculation 
6P = ak + brit oh + 6I, Qo aE by + dU + 6 Vent. 
Here, as before, | | | 
(by? + 2IZE)(CL?-+2 VEn)—(b'? +2 Y'ZE (o2? + 2161) = 2 (abe + 81°)(can®— abi?) . 
Hence, whole is 

= (abe + 81°) {aka (ex! — BẸ) + ynb (ab? — of) + αζο (bi — aj. 
20. K= — 1 (0,00,H + 0,00,H + 0,90,H) — SUA, | 
which, H being 

= $ (aa? + Uy + σε + Ol'ayz), 

and cer (A, B, C, F, G, Εξ, n, Of, 4---- δα + boyz, .. 
F = — ale + yz, . . is 


= — $ (e + 2θγο(4ξ + Hn + GE) — (— abel + 19 U (Eu + ny + C) 


RU + 2 κο)ΠΕ + By + FU) 
+ (2 + BWay)(GE+ Fy + OD). 
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The whole coefficient of ἕ is thus 
= — § (aa? + Uyg) A+ (b? + ο ο) H + (ce? + Way) GT — (— abel + δ) Ux 
— $ i(a'a?-- 2/'yz)(— Pæt beye) + (V+ 2izx)(— el? + Pay) | 
+ (d? + 2ζαγ)ί-- bl? + Pg) | — (— abel + 15) jaa + bag? 4- exe +- lyg} 
and. herein the coefficient of atis ` 
— td al(— abe + B), = 9al! — al (— abe + l), = (abe + 80) al; 
viz. we have thus the term (abc + 818) £ . ala* of the final result. 


91. | K'— — (8) K, where K is of the form (abc + 818) (aU + b V + cW), 
and operating with (δ), we obtain (abe + 82)(adU + b8 V + càW). Taking for 
instance the term of K, (abe + 80) £ [ala* — 2blay’ — 2claz’ + 3bcy*], then, in 
operating with (ὁ), the term ὅς may be considered indifferently as belonging 
to bV or cW, and the resulting term of ἄ is 


K' = — (8) K = — (abc + 8l) E (aa — Wla — lel + Sbe], 
= (abe + 805) E [(abe + 20°)(ax* — bay? — 2x5) — 18bel*y*2*) 


28. K= 3{0,00,P + 0,00,P + 0,00,P| + QA ; viz. writing 
O= (A, B, G; F, G, H fe, y: z)’, A= ved κα. 2aln6 , T 3 beg? + ng, aca 
then this is 


= 81[— 3bel? + (— abc + 4I) nY] 2 (4x + Hy + Ge) 
+ [— 8caly? 4- (— abe + 4U) ζΕ] 2 (Βα + By + Fr) 
+ [— 3a (— abe + ἀθηξη] 2 (82 + Fy + 09) 

+ {(abe — 1019 (boE* + cav? + abi?) — θ8 (Babe + 415) Ent (Ee + ny + 2 


The whole aomen of x is thus 


= 3{[— 8δοϊξ᾽ + (— abe + 41°) nf] (— 2138) — dal’) 
+ [— Beal’ + (— abe + 413) δὲ (abo. + Pn) 
+ [— 8abi? + (— abe + 439) Ex J(aer? + PEE E 
+ {(abe — 10/9 (bcE* + οαξη” + abg") — 61} (Babe + 413) ΕΣ], 


and herein: the coefficient of g is 18bcl? + (abe — 10109) bce, = (abe + 815 bc, 
giving, in the final result, the term (abe + 81°) E. beat, 

29. . K= K. 

Here K is of the form (abe + SP(aU + b6V + cW), and we have 

. K! = 4 (abe + 8I)(a8U + 53V + dW). 
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A term of aU + bY + cW is x [be£* — 2ca£y? — 2abEQC — baln’? ] where bek’ 
may be considered as belonging indifferently to b V or cW, and so for the other 
terms. The resulting term in 4 (aU + bô V + cóW) is thus 


| 1 [bdE*— 2caEx — 2aU EP — Gals], 
which is = « [P (be£* — 2ca£x? — 2abEZ") + a (abc + 209) £P, and we have thus 
a term of F. | . 
99. B= — à Ja (K, U, A): 
K contains the factor abe + 88, and if, omitting this factor, the value of K is 
called AE + B» + Οζ, then we have Ἢ 
E = — 34(€0,A + κθ,Β + £0,0)( YE — Zn) + (60,4 + 10,B + 68,0) ZE — X1) 
+ (£0,4. + πϑ,Β + (0,0) (X»— YE). 
and the term herein in Pis— lf (29,4 — .Y0,A), where A is 
= ala? — 2blay’ — clea? + 3bey*x?; viz. the coefficient of & is 
— δ { (ce? + ley) (— Obley? +-6beyz") — (by? + Sect) (— clx? + Gb 
beits — be yz + Wey — ubet, 
(203? + beyz) (by? — ο): 
Hence, restoring the omitted factor (abc + 87), we have in E the term 
(abe + 805) P (by? — ca?) (20a? + beyz]. 
23, 24. E — 40) Z; E" = + (δ) E: 
Ei is of the form (abe + 8%) (aU + bV + cW), and, as before; in a term such as 


(abe + 805) & (by? — e) (2Pa* + beyz) we operate with ὃ or δ) only on the factor 
a? ο and in 4" and E" respectively, operating upon this factor, we obtain 


1.1 4]]/ᾳΡ + (26 + Be) yz}, and ᾖ {413} + Weyer, 
viz. we thus obtain in Æ’ the term | 
(abe + 818) P (by? — cz) [1(αὖο + 218) a? — 3bcP yz], 
anes in Æ” the term 
(abe + an) Pb — cz) [(abe + 48) αἲ +18bclyz]. 
| | dK, X, E 
30. - mE E = — 4 Ja (K, U, A), —— } 9,K, Y, n. 
| 0k, Z, 6 


Hd M 
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and, if omitting in X the factor abe + 88, we write K — Ax + By + Cz, where 
4, X,E | 
B, Y, η 


A = bet*— 2caby! — 2abEe — bal??, this is = — 
| Ο, 2, č 


which contains 








the term 

7X (Bj — Cn), = q (ax + 2lyz) 1δ (cant — λαδκζ᾽ — 2benE? — - GBICE). 
— n (aby — 2beLE® — 2eağn" — - Se^ 
= (aa? + 2lyz) (ex? — 553) (218 + ang). 


Hence, restoring the factor abc + 8P, we have the terms 


E = (abe + 8P) 12? (ex? — E) [δα + an] + yz (ex? — 275) rape + 2alst]l. 
31 and 32. E'-——i1(0)E, B= E: 


E is of the form (abc + 89) (aU +bV + cW), and we operate with ὃ and ὁ) on 
the factors 2al + a’ng, &c.; viz., ὃ (2alP? T ang) = 2 (al! + a'D£ + 2aanë, 
δὲ (2al? + ang) = 4w UE + 2a nf, and we thus obtain in E' the term 
(abe + 8P)a ort — HP) [a (abe — 45) 8 — Ge) 
and in E" the term | 
© (abo + BP) a? (on! — bi?) [— Bal (abc 4 35) + 9t). 
25. M= % Jac (U, Ψ., A): this, omitting the factor (abc + 81°) of P is 
ac? + λίγα, aa? (aa? — bby — be?) , E 
i| by? + Blew, By? (y — 5e — baa’), n |; 
ca t 2læy, οὐ (ca? — Bas? — 5by), ὅ 


the avemi of & herein i is E 
= ş {bo + 2claz*)(cz? — Baa? — Bby*) — (bey + 9blasf (bif — 5o: — 5az?)] , 

z {bey (— bby + 6e2) + 2l; [— Py + et + Baa? (by! — c2), 

- (by? — ez!) [balas — bla? — cle — 3boy*s?]. 
. Hence, restoring the factor (abe + 818), we have the term 

(abe + 815). E (by? — αλ) [balt — blay? — cla — 3bey*]. 

26. M'— — (ô) M. Here M is of the form (abe + SI? (aà9U + &c.); and 
the ὃ operates through the (abe + 8/°)'a®, &e.; we in fact have in W the term 
— (abe + 8135. E (by? — cz?) [bala — Bay — l'ag — Βδσυβφ], — 


I d 


which is 
= (abe -+ 87e). E (by — oe) (abe + 21°)(5aat — ey cod’) + leben]. 
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— Slbck* + (— abe + 415) nf, aF, 
88. ΛΜ----} [Jac] (P, F, A), = — & | —Bleax? + (— abe + 413) GE , Ο.Ε, 
— Blaby? + (— abe + 413) £n, OF, 


xn © MN 


and the whole coefficient of z is thus 
= ὁ AL Blau + (abe — AP) Uc] BP — [ας + (abe — 4) En] BF 
or substituting for 4 OF, τ z Q, F' their values, this is 
= | Bloan?+(abe— 413) GE | [a — (abc + 1607)(bDE" + ar") — 
— AI? (be£*n + caEx* + Δαδξηζ') — 81 (abe + 213) Eh] 
— | 3labG? + (abe — 413) £n | [atn — (abe + 1679) (ax? E + ο £9) 
— 4]? (δοζξ' + 4οαξχδξ + abECS) — 8l (abe + 209) x07]. 
Collecting first the terms independent of abc — 415, and next those wee con- 
tain abc — 41°, each set contains the factor ex? — 62°, and the whole is — ex! — b¢° 
into 
— 8la of 3a al(abe+ 815) — 191 (abc + acten Habt) — 34α1 - + QPEL 
+ (abe — 413) {αθεξη” + a*bEC! — (abe + 160) E* -- 12aPP 061 
and here collecting the terms in ξ', E (en + 6¢%), Png, and x^, each of these. 
contains the factor abc + 8/*, and, finally, the term of M is 
— (abe + 815) (ex? — bE) [(abe — 818) E$ — achn? — abC — 12aP Enë — Ld z. 
84. Μ' -- 34 (8)M 
M is here of the form (abe + 8/5((aU 4- b V 4- cW) ; and, operating with à through 
. the (abe + 87) a, &e., we obtain in A! the term 
(abe + 81*) æ (ex^ — be)[(albe + able + abd — 2411) Et + &e.], 
where «he + able + abe! — 451’ = 18abcl + 24? (abe + 20), = 6P (Tabe 4+ 88), 
and the term thus is 
= (abe + 8P) a (en? — bt ((Tabo + 88) " X 


This concludes the series of calculations. 


CAMBRIDGE, ENGLAND, 17 May, 1881. 


On Certain Expansion Theorems. 


By Emory McCumroor, F., I 4. 


I. 


Any function fy can be expanded in terms (positive integral powers) of a, if 
y = xpy, provided fy and oy can be expanded i in terms of y, and $y does not 
vanish with y; because a can, by dividing y by py, be expressed in terms of y, 
and by reversion y, and therefore fy, in terms of v. These algebraic operations 
do not, however, disclose the law of the coefficients, which may be found in the 
following manner. 


" Assuming it known that p*~ ος”. ,79 (where Dec =) unless m=n, 
when it ος equal to 1.2.3 000 OF » we have, supposing fy = a, + a,x 
Tu ag + 

»*- (oy'nfy -ῃ = = gy) (a αι +...) = = an! = dn; 
also {0 = a), so that ‘ 
| ty = ἵνα d v. φυυΐγιν =o t-g yc. D(py) DIY ty ag F. (1) 


For several reasons which will appear, 4 think this series will be found highly 
important. Lying midway between those of Lagrange and Bürmann, and trans- 
formable at once into either of those well-known series, the présent result appears 
both simpler in form and easier of proof than either of them. 

The correctness of the assumption upon which (1) is founded is weal 
shown. Since z = y($y)^!, or say yp—?, 

, DIGDE o = p*-—lg^py" $7" sg = p*-lg*-"py" + p" -φ᾽γ”οφ-” Mar 
If m > n, this vanishes, since y is a factor. If m — n, the second term van- 


ishes, and there remains p" —!py* = n!. If m< n, the whole expression again 
. n : m 
vanishes. | , We may write it D" —!g* "guy" —!— p^ ty" SUD t. seis If. 


we suppose this expanded in terms of y, all of the terms necessarily vanish, 
. 16 l ; 
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since y — 0, except the term independent of y. Supposing c to be the coeffi- 
cient of y*—™ in the expansion of $*-—^, the independent term will be 


D*—~ley*—*my™—* 


I have said that (1) can be transformed at once into Lagrange’s theorem. 
Ifu=yt+s, pn,fu— »,fu. In (1), let fy = fu, and py = Ww. Thenu=z 
+ alu, and we have Lagrange’s theorem, in its later form, 


. d 
fu = fe + a. dean, Jz + ΠΡ αὖ, D, (dap, fz + 
If 2 1, we have the same theorem in its original form, 


fu = fe + 4a, + 
where u = z + du. I have also said that (1) is MS in form and easier of 
proof than Lagrange’s theorem. As regards its form, it is almost identical with 
that case of Lagrange's theorem in which z= 0, and, consequently, u = y = apy, 


fy = fru =o + ©. ped,fz,,—o d- .. ., 
a case declared by Lagrange himself, in comparison with that theorem, to be 
equally general and much more simple. Even this case of Lagrange’s theorem isin 
form less simple than (1), because it introduces unnecessarily a third quantity, z, 
in addition to those given by the conditions of the problem, x and y. I am 
disposed to regard (1) as new and distinct, not only on account of this slight 
difference of form, but also, and chiefly, on account of its origin, diametrically 
opposite to that of the series just referred to; the one being a casual deduction 
from a more complex expression, retaining a remnant of its complexity in the 
unnecessary variable z, the other being, of and by itself, a simple and complete 
solution of the general problem of reversion. As regards demonstration, it is 
to be remarked that Lagrange’s theorem has not been found easy to prove. By 
far the best and simplest demonstration, of many which I have met, is that of 
Laplace, usually followed by the text-books. Concerning it, we may observe 
that it assumes Maclaurin’s theorem; that it proceeds, step by step, from one 
degree to the next higher; and that it keeps up & cross-fire of differentiations 
with respect to different variables. "Concerning the proof of (1) we may remark 
that it involves, in the most elementary manner, a few of the most elementary 


— medo” η 0. 





* We might modify the demonstration by beginning with 

Dp'-ie"pp* — = p*é^g^" —Dp*-ig"p$^,- 
' both of which terms vanish when m ^» n, and the second when m = n, since 2 = 0 when y = 0, and 
c remains asa factor. When m < n , the term independent of y is 


DY meo" poly pent opty*— epp 1Ξ-0. 
Vor. IV. 
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principles, and announces at once the value of the general term. It has also the. 
merit of indicating at the start the class of functions to which it is applicable. 
By means of it we may observe that Lagrange’s theorem can be employed when 
fu and qu can be expanded in terms of y = u — g, provided ψω does not vanish 
- whenu = g. Ofcourse fuand ψω, or f (y + z) and (y + 2), can be expanded 
in terms of y in all cages to which Taylor's theorem applies. 


have said, on the other hand, that (1) can be transformed at once into . 
"Bürmann's theorem. Let x be any function of t, and let fy = ft; then, since 


oy = +, (1) becomes Bürmann's first theorem, 


--- y 
fi = fiy F T. “Puty =a + κ. 


I call this “first” because two other series sometimes get. the name of 
"Bürmann!'s theorem." It was devised for the purpose of expanding one func- 
tion of tin terms of another. Published in 1796, it-was long regarded as not 
only different from, but more comprehensive than, that of Lagrange.* 

Bürmann himself showed that Lagrange’s theorem can be readily derived 
from his own. The converse, as will be seen, is equally true. Bürmann's proof 
of his theorem, the only demonstration of it with which I haye met, may be 
found in Lacroix’s Appendix and in Grunert’s Supplement to Klügel's Wörterbuch, 
as well as in the works cited in the footnote. It occupies five of Grunert’s pages. 
There can be no doubt of the correctness of my statement that (1) 1s both simpler 
in form and easier of proof than Bürmann's theorem. 

We have, then, in (1) & series which is essentially identical with those of 
Lagrange and Bürmann, which is simpler in form than either, and which is at 
once a connecting link between them and a necessary step in the most direct | 
demonstration of both. The inference seems warranted that we should regard it 
as the main proposition, of which the others are corollaries. This inference will 
be strengthened when we see how readily other. corollaries can be deduced from 
it, which are usually referred to Lagrange’s and Bürmann's theorems. 

For instance, leto = ψ(α + y), $y = xv = χψία + y), and fy = fe = fẹ (z + y). 
Then v = (2 + αχυ), and since, with regard to any function of 2 t? y; Dy = Dy, 
we have from (1) Laplace’s theorem, 


fo=flata.qrafet.. 


* See the Encyclopædia Metropolitana, Article Integral Caleulus, part 8, p. 80 ; De Morgan, Calculus, pp. 
308-805. 1n the appendix to the Calculus, p. 774, De Morgan says, however, ‘'Blirmann’s theorem is 
nothing but Lagrange's," and proves it concerning Bürmann's second theorem. 
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Again, ley u—a, fy = fu, «= 





=u, so that oy = 





u — 1 
, and 


gu 


o — dj 


we have from (1) what we may call Bürmann's second theorem, 


fu = fu, zal za qu. = σπα Bfüg, a +. 


This “very remarkable —Á Lacroix and others style it, gives 
explicitly the development of one function, fu, in terms of another, Ww. 
Another of Bürmann's series -— be derived from (1) by substituting for 


y, u— a; for x, Jp — ψα; for oy, * .; and for fy, fu. 





Eo ba 

Nearly seventy years ago, M. Wronski published a theorem for develop- 
ment, afterwards characterized by De Morgan as “excessively general,” : “ ele- 
gant,” “really remarkable.” For this theorem, Professor Cayley has presented 
(Quarterly Jownal, xii, 221) a simpler substitute, as follows: 


M Suppose, in genera), pæ = (a — a) ψα, or let the equation be (x — a) ye 
+ àfx = 0, that is,2—a + ^ Z = 0; we have then, by Lagrange’s theorem, 


f f 15 f 8 n 
— L p zu ή eee QE 
cd Prity ΚΕ Zyr- 1.2.8 F(=) ΠΕ 
"T (z — af Ua " 
oJ : — NE debe! Le) 
Consider, for example, the term | w(t 7 ) tn this i8 | F x (oa 
the accents denoting differentiation in regara to x, and æ being ultimately 
ήτο. 
put = a; or, what is the same thing, it is = (5) |F (a (a + 0) ποπ Ar 
the accents now denoting differentiation in regard to 0, and this being ulti- 
mately put — 0. This is 


i 0 
(ρα πο "at. J| 
This may be written (Ef a) where A = 9! + -- ; 69 c T Ie. 


being understood that as regards 5, which is ΜΗΚΗ 88 a κ.α. of a ΜΝ 
(θ having been therein put = 0), the exterior accents denote differentiations in 


respect to a, whereas, in regard to A, = ᾧ + = 09"-- &c., they denote differ- 
entiation in regard to 0, which is afterwards put = 0. And the theorem thus is 


m ee Ὦ δια WI 18 - " 
Hg me Br (Ff. 4) + IR (PP- uu) pP αὐ) t+ & 
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The noteworthy result thus derived = Professor Cayley may be obtained 
from (1), in a very direct manner, as follows. Given Je = afz, and ya = 0, to 
develop fz in terms of x. Let y — z — a, and 


SOE WO qu... XU ωσασα 


Y semara menmam aee 
pren ο... Sent ae 


c ῴσ | (y +a) MEE 
Then (1) becomes 
= f(y + α)ιν = =o + s. pypf (y + κ. = 0] aco 5 D (oyypf (y + a) =o qu. 


II. 


Of the various corollaries following from (1), two are of great practical 
importance, and are apparently perfect in form and substance, incapable of 
amendment. I refer, of course, to Lagrange's and Laplace’s theorems. The 
several series proposed by Bürmann, as aids in developing one function in terms - 
of another, do not seem to be quite so perfect, They accomplish nothing which 
cannot be done, with suitable transformations, by either of those theorems or 
by (1). Their raison d'etre, therefore, lies solely in the help which they afford 
by indieating what transformations may be necessary, and by formulating the 
results of such transformations. If we have to expand fu in terms of yw, and 
if ψω happens to be readily divisible by u — a, Bürmann's second theorem will 
be immediately available and, of course, useful. If, as is much more likely, Yu 
is not conveniently divisible by w— a, we may perhaps turn to Bürmann's first 
theorem, which tells us to look for some function of u which vanishes with au, 
in-a finite ratio. This is rather vague, and, as a matter of actual practice, most 
mathematicians would prefer to leave Burmann’s series alone, and to employ 
one of the other more familiar theorems, devising at the moment such transfor- 
mations as might seem necessary. There is, however, a formula applicable to a 
large number of cases, which seems to have escaped the notice of Burmann 
and other writers, and which would, I think, be’ found of use if borne in 
mind by those who have occasion to deal with developments of the kind in 
question. | 


RurLE.—To expand fu in terms of fu, find some expression of the form 4/7!« — a 
which will exactly divide fu. Then 








fu= fla + fu. YEO ofa + τη (fu (στο) Aly +. uus O) 
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the general term being —— (fu). pr? aie) fw: If, in applying this 


oe ο TI 





rule, we find that fu can be conveniently divided by w — a, the series becomes 
equivalent, as a special case, to Birmann’s second theorem, which it thus practi- 
cally replaces. Asan illustration, let fu —u*— aw. Here fu is divisible by u*— a; 


so that Yu = uf, du = a, and us = (y—a)+(yt—ayt) = y-*. Hence, | 





fu = fat + fu . a7 5 n, fat tus (fuf. Όμα Daf Γ.... 

The series (2) is derived from (1) by putting x = fu, y= Vu — a, 
= Ed a ὃς 

(whence u = ẹ (y + a), $y = ο 5 I fy = fu = fd (y+ a)), and finally 
writing y — a for y, throughout. It may also be derived very readily from 
Laplace’s theorem, to which it bears exactly the same relation as that borne to 
Lagrange’s by Bürmann's second theorem. Whether there is any real necessity 
for an explicit formula, distinct from Laplace’s theorem, for dealing with this 
subject, may be questioned. Birmann and many other writers have thought it 


desirable to have one or more. The present formula appears to meet the require- 
ment. | 


ΤΠ. 


Among the questions to which (1) is directly applicable, one of the most 
important is that of the common reversion of series. Hxpressed -most simply, 
this question is, given c = y + ay? + by? +..., to expand yin terms ofa. Here 
y = xpy, where oy is the reciprocal of 1 + ay + 6? +..., ox (1 t+ ag +...)7%. 
and from (1) we have . 


1 
y= ot Sav (Pyu Ἔ - : 


This is the same result, of course, as that usually derived from Lagrange's 
theorem, with the merely formal difference that y takes the place of zin the 
second member. The determination of fhe coefficients is a matter of some diffi- 
culty; so much so that on several occasions on which extensions have been made 
to the known portion of the series, the name of the calculator has been recorded, 
The latest calculation appears to have been that made by De Morgan (Penny 
Cyclopsedig, Article Reversion of Series), who describes the process devised by him 
to facilitate the work. Ἢ 


ΜΝ 
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It has, perhaps, not been noticed that, having given the series 


septa t byt... 


Ὁ 
it ia peculiarly easy to expand y in terms of œ. Here we have, as before, 
y = ey, and 
1 l 
y = Mo + -y 2. υ(φυ)]ν-α + =.=} 


but in this case gy = 1 + ay? + By? + ..., and the coefficients are simpler and 
easier to determine. In the former instance, 

y = ο---απ]----(ὁ —2a?) a —(e—bab+ 5a’) a*— (d. — 3P— 6ac4- 21a*b —14a*y?—...; 
while in the present, 


y = at aa + Bat + (y + 20) f + (8+ δαβ)α) +.. (8) 


Either result may be derived from the other by putting a = — az, b = — Ba, 
. &e. In another light, we may regard (3) as the development of. root of the 


equation 1 — i + aa? + By? +... = 0, in descending powers of the coeffi- 


cient of y. When this equation has a very small root, the series may be employed 
for its arithmetical computation, though it is not so good for that purpose as the ~ 
other series, produced by reversion. 

My chief purpose in presenting (3) is to show how it yay be.employed in 
facilitating the determination of the usual reversion-coefficients, by a method 
even less laborious than that pursued by De Morgan. The reason why the coeff- 
cients of (3) are, in comparison with those of the other series, so easy to deter- 
mine is two-fold: first, py is not a fraction, and secondly, n$y vanishes when y = 0. 
In consequence of these favoring circumstances, the coefficients may, by the help 
of the combinatorial analysis (see De Morgan, Calculus, pp. 335, 336), be written 
down almost at will To find the coefficient of x”, let us first see how y"! can 
be resolved into factors of the form 4°, y?, .. . ^1. If for example, m = 10, 
we find that y? can be resolved in several ways, as follows: 7°, yy", y^^ yu. 


PPY yuywy.yyy.,yyyy. Hach of these expressions stands for a term or 
element of the résult, it being understood that instead of each power of y we must 


write its coefficient in 1 — E + ay+ By+...=0. Thus 0, a£, Be, vd, aS, 
ay, B, and αὖθ will be elements in the case chosen. To each element thus 
found, containing more than one factor, a numerical coefficient is to be an- 
. nexed. Each element being of the form a'* . . ., its coefficient will be 
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(m—1)(m—2)... (nn 1 
rl al tl. 


of αβγ is 9.8 = T2; that of αἲδ is == = 36, and so in other cases. The result, 


, where n Se SP epe. Db Thus, the coefficient 


in the case chosen, may thus be written out: 

Coefficient of a! = 6+ 9 (aZ + Be + γὸ) + 86938 + T2a8y + 126° + 84058. 
Tf therefore, it is desired to determine the reversion-coefficients as far as 

those of x” inclusive, we must find the coefficients of (3) in this way as far as 

the mth power, and also certain elements of the coefficients of higher powers 

(namely, those elements of the coefficient of each higher power, say x" **, for 


à : b 
which n is not less than 2), and then put a = — =, p= — σα and so on. 


The process thus indicated will give the expansion of y, where «= y 
+ af + b+ .... If the given series is z = ay + es! + oyt... it 
can be reduced to the first form by dividing both members by οι, when y can be 


expanded in terms of P . 
IV. 

Lagrange’s and Laplace’s theorems can be demonstrated by the means 
employed in proving (1), without explicitly naming the latter as a step in the 
process. In doing so, however, we cannot fail to be impressed with the fact that 
we are not treating the subject in the best and simplest manner. For Laplace’s 
theorem, the proof would be as follows. ; 

If fj (y + z) and φψ (y + 2) can be σα in terms (positive integral 
powers) of y, and if ᾧψα is not 0, and if x = y + qb (y + z), then can æ be 
expanded in terms of y, and by reversion y, and therefore fj (y + z), in terms 


of a. It is required to determine the coefficients in the latter case. That is to 
say, it is required to determine the general form.of a, in 


1 
(yt 2)—acxrnaiq.39ao...- 


Let it be shown, as before, that the expression n2 ^![Qy (y + 2) "D," vanishes 

when y = 0, unless m = n, when it is equal to n!. Then 

D; Tee (y + 2)" DAY (y + u= = g [9v (y t 9» Qt e.a.) 
1 


= — a,n! = a. 
ni 
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Since D,/(y + 2) =v, f(y + z), this expression is equivalent to 
Gig = DEW? (pz pfe. 


Also, a = fz, since y = 0 when s= 0. Let u = (y + z); then, since . 
y = aol (y + 2) = σφι, we have u = (z+ au), and our first equation 
becomes 


fu — fjz -- x.odzp,fdz --..., 


which is Laplace’s theorem. 


For Lagrange’s theorem, the proof would be the same, omitting through- 
out the functional symbol ψ. 


MILWAUXEE, May 16, 1881. 


Some Theorems in Numbers. 


By O. H. MrroBELL, 
Fellow tn the Johns Hopkins University. 


$1. On the Residues mod. k of the Synmarie Functions of the Numbers less 
than k, where k = any Integer. 


In the following = will denote identical congruity, i. e., $ (x) = ψ(α), mod. k, 
will denote that the coefficients of corresponding powers of x are respectively 
congruous to one another mod. & If Π(ᾳ---α) denote the product (e — 1)(α-- 2) 
(ο--8).... (α--α + 1), where a is a prime number, we know that II (æ — a) 
Egli 1 mod. a. This expresses the fact that the symmetric functions Σα, 
Σαβ, Σαβγ, &c. of the numbers less than (and prime to) a are each = 0 mod. a, 
except the last, which is zz — 1 mod.a. Itis proposed in this section to determine 
the value of II (z — a) for any integer, k, =a‘b*...g°A”...¢*, where a, b, &c. are 
prime numbers; or, more generally, to determine the residue, mod. k, of Π(α---θ,), 
where 0,, 0;, 0,, &c. are those numbers less than ὦ which contain e = Ài...q, 
and no prime factor of k not found in s. These numbers were called in my 
former paper, Vol. 3, No. 4, of this Journal, the s-totitives of k. The number 
of them was called the s-totient of k, and denoted by v,(%). It was there seen 
that 7,(4) = af 5*1... 9*7 (a— 1)((b — 1)... (g — 1). 


Theorem I. If ΤΠ μ(ω--- θι) denote the product (æ — θι)(α — 6 )(a— 6"). . 
where the numbers 0, are the prime totitives of a’, a being an odd prime 


number, then 
IL, (x — θι) zi (a*7! —1y'^ = a’; 


and if θ΄, 07, &c. be the a-totitives of a‘, then 
IL, (2 — 0,) = αν mod. œ. 
To prove the theorem it will be shown first that 
IL, (x — 0) = [II,—5:(z — 6,)]* mod. a. 


25. 
Vor. IV, 
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Leta, 8,y,.. be the prime totitives of a^ ^; then the prime totitives of a' 
will be given by a + Aa! —', B + Aaf —, &c. where A has all values from 0 to 
α-- l. Now 
II (z — a + A25 73) E a? — (Cla + Aa! λα] (μα |- Οἵ Aa’ -la)a? 7? 
— (Oso? + ο Aa! -lo?)a? —? -- &c. mod. a’, 
where the terms containing a?6—9, q36—9., &c. have been dropped, and Οἵ, C$, 


&c. are the successive binomial coefficients of the a® power, and 4— 0 -- 1 
+2+3 +... + (a—1)= “C. But 4=0 moda, .. Aof7 50 mod.at, 


and 





II (x — a + Aa?!) = (x — a)* mod. at, - 
ο Πα (2 — θι) = (z— ay(x—8y...(z—oyfz [Il-(x—0)]* mod. α΄. 
Now, 
Il,(z—60,) = a?—7!—1 mod. a, 
c Πω (e— 0) Z (ætl " g, 
~ Ta (@— 0) E (71—11 αὖ, 
< Me (a — 0,) E= (2272 — 1) a, 
and the first part of the theorem is proved. The same proof applies to the 
second part of the theorem, if we suppose a, 8B, &c. to be not the prime toti- 
tives, but the a-totitives of a^^. Then we get, just as before, 
IL, (£ — θα) = [IL (2 — θι)}” mod. a’. 
But we have 
II, (z— 0.) — 2 — 0, 
^a (α--- 0,) za? mod. a’, &c., 
^O (a — 6.) =a" mod. a. Q. E. D. 
If, in the foregoing, we put a= 2, then 
II (z — a + 2 14) zi e! — (2a + 2* 7) a + (αὖ 25.2* 7) mod. 2%, 
since A = 0 + 1= + 1 mod. 2. This may be written 
II (x — a + 27-2) z (m — a)? + 2'-1(@ — 1) mod. 24, | 
^s (Œ — 0) E {(a@—a) τε 2:7!1(2—1)H(z—8yf + 2t (s — 1)... 
{(a — oy + οἱ (x — 1)} mod. 2’, 
ο. Ty (2 — θι) & [Lp(a — a)? + 2*7 (2—1)1(z—8) (—»y. . . (a — o) 
Π-(α--αγ(ω--γγ'...(α--- ω)᾽|-...-|-(ω-- α)(ω--βγ(α--γ)'...(ω--ψ)[ταοά. 2°. 
Now, if ¢>>2, the number of the prime totitives of 2'-! is even, ù e, «, B, 
&c. are the 2*7? odd numbers from 1 to 27! — 1. Thus, we have 
IL (α---θι) = [I]: (ae — 6) P - 25-71 (x — 1)/2* * (x — 1)" —? + 2/(α)ὶ mod. 2f 
^T (2— 0) = [Ty-1(a— 0,)]? mod. 2’, when t7 2. 
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If a, B, y , &c. be the 2-totitives of 2°}, ὁ, e, the 2'—* even numbers from 0 to 
2* -1— 2, then we get, as before, 
IL, (£ — θὲ) = [TI (a — 0,)]? te 2571 — 1)1257 9" ^ —? + 29 (x) } mod. 2 
^O (e — 65) = M- (x — 06,)? mod. 2’, when t 2. 
By inspection, we have 
Il, (x — 0) = £ — I. 
II, (a — 06) = e? — 1 mod. 4, 
^. TI, (c — θι) z (£ — 1) mod. 8, 
and thence, by induction, | 
Hy (x — θι) = (2? — 1)"™ mod. 2, 
So we have, by inspection, | 
I (x κ. 0,) —W, 
IL(z—60)-—«(»—2) . 
^H (£ — θε) = e! (x — 2) mod. ὃ, 
ite Πμία--- 05) = gt (a — 2f M 16 ; 
^ Πγ(ω-- 65) = [a (s — 2)]"" mod. 2*. 
This last expression may evidently be written 
IL, (x — 05) E à ^ —? (e? + 2*—1x + 3-3) mod. 2*. 


Thus we have 


Theorem IT. If-T1(z— 0,) denote the continued product (x— 6;)(z— 061)... 
where the numbers 6, are the successive odd numbers from 1 to 2’—1, then, 
t being > 1, | 

II (æ — θι) = (a? — 1)"™ mod. 21; 
and if IL(z— θε) denote a similar product where the numbers 0, are the suc- 
cessive even numbers from 0 to 2'--- 2, then, ¢ being > 2, 


I(z—6,)2[z(zx—2)] za" -᾽(α + 2ἑ-1ω + 2 τ mod. 2’. 


Example of Theorem I. Suppose a! = 27. Then 
(a — 1)(a — 2)(z — ἁγία--- 5)(z — T)(z — 8)(* — 10)(z — 11)(a— 13) 
(æ + 13)(z + 11)... (z + 1) 
= (a9 — 1) (a? — 10) (a? — 19) (a9 — 4) (a? — 7) (39 — 16) (3 — 22) (a? — 25) (a? — 13) | 
= (a? — ly(a*— La? + ly E (2? — 1225 + 1232 — 1 S (à? — 1)? mod. 27. 
That is, TI (z — 6,) = (a? — 1Y' mod. 3°. So, 
TI (a — 6,) = (a — 0)(a — 9)(α--- ϐ).. . (æ + θ)(α + 8) =æ mod. 27. 
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Example of Theorem II. Suppose 2*— 16. Then 

TI (x — 6,) = (x — 1) (x — 3) (a — 5)(a@ — τα — 9) (x — 11) (æ — 18)(α-- 16) 
= (a? — ly (αἲ---- 9)? E (gf— 102?-- 9)) = a?— Ax -- 625— 42? + 1 = (α”--- 1)* mod. 16- 
So, (ᾳ--- 0) (x — 2) (x — 4) (x — 6) (x — 8) (x + 6) (α + 4) (@ + 2) = # (a — 8) (à) — £F 
EX (2 + 8x + 8) = [α(ᾳ --- 2)]* mod. 16. 

In the following, if k= ab". . ο”. . g*, and s— hi.. q, R, will denote 
that one of the roots of 2 =2.mod. Æ, which is an s-totitive of &. (For the 
properties of these roots or repetents, see my paper, Vol. III, No. 4, of this 
Journal). R,;will denote that repetent of & whose subscript contains.all those 
prime factors of & not found in s. Thus E; will denote briefly the same thing 
as Ras...p. We can now prove the general theorem concerning the function 
I1, (x — 0,) of any integer ᾖ. 


Theorem III. If k= ab^ .. gh” .. ο, where a, b, &c. are different prime 
umbers, and if s— À...g, c — h^ ...q', and 0,, θ,, &c. be the e-totitives 
of &, then | 
II, (z — 6,) & Rz (a^—! — 1y-9 + Βς (9 — 1) - ... 4p. Ro (a9 — ly» 
+ Hx"? mod. k; 
except (1) when 5 = 4 or a higher power of 2, in which case 
IT, (a — 0,) = Ry (à — 1) *9 + Ώρα mod: k, 
and (2) when -. = l and αἱ = 2! where t= or >2, in which case, if i= 2, 
then | | 
II, (x — 6,) =a + geom i mod. k, 
and if 7» 2, then 
TI, (s — 0,) Sa + 5 971-4 -ς kars mod, k. 


To prove the theorem, let us consider each component of the modulus sepa- 
rately. With respect to mod. a’, the formula to be proved reduces to 


TI, (a2 — 6,) z (a^ 7! — 1y-9 mod. af, 


since Ry, Rz, ... Bz, RH, each contain a‘, and E;-1, mod. a. Now it is 
clear that if we take the residues mod. a’ of the numbers 0, we shall get 
each prime totitive of a* the same number of times, and shall consequently get, 


in all, = S groups, each group containing all the prime totitives of af, If 
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IL, (x — 0,) denote the product taken for those numbers 0, which compose 
any one of these groups, then by Theorem I 


IL, (x — 0,) = (a? 7! — 1)° mod. a’, 
if a be an odd prime number. Hence 


(e — 0,) = (a*-1— 1)” dila at, 
or 
TI, (z — 0,) = (a^ —1— 1y«9 mod. a. 


If a = 2, we have, by Theorem II, 

IL, (a — 0,) = (æ — 1) mod. οἱ, 

+. Th, (e — 6) = (2 — 179^ mod. 2 
. Now, if A contain at least one odd prime number, then 2*—*. = (=. = -5 5 Tulk) )i is 
divisible oy 2—1; but (a? — 1P = (z— 1" (s — I + 2)*", d (z—1-4- 2)*" 
= (a — 1y'" mod. 2, therefore (a? — 1) = (x — 1)" mod. 2'. Therefore, 

II, (α — 0,) = (x — 1)y*9? mod. οἱ. | 
But if » — 4, or a higher power of 2, according to exception (1), then we have, 
as above, TI, (a@—6,) = (a — 1)™® mod. 2. | | 

Having shown that the formula holds true for mod. α΄, we have shown it true 

for mod. a since no distinction is to be made among a, b, ...g. 


Let us now consider one of the components of c, as ο’. The formula to be 
_ proved reduces to 
I, (x — 0,) = a mod. ο”, 

since Ay 1 mod. g*, and RE; Fy, . . RB; each contain σ΄. The numbers 
θ, all contain g, and it is clear that, if we take their residues mod. g*, we shall 
get each g-totitive of g* the same number of times, and shall consequently get, 
y “Ὁ 

gu gi 


in al groups, each group containing all the g-totitives of ο. If II, (x — 0,) 


denote the product taken for those numbers 6, which compose any one of these 
groups, then, by Theorem I, we have, when q is odd, 
YI, (x — 0,) = a? mod. η”. 
Il, (2 — 0,) = «9 mod. η", 
But if q = 2, we have, by Theorem II, es part, | 
TI, (a — θ,) = (α(α--- 2)" mod. 9". 
< IL, (z — 6,) = (ea — 2)" mod. 2*. 
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And if = — be not equal to unity, then + σι) will be divisible by 2*—* when 
q=2. "Then, since [z(z —2)]" = H mod. 2*, it follows that 
| Π, (z - — 0,) = (αγ mod. 2*, as before. 


But E: — = ] and q = 2, then = ui -js odd, and we boe by Theorem II, as before, 





IL, (z — 0,) = [αία-- 2) 7? (a? + g-i g + 2—1) mod 2”, 
where the last term in the parenthesis is present or absent according .as z > 2 
org= 2. . 


1 n 
^L Ti (w — 6) Ξ [et το -- 2^73a + 21-35 mod. 2*. 


Now, (a --2*—1a + 2:1 = (A + nf (a?) —(2*—12) + (a?) —(2* -)} mod. 2 


which, when n is odd, becomes 


Sg -p Qt-ig—1.p 9r—iyP —8 gin — (33 1. 2*—1y -- 2*—-1) mod. 2”. 


Then, since Zi is odd, we have for Δ) 
IT, (2 — 6,) = a C + ο + 2*-!) αὖ mod. 2" 


where n — m Now, since x is odd, we have 5 k= 2-1 (23 +1). Then. 


7S 5 k mod. 2*. | 
x IL, (z — δν) == gn 0-3 (a? + T kw + > κ) mod. 2”, 


which is exception (2), second part. In exactly the same way we get 
when z = 2, 


Th, (w—6,) =a es 9 + E ks) mod. 2", 


which i8 exception (2), first part. 

Having shown, now, that the formula of the theorem holds good with 
respect to àny component of the modulus, the theorem is proved. 

In the expansion of A; (α”-᾽-- ly. the coefficient of a” is 


n (E — 
=(—) e Bs στ" or = 0, 


--1 





according as 7 is or is not divisible by a—1, where ont 


is a binomial coeffi- 
8-—1 ` 
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. cient. For, ifr contain a—1, then (— ασ (— yar" Therefore, put- 
ting v, (bk) — r= m, the preceding theorem may be stated as follows: 


_ Theorem. IV. If k — αὖ". gh... g,8=h.:.q, and P,(0,) denote 
50,07... 0*1, where 0,, &c. are the MM of k, then 


P,(6,)= X (— FTR: OS® mod. k, 


Q = 





the summation including only those terms for which ; T is an integer ; except 
υ 


=l 
(1) when 2 == 4 or a higher power of 2, in which case 
Ρα(0, I= =e = Fact 


and (2) when z = 1 and one of the "— k = 2^, in which case, if 
n = 2, then 


ore mod. k, 


- 


P,(0,) 5 k, and P,,,=0 mod. k, 
but if n > 2, then 
P, (6,) = P, (6,) = =< k, and Pa Z= = 0 mod. k. 
When m = «,(k), the formula becomes 
P.ay(0,) zz E; + ist.. + By = Bas = k, mod. k, 
except when — = p", 2p^, or 4, and = is at the same time an odd number, in 


‘which case nA) :p— 1 is odd, and the formula becomes 

Ρ.ω(θ,) ΞΞ-- Β, mod. k. 
This special case of the formula is the generalization of the Wilsonian theorem 
given in my former paper, for P.a (0,) = the product of the e-totitives of ᾖ.. 


Example. Suppose k = 60 = 2.3.5, then ‘those three roots of αξία 
mod. 60 which I Dave denoted by Rz, Rz; Hy are 29. 40 , 36 respectively. 
Lesl 


Pa(6) = (TROR + (T Oa + (S Ra mod. 60. 
3—i 5—1 8—1i 
Whence P, (θε) zz — 45.16 = 0, 


Ῥ, (8) = 15,1938 40. 8 =— 20, 

= 16.15.14__ 
P,(8) zx — 49. —5—37— 0; 

ο. 16.15.14.13 8.7 - 
P4() = lar ig er τά er M ο. 
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ete., to PQ(0) Ες + Βς + By = d. 
These relations, expressed by Theorem III, become 
II (a — θι) = Rs (s — 1)8 + Ες (αἳ — 1) + (αἱ — 1) mod. 60, 
^ (a — θι) = 45 (æ — 1)*+ 40 (à? — 1)} + 36 (a* — 1)* mod. 60. 
ΙΙ ε-- 5. " 
Ρα) = (27 By 02 + (—Y^ R; 02" mod, 60. 
P, (0,) =— 46.40, 
P,(8)z 45. a —40.2=10, 


ΓΕ 4.3.2 
Ps (6s) =— 45. gt 0, 
PO; = 45 + 40 = 25 = Πε. 
These relations, when expressed by Theorem III, become 


I (æ — θὲ) = 45 (a — 1)* + 40 (à — 1)? + 862* mod. 60. 
ΤΗ. s 3. 
P, (03) = (—5 8,05 € tC Y"; On mod. 60, 
P,(0,) =— 46. ἐκ... 
8.7 .— 
P, (0) = 45. — = 0, 





1.2 
8.7.6 
Ρι(θ) 46. E ΤΈΣ -- 86.2 zx 18, etc, to 


P,()z 45+ 36 = 21 = R; otherwise, 
II (æ — 0) = 45 (æ — 1) + 4025 4- 36 (at— 1} mod. 60. 


IV. s =2. 
P, (95) = (—)- 85075 + (JR O'R mod. 60, 
3—1 B—1 





P,(6) = 0, 

P,(&) =— 40.7 = 20, 

P,(%) = 0, | 

πιὸ = 40. 3 n xa? 36.4 = 16, ete, to 
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P, (93.3) = (—Y 3n 9. im mod. 60, 
=i 

P,(0,,) = PE REO, 
P,(,3) =— 86.2 =— 12, 
P=P,= P,=0, 
P, (9s. κ) = 36 = Fs. s. 

VL s= 35. | 

60 


This is a case of exception (1), since = d um 4. 
P, (θε ε) = (— n ion 160? mod. 60, 
p. 
P,z— 45 = — R, ;. 
VIL s= 5.2. 
Pa (5.3) = (— 85 02**9 mod, 60, 
P,=P,=0. m 
P,(0,,) =— 40.2 — — 20, 
P, (6,2) = 40.7 = Ra 
VHI s= 2.3.5. 
This is a case of exception (2), since t — urs = 1, and 60 contains 4.. 


à 
^P (θες ) = > (60), and P, = 0 = B, ss. 
The only two numbers included here are 
0 and 30, P, = 0 + 30, and Pies. 30. 

Theorem V. If k= αν... q, and ΤΙ, (a — 0) denote the continued product, 
ᾳ (6 --- Ί)ίω--- 2).. ο κ η, then 

II, (æ — 0) = E; (a? — α" + Bg (a? — 2) --.. A Bett — a) mod. k; 
except when one of the factors of k, asa, = 2, and t» 1, in which case 
T, (s — 6) = Ry [(α5-- a. — 2 (22— «)]* + Rs (a9 — a) +.. .+ R; (a? — a)* mod. k. 


To prove this theorem we have only to consider one component of the: 
modulus, as a’. Since Hg, R;,... E; each contain αἱ, and M l mod. a’, the 


congruence to be proves reduces to II, (z — 0) = = a" — z)* mod. at. Now it is 
Vor. IV, 
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evident that if we take the residues of the successive numbers less than k, we 


shall get : successive groups. According to Theorem I, H (x — 0) for one 


group E (a? — a)*“~’ mod. a’. Therefore, II, (s — 6) zz (a? —«)* mod. a. But 
if a= 2, and £71, then TI (x — 0) for one group = [(αὔ--- 1)(«’— 2x)]" mod. 2, 
according to Theorem II. Therefore, 20 
ΠΝ 2 

IL (z — 0) = [(αὰ — 1)(a$— 2ω)]' = [(αἳ — x — 2(2 — α)]" mod. 2 Q. E. D. 

By comparing the coefficients of corresponding powers of α, we have the 
residues, mod. k, of the symmetric functions Σα, Σαβ, ὧο. of the successive 
numbers from 0 to £— 1 in terms of the repétents or residual units of %. 
When & does not contain 4, we may write the theorem more simply as follows, 
dispensing with the “carrier,” ο: 

P, (0) = E (- y ip; ο mod. τ, 
t —1 

where C is a binomial coefficient, and where only those terms are to be included 
in the summation for which m is divisible by o — 1. Butif k = ο... η", 
and ¢ > 2, then it is easy to — that | 

P,, (8) = SAGET: “σος On + TH Σ (— F^ R- ος mod. k. 
If ¿= 2, the last term in the parenthesis is to be omitted; if da l, the last 
two terms in the parenthesis are to be omitted, and the formula is then included 
under the preceding formula. | 


| For example, suppose k= 30 , and it is required to find the residue 
mod. 30 of P,(0).. We have E; = 15, Hg — 10, and Ry — 6. Then 


P,(0) = (— Y Rs OF + (— Re Of + (— λε Of mod. 30, 


- 15.14.13.12 10.9 6 
_ or PQ(0)z:190.71—5 54 t 10-75 — 9.1 mod. 30, 
or P,(0) = 15 + 0 — 6=9 mod. 30. 


Since, now, the value of any symmetrie function whatever can be obtained 
by means of the tables explicitly in terms of the symmetric functions Xa, Σαβ; 
Σαβγ, ἃ. we have thus a means of expressing, in terms of the repetentes of Æ, the 
residues mod. Æ of any symmetric function of the s-totitives of £,. or, finally, of 
any symmetric function of the successive numbers from 0 to ἆ — 1. 


§ 2. Extension of Preceding Results to the, Theory of Functions (mod. p, f(a)). 
Let {(α) = K= A'B*.. Q' mod. p, where p is a prime number, t, v, &c. 
are any integers, and A, B, &c. are irreducible (mod. p) functions of x, of 
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forms z^ + A, at) + A4m^ 7? + ἅο, a? + ug 7! + wa? -*+ Ae, ἃς. respect- 
ively. It is well known that X can be so represented in only one way. 

A. function, (a), is said to contain another function, f(x), with respect to p, when 
p(s) = f(a\A(x) + ghle). In the following the words with respect to p are 
always to be understood when the word contain is used with reference to func- 
tions, and when one function is said to be prime to another it is to be under- 
stood that they have no common factor with respect to p. 

Let the number of incongruous (mod. p) functions of a less degree, than 
that of K and prime to K be called the prime totient of K, and let it be denoted 
by 7,() after the analogy of Professor Sylvester’s notation and nomenclature in 
the case of integers. Likewise let the functions themselves be called the prime 
totitivesof K. Inthe same way let the number of those which contain A but no other 
prime factor of K be called the A-totient of K, and let it be denoted by «,(); 
and let the functions themselves be called the A-totitives of Æ. So on, for 
πια), Tape( X), ο. There are plainly 2' different classes of totitives of K, 
if ¿ denote the number of the unequal prime factors of K. A means of finding 
the value of the different totients of A will be furnished by the following: 


Lemma. There are p*—™ incongruous (mod. p) functions of x, degree <n, 
which contain a given function (x) of form a^ + Aq" 7! + Ag 7? +... AS. 

For let ψ(ω) = aa*~1 + Ba"—*+ &c., where a, 8, &c. are variable coeffi- 
cients. Dividing (vx) by φ(ω), we get a remainder of degree m — 1. In order 
that there may be an exact division, each of the coefficients of the remainder 
must be equal to zero. We thus have m equations, which, as the process of 
division shows, are linear in the n quantities, a, β, &c. We may give arbitrary 
values to n — m of these quantities, and considering the system of equations as 
a system of congruences mod. p, we may evidently satisfy the system in p^—" 
different ways. Hence the lemma is proved. 

Suppose, now, that K = A‘B“C*. We easily find, by means of the pre- 
ceding lemma, and by use of the process employed to find the totients of an 
integer, that 


mE) περ να tp — Top — Dp — 1), 
σα) = "os (p — 1o — 1), 
πι) — E x (p° — l), &e. 


The analogy between these numbers and the totients of an integer is at once 
apparent, viz: if an integer k = a'b"c" where a, b, c are prime numbers, the 
totients of Æ are derived from the totients of k by substituting in the latter 
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25 for a, p" for b, &c., where, however, a, b, ο, the degrees of A, B, C, are 
not prime numbers, but any integers. 

Itis proposed, in what follows, to show briefly that certain theorems of my 
former paper, as well as those of the preceding section, have their analogues in 
the theory of functions (mod. p, £). 

Let us firs& consider the properties of the jool of X? = X (mod. p, K), 
where K = A'B*"... ŒH”... 9”. Lets — H..Q, and o —.H*... Q. We 


K ; 
evidently have X = 0 (mod. p, c), and X=] (mod. p. =), and thenée 
λσ--μ = = 1 mod. p. Since c and = have no common factor with respect 


to p, this congruence gives one, and only one, value of à. (See Serret, Cours 
d'Álg. Sup., ἃ 341), and consequently one, and only one, value of X for the 
two preceding congruences. This value contains c. Call it R,. It is evident 
now that there are twice as many roots of X? = X (mod. p, K) as there are 
ways of separating A ito two factors prime to one another, viz: 2', and that 
one of them belongs to each of the 2t classes of the totitives of K, where ἡ is 
the number of the unequal prime factors in K. It is at once evident that these 
roots or repetents of K have the same properties as the integer roots of a? zzz 
mod. Æ. For convenience, I restate some of them: | 

(1). R,R, = R, (mod. p, K), where s and # are prime to each other. 

(2). The sum of any given number of the repetents of K is congruous 
(mod. p, K) to the sum of the same number of any others of them, provided 
only that the product of the subscripts is the same for each sum. 

(8). Ifs denote the product of all the unequal prime factors of K mot 
contained in e, then 

Π-Ερ = 0 (mod. p, K), 

(4). Δ; e sb Asm = Rea (mod. p, K). 

(5). If A’, . @ be prime totitives of Δ’, BY,... G^", respectively, 
and H’,... Q are ης. Of JH. d.i. Q, θε then the residue 
(mod. p, K) of the function, 4101 + B'Eg -...-- Q'Eg is an s-totitive of K. 

The analogue of Fermat/'s extended theorem is X7? = R, (mod. p, K), 
where X, 18 an e-totitive of K. 

If A = A’, it is proved, in the ordinary way, that 

Xp’ = 1 (mod. p, K), 
and it is, of course, obvious that 


απο (mod. P * 
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Hence the theorem is true for K = Αἱ since R, = 1 and R, = 0 (mod. p, K). 
Then since [see (5)] 
X, = ΑΠ B'Eg--...4- Q'Eg (mod. p, K), 
we have, by raising both sides to power σι), inasmuch as v,(K) contains 
παν). 
AYO Ξ Rit Rs +t... + Ra = Raa R, (mod. p, K); 
and the general theorem is proved. | 
Let it be required now to find the residues (mod. p, K) of the symmetric 
functions XO,, 29:67, &c., where Θ΄, Θ΄, &c. are the s-totitives of K, or, in 
other words, to find the residue of the function H(X — O,), in analogy with 
the results of the preceding section. First, let us prove that Π«(ἆ — ©,) 
= M- (X — Θ1) 1 (mod. p, A). The method of proof is precisely that of 
last section. ` Leta, 8, y, &c. be the prime totitives of d*—1; then those of A’ 
will be given by a + 14' ^, B + 2At, &e. where à is any one of the p* incon- 
gruous (mod. p) functions of a less degree than that of A. But 
II(X — a + 214577) z X (Ρα 0457) X (Of? + OP αν 10) X8 7? 
— (Of'à? + Cf 0,4 79?) XP ^? + &e. (mod. p, A*) 
just as before, where Ω here equals the sum of the p* incongruous (mod. ») func- 
tions of a less degree than that of A. But we evidently have Q zz 0 mod. p. 
“ W(X — a + 14577) = (X — ay", (mod. p, A’). 
OILQCX — 9) = (X — aX — 8)... 1”, (mod. p, A4). 
< UX — 04) = (Thy Xk — Θι) 1” (mod. p, A5). 
Now we know (Serret, ἃ 345, et seg.) that | 
IL, (X — 9) = X*-1— 1, (mod. p, A), - 
. eX — 0;) = Gn 7t — 1)”, (mod. p, A’), 
<. LLX — 9) zm (Xe -1 — 1)". (mod. p, A’). 
In the same way, we evidently get. i 
| IL(X — @,) = (X)?"^, (mod. p, A’). 
In general we have the following Ἢ 


Theorem. If K= AB"... ŒR... Q, where A, B, &c. are different 
irreducible (mod. p) functions of a, of degrees, a, b, &c. and if S= HI.. 9, 
and G,, O,, &c. be the S-totitives of K, then 
M(X- 9) = R (Aa An +... RBg(Xv—1— ly 

l cb Rg ΑΣ), (mod. p, K). 
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There are no exceptions to this formula as in the case of the corresponding 
formula for integers, for the unique prime number, 2, has no analogue in this 
theory of functions. The proof of the theorem is so nearly the same as that of - 
the one for integers that it does not seem worth while to repeat it here. It is 
simply a substitution of p* for a, p° for b, ἃς. and (mod. p, K) for mod. & in 
the proof of Theorem III in the last section. 


If P,(0,) denote 0,0; .. OW, we have as another form of the preceding 
theorem, analogous to Theorem IV of the last section, 
"OD 


0d 
P,(6)z X(— OR Ox) , mod. (p, K), 


τ(Ώ) 


where the process of summation includes only those terms for which i. €., 


7(2)’ 





T — = an integer 
pe—1 aii 
When m = «,(.K), the formula becomes - : 
Paa = E dog es hg = faa = ο 





except when = a power of an irreducible function, as A‘, and p is not 2, in 
(K) MEC 

r(A) ) 0 —1 ud 

| ae = — Ry = — Hg, (mod. p, K). 

Since κ) = the product of the s-totitives of K, this special case of the 
above theorem constitutes the analogue of the generalized Wilsonian theorem. 

It is easy to see that Theorem V of last section also has its analogue here, 

viz: If II, (.X — @).denote the continued product (X — O'X — ©”)... where 

©’, €", &c. are the whole set of the x= p* ***-*'* incongruous (mod. p, K) 

functions of æ from 0 up to Æ, then 


H,(r— Θ)Ξ Ry — X+.. + Ry(X"— Xy", [mod. p, K], 


which case ——- is odd, and we have , 


or 


3 Bla 


P. (6) = (—P Rz Ot. + (— Bo C5,. (mod. p, E). 


Y 


BALTIMORE, 14 April, 1881. 


Note on the Frequency of Use of the Different Digits in 
Natural Nwmbers. 


By SmoN NEWCOMB. 


That the ten digits do not occur with equal frequency must be evident to 
any one making much use of logarithmie tables, and noticing how much faster 
the first pages wear out than the last ones. The first significant figure is oftener 
1 than any other digit, and the ‘frequency ¢ diminishes up to 9. The question 
naturally arises whether the reverse would be true of logarithms. That is, in 8 
table of anti-logarithms, would the last part be more used than the first, or 
would every part be used equally? The law of frequency in the one case may 
be deduced from that in the other. The question we have to consider is, what 
is the probability that if a natural number be taken at random its first significant 
digit will be n, its second w, etc. 

As natural numbers occur in nature, they are to be considered as the ratios 
of quantities. Therefore, instead of selecting a number at random, we must 
select two numbers, and inquire what is the probability that the first significant 
digit of their ratio is the digit n. To solve the problem we may form an indefi- 
nite number of such ratios, taken independently ; and then must make the same 
inquiry respecting their quotients, and continue the process so as to find the 
limit towards which the probability approaches. 

Let us suppose the numbers with which we commence to be irrüngod in 
periods according to the number of their digits, or, which is the same thing, 
according to the characteristics of their logarithms on the scale of which the 
basis 18.1, (? being 10 in the common system). Then, if two numbers are ù+” 
and i” **, ο and 6 being integers, the significant figures of the ratio will be inde- 
pendent of c and ο, since changing these integers will only change the 
decimal point. We ‘may, therefore, take both numerator and denominator of 
the ratio out of the same period. 

Moreover, since both numerator and denominator are jun by the same 
process, we may suppose the law of distribution of the numbers from which 
they are selected to be the same. Our problem is thus reduced to the fol- 
lowing: E 
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We have a series of numbers between 1 and ὁ, represented by fractional 
powers of i, say 4", the distribution of the exponents s, and therefore of the 
numbers, being according to any arbitrary law. Since these exponents are 
formed by easting off all the integers from a series of numbers, we may sup- 
pose them arranged around a circle according to some law. ‘Then, if we select 
2" exponents at random and call them 85:85, 4 ete., the final ratio, obtained in 
the manner we have described, will be 

ge a" — 74 οἷα, 


The question is, what is the probability that the positive fractional portion 
of ϐ' — s" + s" — 3" + etc., will be contained between the limits s and s + ds. 
It is evident that, whatever be the original law of arrangement, the fractions 
will approach to an equal distribution around the circle as n is increased, or 
a required probability will be equal to ds. But, the fractional part of 

— s+ a" — ete. is the mantissa of the logarithm of the limiting ratio. We 
a reach the conclusion : 

The law of probability of the occurrence of numbers is such that all mantissce of 
their logarithme are equally probable. 

In other words, every part of a table of anti-logarithms is entered with 
equal frequency. We thus find the required probabilities of occurrence in the 
case of the first two significant digits of a natural number to be: 


Dig. Firat Digit. Second Digit. 
0; Sa 4 0.1197 
1 0.3010 0.1139 - 
9 . 0.1761 0.1088 
8 ." 0.1249 0.1048 
4 0.0969 0.1008 
b 0.0792 0.0967 
6 0.0669 0.0934 
7 0.0580 0.0904 
8 0.0512 0.0876 ` 
9 0.0458 0.0850 


In the case of the third figure the ‘probability will be nearly the same for 
each digit, and for the fourth and following ones the difference will be 1 » 
ciable. 

It is curious to remark that this law would enable us to decide whether a 
large collection of independent numerical results were composed of natural 
numbers or logarithms. 


Tables of the Generating Functions and Groundforms 
of the Binary Duodecimic, with some General 
Remarks, and Tables of. the Irreducible 
Syzygtes of certain Quantics.* 


By J. J. SYLVESTER. 


Generating Function for differentiants, 


Denominator: 
(1 — a(l — αλ) 1 — a*Y(1— a — a)(1 — aS(1— - a!Y1 — TA — a?) 
(L — αν — a”). 

Numerator: 


l--4a-LF 17a? + 49at -+ 125a" -+ 985a5 + δ94αΐ + 1148a* + 90684 
+ 3517a!+ 6698a"-+ 881'7a+13104a2+-18769a"+25979a+ 348300! 
+ 45317al + 5738270 + 105952? + 847300" + 9991445 + 1134300” 

+. 1266980%-+ 13834504+-1477220%+ 1542970+157689a"+157689a" 
+ 1542978? + 1477220+ 138345a%-+ 126698a"+ 113430a%-+ 993140" 
+ 84730a® + 705950" + 57327a + 463174" + 34880a* + 25979a! 
+ 18769a ..,.........Ἠ....,. 
-+ 594a” -+ 285a? + 1250" + 4998 + 17a" + Aa8 + a®. 


Generating Function for covariants, reduced form, 


Denominator : 
(1 — αλα — a*)(1 — af)(1 — a3(1 — a*)(1 — a*)(1 — a(l — a*)(1 — a") 
(1 — αλα — αα))(] — aa*)(1— aa®)(1 — aa*)(1 — ax®)(1 — αω”). 


* The tables of the duodecimic have been calculated by Mr. F. Franklin in accordance with Professor 
Sylvester's second method (see this Journal, Vol. III, p. 148), in pursuance of a grant made by the British 
Association for the Advancement of Science. The corresponding tables for the binary quantics of the 
first ten orders are given in this Journal, Vol. II, p. 228; those for systems of quantics of the first four 
orders, taken two and wo together, are given at page 298 of the same volume. l 
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Numerator :* 
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* In the tabulated numerators, the sinus sign is placed over the number which it affects. 
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Generating Function for covariante, representative form, 


- 


Denominator: | ΝΠ. 
(1 — #1 — α)(Ι --- af) -- a9)(1 — αδ)(1 — αἲ)(1 — a*)(1 — α5)(] — a”). 
(1 — al — απ — ααδ)(Ι — aw»(1- ασ] — d) — ax». | 


‘Numerator: | 
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Numerator—{ Continued) : - 
qP oF qf χ49 uM E E SEO ER αδὶ οὖν 158 180 of? αθ a a αἲ 
R | a? 
NEN NN ο ο US SO , 
a* 





Yaf: 3 sit HE MP 
* 5 ky 6 4! pU 4 
i 19413 posh 49:198 Bot 


mein pi casi 
6008:54084048$8098| 2925/19831 B34 71859231 61 28741251) 380! B40 758; 860) 686i 282 a 


46 SYLVESTER: Tables of the Generating Functions and Groundforms 


Numerator—( Continued): —— 
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Numerator—{ Continued) : i : . 
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Table of Groundforms. 


ORDER IN THE VARIABLES. 
0 2 4 6 8 10 13 14 16 18 20 22 24 26 28 80 94 


DEGREE IN THE COEFFICIENTS. 





The total number of groundforms (counting in the absolute constant and 
the quantic itself) is 949. 


- ~*~ 


The manuscript sheets containing the original calculations from which the 
preceding tables have been constructed (as is the case also with the calculations 
connected with all the similar tables which have appeared in this journal) are 
deposited in the iron safe of the Johns Hopkins University, Baltimore, where 
they can be seen and examined, or copied, by any one interested in the subject. 
From the manifold independent systematic tests* to which the work has been 





* One of these testa depends upon the following property of the generating function, which has been 
disclosed by observation, and of which the significance is not yet known. On putting a — 1 in the 
numerator of the generating function, the coefficients of the various powers of œ are integer multiples 
of the coefficient of αὐ. Thus in the case of the duodecimic, the numerator of the reduced form 
becomes, on putting a — 1, 


5068 (1-+ Βα + at — a — Sa? — 4g — daf — Rat + βαρ]. Gal Ba} Ba + βαρ... παρ. 4g — Ag — Bar? 
— a+ a+ 2a af). | 


Thus the numerical divisibility of the result of putting a — 1 furnishes a test for the sums of the 
columns, while the algebraic divisibility of the result of putting œ = 1 (see this Journal, Vol. III, p. 151) 
tests the sums of the rows; and the satisfaction of both testa makes the correctness of the result practi- 
cally certain. 


* 
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subjected, Mr. Franklin estimates that the chance is far more than a million to 
one that the generating functions for the twelfthic as calculated do not contain 
-a single numerical error. The highest order of any ground-covariant to the 
twelfthic it will be seen is 34, which is the superior limit of order given by M. 
Camille Jordan’s formula for the ground-covariants to a system of an indefinite 
number of simultaneous binary forms of each of which the order is 12 or less: 
M. Jordan's “superior limit" in fact in this as in all the other calculated cases, 
being actually attained by one (and only one) ground-covariant to a single ` 
form.* It will also be noticed that for all orders of the primitive which have 
been calculated, viz., from ὃ to 12 (with 11 omitted), the degree of the covariant 
of highest order is either 3 or 4. Looking at single quanties of the even orders 
6, 8, 10, 12, it will be observed that the maximum order of their ground cova- 
riants for any degree (from and after the 4th degree) diminishes, or, to speak 
more strictly, never increases as the degree increases. As regards quantics of 
the odd orders 5, 7, 9, the same rule applies for the maximum order of their 
groundforms of even degrees; and in respect to their groundforms of odd degrees, 
the maximum order from and after the 3d degree diminishes or remains station- 
ary as the degree increases. Also (alike for quantics of odd or even order) when 
(beginning with the 3d degree) in passing from an odd to the next even 
or from an even to the next odd degree of the groundforms, an increase in the 
maximum order takes place, it is only to the extent of a single unit. These 
facts, which constitute a sort of law of shrinkage, assume practical importance 
when the successive tables of groundforms are compared together, with a 
view to track the ground-differentiants, (or, in Mr. Cayley’s language, the 
ground-seminvariants or sources of covariants) as the order of the primitive 
quantic is increased. Some of these ground-sources retain their irreducible 
character permanently, others only up to a particular limit of order in the 
primitive. The former may be regarded as the irreducible differentiants to a 
quantic of an infinite order: such for instance are all the differentiants of the 
second and third degree. But when we consider differentiants of the 4th degree 
this.is no longer true. Thus we have the well-known example of the discrimi- 


* It is also particularly noticeable that the number of the successively positive and negative blocks 
in the table follows the law observed in the inferior cases, viz. for Quantics of orders 8 and 4 there is a 
single block, for Quantics of orders 5 and 6 two blocks, for order 8 three blocks, and for orders 9 and 
10 four blocks, there being five distinct blocks alternately positive and negative in the instance before 
us of the Quantic of order 12. j 


Vou. IV. 
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nant to (a, b, ο, dio, y)», viz..a’d’+ 4ace+ 4dfP°—38'e— babed, which is irre- 
ducible for this quantic, but for the quantic (a, b, ο, d, e», y)* remains, it is 
obvious, a differentiant, but no longer a ground-differentiant, being expressible: 
under the form of the difference of two products of lower differentiants, viz., as 








a b c 
(ac — b)(ae — 4bd + 389) —a |b ο d 
ZG c d e 
Suppose a differentiant to be the source of a covariant of the deg- 
order j. e considered as belonging to the quantic (ας, t, . . ... αιἴα, γ)'; then it _ 
is easily seen that it will be the source of a covariant of the deg-order7.j-+ ε 
in respect to the.quantic (a, @,...@4,;{%,y)'** We can, therefore, in 


many cases by a mere inspection of successive tables of groundforms eliminate 
some at least of the transient ground-differentiants: t. e. wherever there are K 
groundforms of deg-order J. e to a quantic of the order 4, but only K — A of the 
deg-order 7. ε + Aj to the quantic of the order ὁ + 2, we know that at least A of 
the sources to the Α΄ groundforms, 4. e. A ground-differentiants of degree 7 and 


weight “—" are only transiently irreducible. Thus ex. gr. the table of ground- 


forms for the quintic exhibits 9 groundform of deg-order 4.4, t. e. of deg- 
weight 4.8; but the table of groundforms for the sextic contains no ground- 
form of the same deg-weight, i. e. of deg-order 4.8. Hence the differentiant 
of deg-weight 4.8, although irreducible when regarded asa function of 6 letters 
(the number of letters which actually appear in it), is reducible when regarded 
as a function potentially of 7 or more. 

So, again, for a like reason, the ground-differentiants of 5 letters, of 
deg-orders (in respect to the quintic) 5.1 and 5.7, 4. e. of deg-weights 
5.12, 5.9, are only transiently irreducible ; and, what is very interesting, it 
will be seen at a glance (and here the law of shrinkage makes its importance 
felt) that the sources of all the groundforms to a quintic of a higher order than 
the 5th are only transitory (or provisional, so to say) ground-differentiants. . So - 
in like manner it will be recognized by comparing the tables of groundforms for 
the seventhic and eighthic, that of the 9 ground-sources of the degree 6 to the 
6.7 — 

2 


- i. e. of the deg-weights 6.20 and 6.19 respectively: all 


: and one of 





former, only two can be permanent, viz. one of the weight 
6.7 — 





the weight 
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the others becoming resoluble when an additional letter is introduced into the 
quantic. Moreover, as the table for the eighthic contains no groundforms of deg- 
order 7.8, we see from the law of shrinkage that there can be no ground-source 
to the seventhic of a higher than the 6th degree which is permanently irreducible.* 


A systematic weeding out of the transitory ground-sources from the published 
tables, which cannot in all cases for groundforms of earlier degrees. be effected 
completely without an examination of a more searching kind than that illustrated 
by the above examples, must be reserved for a future occasion—after I shall 
have completed, as I hope soon to do, the study of a subject of higher interest 
and more pressing importance, which has for its object to determine not only the 
ground-forms ‘so called, but also the ground-syzygants, the ground-counter- 
syzyganis, etc., of quantics from their generating functions by a purely arithmetical 
process, Sid I believe to be already substantially in my possession. 

As the first fruits of this method, I may state that the invariantive ground- 
syzygants (or, if the expression is preferred, fundamental syzygies) to the octavian 
quantic (x, y)* are 5 in number, and of the degrees 16, 17, 18, 19, 20 respect- 
ively in the coefficients. As regards the -ground-syzygants (invariantive and 
covariantive) of the quintic, my method furnishes the same list as that given in 
Professor Cayley’s Tenth Memoir on Quantics. Their deg-orders may be found as 
follows. 

By the supernumerary ground-types understand the deg-orders of the ground- 
covariants exclusive of those represented by the factors which appear in the 
denominator of the representative generating function,t which are therefore 
28 — 6, i. e. 17 in number. Let these types be added each to itself and every 


other, thus giving rise to ο types: out of these sums strike out the types 


8.4 9.5 10.2 10.4 11.8 12.2 14.4 16.2 
and replace them by 
19.6 14.6 15.8 15.5 16.4 17.8 .19.5 21.8 


The 153 types thus formed, together with the types, 26 in number, furnished by 
the negative térms in the numerator to the generating function, (see this Journal, 


* For the 6th degree it will at once be seen that there can be no permanent differentiant to the seventhic 
except one of the 2d and one of the 4th order. , 

t In such denominator the number of factors for a Quantic of any odd order 24—1 is 8έ--- 8 , and for 
any even order 24 is 84$—— 2 (¢ in each case being supposed greater than unity). 
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vol. IT, p. 224,) 179 in all, will be the deg-orders of the fundamental syzygants. 
Mr. Cayley founds this rule on his theory of the so-called Real Generating Func- 
tion, which essentially consists m what may be termed the Dialytic Presentation 
of the Representative G. F. for the Quintic—namely as a sum of 26 pairs, each 
pair containing one positive and one negative term of the numerator divided by 
the denominator, so selected for conjunction that the developed expression of each 
pair shall be seen to be omni-positive by an obvious dialytic process. 

The method followed by the eminent author in singling out the fundamental 
syzygants does not appear (as far as I can make out) to be explicitly stated in his 
memoir. The dialytic form (supposing, asis probably the case, it always exists 
for finite representative generating functions) is not easy to arrive at: a serious 
additional obstacle to the use of the dialytic method would arise in the case 
where (as for the seventhic) the numerator of the representative form becomes an 
infinite series. The method I employ does not require the use of the dialytic 
method, nor even of the representative form of the G. F., although the practical 

process is much simplified by the use of the representative form when it has a finite 
numerator. The result I obtain for the fundamental syzygants of the sextic is as 
follows: Take the 19 supernumerary ground-types (see vol. II, p. 225,) and 
add them each to each and to every other, as in the preceding case. Then strike 
out of the sums so formed the types of the deg-orders 6.4, 9.6, 8.4, 11.6, 10.4, 
7.8, 8.6, 11.4, as well as one of the two sums 18. 4 obtained from the addition of 
5.2 and 8.2 or of 3.2 and 10.2 andreplace the nine types so omitted by the eight 
types 12.8,14.8,13.6,15.6,10.10,11.8,14.6,16.6. There will thus arise 


19. 2 — 9 + 8, or 189 types: to these adjoin the 29 typesgiven by the negative 


terms in the numerator of the Rep. G. F.: the total number of types 189 + 29 
or 218 so obtained will be the deg-orders of the complete system of fundamental 
syzygants to the sextic. The two types of the deg-order 6.6 which appear 
among the supernumerary types, it will of course be understood, are to be treated 
as distinct types in forming the binary sums. Itis just barely possible (but I think 
very unlikely) that I may have committed some oversight in the table of replace- 
sae d the above calculation, and that the true number of ground-syzygies may be 


z ae 29 or 219 instead of 218.* 


* Nine binary sums of types are omitted, and are replaced by only eight other combinations. This 
is analogous to the loss of a unit in counting the irreducible syzygies tothe invariants of an eighthic. The 
supernumerary invariants in this case are 8 in number; of degrees 8, 8, 10 respectively. Their binary 
combinations would give 6, but the true number of irreducible syzygies is only 5. 


SYLVESTER: On Groundforms and Ivreducible Syzygies. 58 


I subjoin a brief aperçu of the general theory. 

A generating function (whatever its subject-matter) deis in & series 
consists of facients and coefficients, where any facient is a product of a finite set 
of letters each raised to a certain power. The totality of the exponents expressing 
these powers may be termed the type of the facient. Inthe generating functions 
to be referred to hereinunder, the letters employed are just as many in number 
as there are quanties in the system to be considered: viz., one letter corresponds 
to each quantic. 

A generating function proper (with reference to the present theory) is defined 
to be one that is or can be developed into & series of facients whose coefficients 
and whose types are omni-positive integers, and where each such numerical : 
coefficient is the number of linearly independent invariants whose degrees in the 
coefficients of the several quantics of the system are identical with the indices of 
the corresponding letters in the facient to which that numerical coefficient is 
attached.* The type of the facient may be also styled the type of the connoted 
invariants. A binomial expression consisting of unity followed by a facient and 
separated from it by the negative sign may be termed a generator.1 

A proper generating function to a system of quantics may always by known 
methods (see this Journal,. vol. IIL, p. 133) be expressed by a fraction whose 
numerator is a finite series of facients with numerical coefficients and its 
denominator a finite product of generators. | 

It may also be expressed (according to a definite process), and in one way 
only, by a fraction whose numerator and denominator alike consist of a finite 
or infinite (except in a few trivial cases, an infinite) product of generators. 


* I speak designedly (for greater facility of expression) of invariants only, which can be done for 
binary quantics without any loss of generality, inasmuch as covariants may be regarded as invariants 
of a given system of quantics with a linear quantic superadded. 


Tlf a, b,0,... are faciente, 1—a*bPc’ . . 18 8 generator, anda, d . . . (taken in a definite 
order) ia iis type. 
1 For instance let G be the generating function proper to the invariants of an eighthic. 
5 9 10 18 
Then G= 1-4-a*--Fa?--a!9*-r-a 


(1—a*)(1—a*)(1—*)(1—a5)(1— a*)(1 — a7) 
= [(1—a*)(1—a*)(1—a*)(1— —a*)(1 —a*)(1 —a")(1 —a*)(1—a*)(i— —ai9)- 
. (1—a15)(1—a!7)(1 — a15)(1— a1?) (1— a?*) 
- [i —a**)(1— a**)(1—a*7) (1 —a**) (1 — a1]! 
, (1—3*)(1—.a**)(1—a?5)*(1— a3*)*(1— a?")*(1—a**)(1— a??) 
. [((1— a4*)(1— at?) 4(1 — at?) 9(1 — a**)*(1— a**)*(1— a**)*(1—a*')*(1—a**)*]7? 


ee % 5: 
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A. finite product of generators (or powers of generators) may be termed a 
generator-group. __ | 

For greater uniformity of statement in regard to what follows, let us agree 
to understand by a syzygant of the grade zero, an irreducible invariant. Then 
the two infinite products above referred to (whose ratio is algebraically equal to the 
generating function) may each be resolved into a product (usually infinite) of 
collect-groups, such that the totality of the types of the 1", 24, ... 4^ groups of the 
denominator shall respectively represent the totality of the types of irreducible 
syzygants of the grades 0, 2,... (27 — 2) and the totality of the types of the 
1%, 24, ... 4^ groups of the numerator the totality of the types of irreducible syzy- 
gants of the grades 1, 3, δ,... (24 — 1), so that each group may be said to be 
related to or to represent a complete system of irreducible syzygants of a certain’ 
grade (invariants being regarded as zero-graded syzygants)—that is to say, as 
many times as any generator is repeated in a group so many (and no more) irre- 
ducible syzygants of that type will there be of the corresponding grade. 

_ Let G be a proper generating function to a system of quanties, Το, T4, Ty... 

generator-groups such that 
G= Told πον... 
Illo eie. 
then, as suggested to me by Mr. Franklin, in order that the Γ' series may be 
representative of complete systems of irreducible syzygants of the successive 


"e 1 T, GR Gis 
grades, it is Necessary that 7 G; Τι — G; 4 nh - G;...sghall, 





when developed in series of facientes with omni-positive indices, be alternately 
omni-positive and omni-negative. Butthe existence of these inequalities, although 
a necessary, is not a sufficient condition in order that the ΓΒ shall be so repre- 
sentative; ex. gr. Γῃ. Τε and I.T, might evidently be regarded as single 
groups and the inequalities would still be satisfied; but suppose we further limit 
the I"s in succession by the following rule, viz., that on withdrawing any one of 
the generator-factors from I, and calling T, the group so reduced E — ( is no 
0 
longer omni-positive, this wil serve to define T, absolutely; T, being so deter- 
mined, T, may in like manner be limited by the condition that its quotient by any 


/ 
one of its generators being called Τη, 9 — G shall be no longer omni-negative ; then 
: 0 


H 
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T, is accurately determined, and, proceeding in like manner with each group in 
succession, the whole system of groups becomes exactly defined, and thus we 
obtain the necessary and sufficient condition of group-representation. 


S. 1i di Hf, Fils 
Calling RP HO HOC ος 1, να, Vg... respectively, 


the v series of quantities stand to G in somewhat the same relation as the com- 
plete quotients of a continued fraction to its complete value. Observe that 
φρ-- l, νι--- l, »— l,... each vanish when the variables in G are each zero, 
and become infinite when the variables in G are each unity. s 

When each such variable has any value intermediate between 0 and 1, I 
-think it almost certain that no two of the να can become equal, so that for all 
values of the variables inside those limits the parabolic lines or surfaces or hyper- 
surfaces, &c., represented (after introducing a new variable o) by the equations 
o — 1n = l, o — n = l, o — n = 0.... (which coincide for the limiting values 
of the original variables at the origin and at a point at infinity) will never inter- 
sect, so that within the prescribed limits vo — να, v; — V4, v4 — Ya... . will be 
always positive and », — να, 7,—»,,....- will be always negative, the limited 
boundaries represented by 


o — G,a— n, O — να, 0— Vee 
being each external to the one that precedes it on one side of o — G, and 
a—G, 0—,, 0 —,, Q9—»g,... 


following the same law on the other side. It is possible, moreover, that & more 
stringent condition than the above may be verified, viz., that 


gr G, Va — v), V4—9,.... 
G — νι, νι — Vz, Vs 77 Yg .... 


may each be developable into omni-negative functions, and again (to complete the 
analogy with the parallel theory of continued fractions or converging continued 
produets) that | 

νο --- G, G —,1,— G, G—v$,,»,— G,.... 


shall form a single series of continually decreasing quantities, or even in their 
developed state, of functions in which the corresponding coefficients to each 
facient form a continually decreasing (or, at least, never-increasing) series of 
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numbers. Then in the case of a single quantic, within the limits defined by the 
facient a being 0 and 1 the curves o— v, @—v73, ...@—G, ...@—%, O--%, 
will form an infinite series of loops having one common asymptote and one 
common point of intersection, and except at that one point keeping clear of each 
other. ΜΙ 

I annex tables (pp. 58, 59) of the fundamental syzygants* (or if one ‘pleases 
so to say) irreducible syzygies for the quintic and sextic, rendered more complete 
by inserting entries corresponding to the fundamental in- and- covariants. The 
positive integers correspond to these latter, the negative integers (the nega- 
tive sign being set over the figure) to the irreducible syzygants. Thus ex. gr. 
in the table to the sextic the positive. integer 2 found in the 6th line and 6th 
column, indicates that there are 2 ground-covariants of deg-order 6.6. The 
negative integer 7 found in the 12th line and 12th column indicates that there are 
. 7 irreducible syzygies of deg-order 12.12.+ The negative sign is appropriate, 
inasmuch as every independent syzygy of any deg-order lowers by a unit the 
number of linearly independent in- or- covariants of that deg-order that can be 
produced out of the inferior groundforms, so that syzygants may be regarded as 
negative existences in regard to groundforms: carrying on the same idea, counter- 
syzygants might be numbered by integers carrying two negative signs contradicting 
each other, and so on indefinitely. 

The method of partitions or generating functions, which leads to these sur- 
prising constructions, looks at invariants and their connexions solely with regard 
to their deg-order or type without taking any account of their content; in other 
words it deals only with the idea or notion of these beings and their relations, 


* 


ἘΝ, B.—A syzygant toa Quantic is a rational integer function of its in- or- covarianta which, expressed 
as a function of the coefficients, vanishes identically, but we may still understand its '' nee es in the 
. coefficients ” to mean the degree of any one of the terms of which it is the sum. 


TIfj or e exceed the highest degree or order respectively found in any table, or, it without that 
being the case there is a blank space in the j^ line and e^ column of the table, the meaning is that there 
is no irreducible groundform or syzygy of the ἄθρ-οτάατ 1.6. Inthe tables exhibited it will be seen that 
the deg-order f. e of each syzygant is superior to the deg-order 7. ϐ of every groundform: 4. e. the 
differences j'— 3 , €'— e are neither of them less and one of them is greater than zero. The same is true 
for all quantics which have a finite Rep. G. F., but not necessarily and probably never actually so 
in other cases; thus ex. gr. to the seventhic belongs an irreducible invariant of degree 22 and an 
irreducible syzygy of degree 20, so that here the j'.e' (20.0) is inferior to the j.e (22.0). The fact of 
every 7. 6’ being superior to the 7. e can be expressed by saying that the invariantive syzygetic portions 
of a Rep. G. F. table are not intermingled but lie totally apart and may be divided from each other by a 
single continuous cut. 


* 


of Certain Quantics and Systems of Quantics. oT 


and may therefore, I think, suitably be termed the Idealistic method.* I cannot 
see the faintest possibility of the symbolic method -serving to determine a 
complete system of syzygies in any but the trivial cases of quantics of the 3d or 
4th order—the only cases where the infinite procession of beings (syzygants, 
counter-syzygants, anti-counter-syzygants, etc.,) rising out of each other, comes to 
a stop—there being for those cases no procession after the lst step, as is also true 
of invariants (as distinguished from covarie7s) for quantics of the 6th order. 
This is how it came to pass in the infa .-of the theory that the number of 
ground-covariants was supposed to bẹ .ne infinite for quanties beyond the 
fourth and their ground-invariants for f ;antics beyond the 6th order. | 
I think it may be interesting to some of the readers of the Journal to be 
put in possession of the complete system of irreducible syzygies to a system of 
two or more quantics, and I select as an easy example the case of a combined 
quadratic and cubic, reserving the other combinations of which the groundform 
tables have been published for a subsequent number of the Journal The super- 
numerary groundforms for the.quadri-cubie system (see this Journal, vol. II, pp. 
295, 296,) are of the deg-deg-orders 3.4.0, 1.1.1, 2.1.1, 1.3.1, 2.3.1, 
1.2.2, 1.1.8, 0.3.3, where the first and second numbers express the degrees 
in the coefficients of the quadric and cubic respectively, and the last number 


* My proof in the PA. Trans., founded on the canonical form of the Quintic, of its 4th, 8th, 18th and 
18th-degreed invariants forminga complete system, the late Mr. Boole’s discovery of the cubinvariant 
to the Quartic, the various disproofs in the Comptes Rendus and in this Journal of the existence of sup- 
posed groundforms, are all exemplifications of the Realistic point of view. The symbolic lies between 
this and the Idealistic aspect of the subject, in so far as the operations by which invariants are engen- 
dered constitute a new and so to say finer subject-matter, capable of being itself operated upon in all 
respects like ordinary algebraical substance. In Professor Cayley’s 10th Memoir on Quantics there is a 
sort of half return from the Idealistic to the Realistic view—a kind of substantiality being attributed 
to the groundforms themselves as primary elements in thestudy of their syzygetic interconnections. It may 
be well to notice, for the benefit of the readers of that memoir (Phil. Trans. 1878,) that in the Represen- 
tative Form given at p. 657 two terms are omitted by an oversight, viz. — a'’x* and a’a'*. I need 
hardly add (since the publication of my tables in this Journal), with reference to a doubt expressed by 
Prof. Cayley (loc. cít.), that I had obtained the form referred to in the paragraph following the 
R. G. F. in question, though nof by dividing out the common factors from the numerator and 
denominator of the R. G. F. ; on the contrary, the N. G. F. is first obtained from the generating function 
in ite crude form (which if left in that form would lead to a bivergent series), and then the R. G. F. is 
obtained from this, through multiplying its numerator and denominator by the factors needed to render the 

‘denominator a product of representative groundforms.  . 

The Symbolic and the Idealistic (which I formerly called the fatalistic or peprotic) method slike, as 
far as is known, owe their conception to the same (unnecessary to be named) acute and capacious intellect. 
Whether very.much that is essential, remains to be added to the great discoveries of Gordan and Jordan 
in the direction of the former may reasonably be doubted, but no such misgiving can be entertained 
with respect to the latter, which already has given rise to many more questions than it has settled (of a 
kind, too, of which a solution sooner or later may reasonably be anticipated). 

Vou, IV. 
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Table of Groundforms and. Irreducible Syzygies to the Quintic. 
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expresses the order in the variables. Adding each of these triads to itself and 
every other, rejecting the combinations 2.2.2, 3.2.2, 2.4.2, which appear in 
the numerator of the Q. F. (and arise from the additions 1.1.1--1.1.1,.1.1.1 
--2.1.1, 1.1.1-- 1.8.1,) replacing them by the higher combinations 1.1.1 
4-1.1.1--1.1.1, 1.1.14-1.1.1-4-2.1.1, 1.1.141.1.141.8.1, 
i.e. 9.9.8, 4.8.8, 3.5.8, and adding in the 12 types furnished by the nega- 
tive terms in the numerator of the G. F., the totality of the irreducible syzygies 
(48 in number) to the binary quadri-cubic system is arrived at and exhibited in 
the ‘annexed table, in which the exponents attached to any type signify the 
number of irreducible syzygies of the corresponding deg-deg-order. 


Table of Irreducible Syaygies to the Quadri-cubie System. 


6.6.0; 404% 2257 Lu 520.1, 527.21, 2:06.89, Ct 
(3.6.2), 4.2.2, (4.4.29, (4.6.2), 1.5.8, 2.8.8, (2.6.3), 
(3.8.8), (3.5.8), 3.6.8, 8.7.8, 4.8.8, 4.5.8, 1.4.4; 
1.6.4, 2.2.4, (2.4.4), 2.6.4, 8.2.4, 8.4.4, 3.6.4, 
(1.5.5) 2.8.5, 2.5.5, 83.5.5, 0.6.6, 1.3.6, 1.4.6, 
9.9.6, 4.7.6, | 


there being thus one irreducible invariantive syzygy and 4, 10, 12, 11, 5, 5 
covariantive syzygies of orders 1, 2, 8, 4, 5, 6 respectively. 

It may be worth while just to notice that the types to the complete system 
of irreducible syzygies to a simultaneous linear and quartic form will consist 
simply of the sums of the 18 supernumerary types, (A. M. J., vol. II, p.. 295,) 
0.8.0, 9.1.1, 9.9.1, bely 2.1.2, 25222, 4.9:2, 1.1.8, 
1.2.8, 8.38.8, 2.3.4, 1.3.5, 0.3.6, added each to itself and every 
other, together with the 14 types taken from the negative terms in the numerator 
of the G. F., viz: 7.83.1, 6.8.2, 5.83.8, 4.3.4, 6.4.4, 6.6:4, 
8.3.5, 5.4.5, 5.6.6, 2.3.6, 4.4.6, 4.5.6, 1.8.7, 7.6.7, 
making 23:25 + 14, i.e. 105 in all. In this instance there is no rejection or 
substitution of sums called for. 

A word or two seems necessary to leave unambiguous the meaning of the 
term syzygants of any specified grade in what precedes. 
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In- or- covariants may be termed syzygants of grade zero (as already stated). 
Syzygants of the first grade are defined to be rational integer functions of those 
of grade zero which vanish when the latter are expressed in terms of the original 
coefficients. It is not necessary to define these syzygants as functions of irreducible 
ones of grade zero (which vanish under the condition aforesaid), because every in- 
or- covariant is a rational integer function of the irreducible in- or- covariants. 
But when we come to syzygants of the second grade (since those of the first grade 
are not necessarily functions of the irreducible- ones of that grade, but may be 
so of the in- or- covariants as well), it becomes necessary to define syzygants of 
the second grade (aliter counter-syzygants) as rational integer functions of irredu- 
cible ones of the first grade which vanish when they are expressed in terms of 
the quantities (here the in- or- covariants) which immediately precede them in 
the scale of generation. And so, in general, following out the defining process 
step by step, by a syzygant of the (? -+ 1)" grade for the purpose of this theory, 
is to be understood a rational integer function of the irreducible ones of the ο) 
grade which vanishes when these latter are expressed in terms of those of the 
grade ?— 1. Such at least is my present impression; but, supposing that I am 
laboring under a misconception on this ‘point, it will in nowise affect the validity 
of the theory in what regards the computation of the irreducible in- or- cova- 
riants and the syzygants of the first grade. 


A Demonstration of the Impossibility of the Binary 
Octavic possessing any Groundform 
of deg-order 10.4. 


By J. J. SYLVESTER. 


Dr. von Gall has rendered an inestimable service to algebraical science by 
working out, according to Gordan’s method, the complete system of groundforms 
to. the octavian binary quantic [(α, y)']. His results, published in the Mathe- 
. matische Annalen, were at first widely discordant from those which have appeared 
in this Journal, but eventually have been brought by their author into perfect 
agreement with them, with the sole exception that his table includes a covariant 
of deg-order 10. 4, not included in my list, which he states that he has not been 
able to decompose: it is the object of the present communication to bring the 
two tables into exact accord by demonstrating that no irreducible covariant to 
(v, y) of that deg-order can exist. The total number of covariants of deg-order 
10.4 obtained by multiplying together the irreducible covariants of an inferior 
deg-order (which appear equally in von Gall’s table and in my own, and whose 
existence therefore may be taken for granted)* will be seen to be 32, which is the 
number of linearly independent covariants of that deg-order given by Cayley’s κ 
law, (see p. 80); hence, by the fundamental postulate, the 32 compounds in ques- 
tion must not be supposed subject to any linear relation, so that, according to that 
postulate, there exists no groundform of the deg-order in question; but my 
object is to use this instance as another exemplification of the validity of that 


* As I have elsewhere remarked, since no groundforms can exist exterior to the tables furnished by 
Gordan’s method, and no reducible forms can be contained in the tables furnished by the English 
method, it follows, even without assuming the truth of the fundamental postulate, that wherever the 
* tables furnished by the two methods accord, they must, of logical necessity, be correct, mere errors of 
calculation excepted. ; 

à . 
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same very reasonable postulate—as I have done on the three former .occasions 
where the tables of Clebsch, Gordan and Gundelfinger comprised groundforms 
extraneous to the tables obtained by me on the assumption of its truth ; the 
proof, however, on the present occasion, is much lengthier than any that has 
ever hitherto been employed, and involves arithmetical computations of 
considerable prolixity, all necessity for which I had, in previous cases, been able 
to evade. It is, I may add, only after repeated trials and discomfitures, that 
I have succeeded at- length in devising a special method adequate . to prove 
the important point at issue. 

The irreducible invariants and covariants of deg-order Cn to 10.4, 

(t. e. whose degree in the coefficients and whose order in the variables are not 
each as great as 10 and 4 respectively,) and which also can enter as factors of a 
covariant of deg-order 10.4 (this excludes the necessity of considering inva- 
riants of degrees 9 or 10) are as follows: the invariants are of degrees 
2, 3, 4, 5, 6, 7, 8, one of each degree ; the covariants are one of deg-orders 
5.2, 2.4, 8.4 respectively, and two of deg-orders 4.4, 5.4, 6.4, 7.4, 8.4 - 
respectively. We may denote the invariants by 2.0, 3.0, 4.0, 5.0, 6.0, 
7.0, 8.0, and the covariants by 5.2, 2.4, 8.4, 4.4, 4.4*, 5.4, b.4*, 
6.4, 6.4*, 7.4, 7.4*, 8.4, 8.4*, and it is an easy arithmetical calcula- 
tion to show (see Comptes Rendus, July 25, 1881) that there are (as already 
stated) 32 different ways in which these duads, by their combination, can give 
rise to the duad 10.4. Out of these 32 it is important, with a view to what 
follows, to isolate those in which neither 2.0 nor 3.0 appears; their number 
will easily be seen to be 10, as shown in the scheme below— 


4.0--6.4  4.0--6.4*  4.0--4.04-2.4  5.0--5.4 5.0+45.4* 
6.0+4.4  6.0--4.4*  7.0-- 8.4 8.04-2.4  5.2-- 5.2. 


What I have to prove is, that no equation Q = 0 exists, where Q is a linear 
function of the 32 products in question, connected by numerical coeffi- 
cients. Suppose it can be shown that © does not contain any of the 10 func- 
tions above indicated. Then Q is either of the form (2.0)U or (3.0) V, or is 
a linear function of (2. 0)U and (8.0)V. In the former two cases we should 
obtain U=0 or V= Q respectively; and in the third case the equation 
A(2.0)0-+u(8.0)V=0, since 2.0 and E 0 have no common factor, impliés 


the existence of an integral equation A Hence, in the 


etta 
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three cases supposed, there would exist a syzygy of the deg-order 8.4, 7.4, 5.4 
respectively between composite covariants of the inferior deg-orders; but if 
this were ‘so, the number of irreducible covariants of one or another of these 
deg-orders would not be what it is at present, but, in order to satisfy Cayley’s 
law, would have to-be increased by a unit: or, in other words, results obtained 
by my method and coincident with those resulting, or capable of resulting, from 
the German method, would be erroneous, which never can be the case.* Hence, 
the non-existence of Q = 0 will be demonstrated if it can be shown that, for 
some particular form of the general primitive (æ, y)! which causes the inva- 
riants of the second and third degrees each to vanish, the particular values then 
assumed by the 10 compounds which remain in Q are not subject to any linear 
relation. Of course the converse would not be true; the fact of the existence 
of a syzygy between these 10, or even between the whole 32 compounds for a 
special form of the primitive, would not establish the existence of a SyZygy 
between them in the general case. 

The great practical gain of making the first two invariants vanish is that it 
leads to a computation in which only 10 instead of 32 linear functions have to 
be handled—but it is not possible à priori before the calculations have been 
gone through, to feel at all assured that the particular form assumed may not 
be such as to lead only to nugatory results. Such happily, however, turns out 
not to be the case with the form I am about to employ which leads to the 
expression of the 10 compounds as. homogeneous linear functions of 11 argu- 
ments, t giving rise to a rectangular matrix ll places wide and 10 places deep 
of which it can be shown that the complete minors (determinants of the 10th 
order) do not all vanish, so that the 10 functions cannot be subject to any 
syzygy; and consequently, if Q = 0 were a really existing syzygy, Q must 
consist exclusively of 22 terms, every one of which contains ‘one or both of the 
two first invariants; but.this has been shown to be impossible, so that the non- 
evanescence of the minors referred to at once establishes the non-existence of 
‘a ΑΥΖΥΡΥ of deg-order 10. 4, and, therefore, the non-existence of a ground- 
form of ‘that deg-order. 


*Towards the end of this paper I establish the same conclusion by a more direct method, in 
which nothing extraneous to Dr. von Gall’s own table is assumed, except the one fact of the linearly 
independent covariants of deg-order 10. 4 being 82 in number. 


t One of these arguments is itself a linear function of 8 combinations of the coefficients and variables, 
the-total number of such combinations which appear in the 10 compounds being 18. 
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I take for the primitive the special form (0, 5, 2ο, d,-0, 0, 0, 0,. χα, y}, 
that is to say, 8bx'y + δθοαϑρ + ὄθάσδγὶ -+ 4f, with the relation bd = δα, and 
proceed to form the required derivatives in conformity with von Gall’s scheme. 
of derivation: I use, as the best practical method of obtaining the “alliance” 
of the 4^ order between any two forms $, V (of the orders u, v) denoted by 
($, ψ)ι, the lineo-linear quadrinvariant (with respect to the variables of emana- 
tion) of the ο emanant of @ combined into a system with.the ὁ emanant of ψ, 
taking care to reduce the result to the parenthetical form (...... ἴα, y) t*-*, 
containing only integer coefficients free from any common numerical factor. 
For the sake of brevity, too, I omit in general the symbolical factor con- 
taining (x, y): so that (ας, a, a@,..., αὐ) wil indicate the same thing as 
(dy, αι, 43, ... , aka, yy. I shall adhere, in what follows, to the notation 
employed by Dr. von Gall. 

We have then, gs to this notation, 


—(0,5,2c,d4,0,0,0,0, 1) . . — (1) 
i = (f, f) = (tby i 12e + ddwy) yf — 4daf (bat + Sexy + 6da*y) 
+ 9 (20x + 4day) 
= [128 — 45d, 16cd, 245, 0, 0, 4b, 12c, 4d, ΟἼ[α, y]5 


where the square bracket is employed to signify the same thing as would þe 
indicated by the use of the round clamp, with the exception that the binomial 
coefficients are suppressed. We have, therefore, introducing the multipliers 
l4 14 1b 14 14.14 14 14 14 | 

1’ 8’ 28’ 56’ 70’ 56’ 28’ 8’ 1' 


i= (0, 28ed, 122, 0, 0, b, 6c, 74, 0) . 2. . . 8) 
k= (f, Jh (Abay + 20y) y — l0d'a* | | | 
-(20d,0,0,5,49* .. . . . . . . 9) 

A= (k, b = 30d. (δαν + sey) — By! l 
= (0, 9086, 40ed, 0, BP) . . . . . . Ὁ 
= (k, E) = 20d. domo . 2.0. 0) 


= (F, kt), = 4e(Ababy + 12025)? + Ady?) — 4 (ba*-- Bey + 6d) ay? + 20d 
= — Aba! — 16bexty + (488 — 2456) aby? + 16eday! — 208 
= (b, be, @, cd, Bd) . . . . .. ενος (8 





* The sign of equivalence (zz) is used in the above and in what follows in the sense of "may be 
superseded by." l 


You. IV. 
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Ses = (Jo kbh = (Ba? + 2bozy + oy?) (Qhay + 4ey*) — 2by? (boa? + 202 — edy’) 
+ 20d (ch? — 2day + 6d) 
= [204Φ, 208 -- 40cd*, 68% + 100d*, 60, 4c 4- Qed] [m , y] 
= (1208P, 90) + 60ed, 6730 + 100d! 9e, 608) . . (7) 
Fe, = (Ja E) (Ba + bey) (ba + doy), — 3by (bez + ey) — θα (odas bay) 
= (b + 20cd*) a? + (20% + 10049 ay + boy? 
(fe. ο) = (58 + AB cd? + 40064) a* + (455e [80b 8g? + 900734] — 4000cd") aby 
+ (6558 -- 400B%ed!— 40b8B+ 100004?) cy? 
+ (4039 + 200bc%d*) zy + Bete! 
= [25 +i 1080c' + 400cd*, 45ο + 4680c'd + 4000cd", 
6556 + 3480F + 100006, 46%?+ θ00ο΄4,, ὑ)οἼ][α, y]: 
= (301 + 59400" + 120084, 85% + 861044 + S000eq", 
3E + 17408P+ 5000d*, 5239 + 450d, 38%"). (8) 
(fs) = (f, A) 81} (tby + 1202y? + Aday’) + 6 (40cd)(Qeat + 4day) 


— 12004 (da) 
— [4800 — 120008 120° + 960cd*, 360%, 126%, 0]Γα, y]: 
= (4092, δ) }- 80e, 2%, Bb, 0). , . . (9) 


ia = (i, A), = —1920bd (0bx*y + 240239 --Tdy*) J- 2400 (12925 + Aba + 6cy*) 
+ 30 (11 2cdaty + T2329) 
= [2880ο4', 3360%ed, δ 1614’, 1920bed?, 14403? - 840bd*] [æ y]* 
= (240cd!, 2150, 63e, 12004, e . . . . (10) 
ig = (i, 1), = 200 (4ba*y + 36c + 28day*)— 4 . b(28odo* + A48dtafy + by) 
+ (4e) (112eda*y + 2d?) 
= [112δο4, Ad 8otd + 272b, 482ed*, 560d", 4*][x, y] 
= (8360, 920d, T2cd, 1408, 49) (A) 
i, = (4, kj; = 200? (Τ2οᾷ αἳ + 280d*xy + 40113) 
— 281) (92d + 144cd ay + 140d%y*) 
n (2bzy + 4c3*)(83665?-- 1846day + 720d) 
= [1440ed*, 6720°+ 5600d*, 18429 — 80012 + 184404 
136cd + 144bod*, 2888d* + 28068] [x, y] 
= (360od!, 4205 + 350d*, 49ο, 198d, 1388d) . . . (12) 
Je, a = (Jas Am — 4(80bd*)(cd) + 6 (40cd*) e + 835. 53 
= 864+ 120bcd? + 240c°# 
z-F2000d . . | | ου 
ὃς a = (ty, A), = — 4(80bd*)(140d*) + 6 (A0ed*)(7 2c) + (8/9 (836c9) 
= 1008}ο5 + 331200! = TPE — 2300. 
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The term involving c'd* being a multiple of the square of C (the invariant of 
the 4th degree) may be neglected, and, instead of 4, a, we may write the irre- 


dueible invariant of the 8th degree (say) 7, = Bc. ; . . . (14) 
That of the 7th degree we have just found = & + 200cd? ; and obviously 
the quadrinvariant of f is identically zero, or say J, = 0. i ; . (15) 


Also the cubinvariant J, = (f, t), where 


[7 (0, 5, 2c, d, 0, 0, 0, 0, 1) 

and i= (0, 28ed, 124}, 0, 0, b, 6c, Τά, 0). 
Hence I, = — 56bd + 3868 — 1685d = 5048 — 168bd = 0, . — . (16) 
and we have found J,= cd’. 

Also, J, = (f, i”), where 
αν = .(10dat— 2bay? — 2ey*Y 

= 100d — 40bd aby? — 40cdPaty* + 4b%aty® + 8bexy! + 4y’ 

Hence L= 100d* + 2c. 40° — b. 8be = dé.” 

The only remaining invariant d for present purposes 18 Ια, repre- 
sented by (ù, 4), where 


k= [102 0, 0, 25, 2c][a, y]* 
4, = (9900, 920d, T2cd, 140d, 4w, yY. 


and 


Hence i 
I, = 400d? — (25) 922d + 20 (3366) 
= (— 360 — 552 + 672) ο΄ zz et. 


On proceeding to form the 10 compound covariants of deg-order 10.4 
obtained by suitable combinations of the invariants and covariants of inferior 
deg-order, it will be found that the following 13 arguments will make their 
appearance, in which, for greater brevity, « and y are each taken equal to 
unity, which in nowise affects (favorably or unfavorably) the course of the 
reasoning: these arguments are | ΄ 


9 c, σα); be, éd, οὐ, bie, dP, ἃ, δον, οἷα, Do, dd, 


where the 5 groups of arguments, separated from one another by semicolons, 


* [t will of course be recognized that the lineo-linear quadrinvariant to the system 
(a, 045, Gg,+-- afe, y), [5.; 3 base. bo] [e y] 
is simply Gobi ----αιδι ι-- ag . ὃς... 35 hbo 
the disappearance of the argument b*e from πας with d* in J, is rather remarkable, and 
could not have been predicted. This circumstance considerably simplifies the subsequent calculations. 
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are elements of the coefficients of α΄, y, αγ), ay’, γ΄, and when supplemented 
by such powers of ὦ (of weight 8) as will bring their degrees up to the number 
10, are of the respective weights 38, 39, 40, 41, 42, which is right, since the 


weight of the differentiant of deg-order 10.4 to (x, yY is wes , 4.6. 38; 


for-greater brevity (in what precedes)£, the coefficient of y° in f, has been made 
unity, and it is worthy of notice that all the arguments that can appear con- 
sistently with the law of weight are represented by these.13, upon the under- . 
standing that any power of bd in an argument is replaceable by the like 
power of οὗ, | 

But it is further noticeable that the 10 compounds in question, although 
apparently linear functions of 13 arguments, are virtually such of only 11; for 
it will be'seen that b! + 40% + 65* may be regarded as a single argument, none 
of the three simpler arguments which appear in it occurring except in two of 
the 10 compounds, and their coefficients in each of those two being in the 
ratio 1:4:6. | 

Had the contraction in the iiber of really E arguments 
extended two steps further, so that the 10 compounds had been linear functions 
of only 9 quantities (as might, for anything that could be known à priori, have 
been the case), they would necessarily have been linearly connected, and no 
inference could have been drawn from the particular value assigned to f: more-- 
over, had the 10 compounds been linear functions of only 10 quantities, although 
the particular form might have been sufficient for drawing a positive inference 
as to the non-existence of the general syzygy €) = 0, still there would have 
been no room for applying the all-important fest of the correctness of the 
arithmetical computations upon which that inference would have reposed ; and 
it would have been'very unsatisfactory and unphilosophical to have made so 
important a conclusion rest upon the negative fact of a determinant of the 10th 
order not vanishing, when the undisproved existence of a single error committed 
in the many hundreds (or even—it might be said—thousands) of arithmetical 
 Bteps involved in the calculations of the elements of that determinant would 
have been sufficient to account for its value differing from zero. 

Fortunately, as will be seen, the correctness of the calculations may be 
verified (thanks to the existence of elements one more than barely sufficient— 
viz., 11 instead of 10) by the positive fact of a certain determinant of the 11th 
order being found equal to zero. It has often seemed to me that a special 
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providence or pre-established harmony in the intellectual world brings it about 
that honest labor, persevering in the pursuit of an important truth in the face 
of doubts and difficulties and repeated disappointments, shall not in the end 
lose its due reward." — 

Let us now denote the quantities b -+ 46% + θ019, σα, ed’; dod, Aed': 
θα, 6d*; 4D0, Add?; Bet, dt by A, B, y, ὃ, e, ἕ, m, 0, x, A, u, respec- 
tively, and denote the covariants of the order 4 that have been calculated in 
what precedes according to their deg-order—viz., let us call 

Css us ἴα; Jaai Jai A; "T Sai k 

10.4; 6.4; 6.4*; 5.4; 5.4*; 4.4; 4.4"; 3.4; 2.4 respectively, 
then the values of 10. 4, 7,x6.4, 1,x6.4*, X5.4, hx5.4*, LXx4.4, 
ALXx4.4*, Lx8.4, I$x2.4, Lx2.4, will be asshown in the table annexed 


A B y ὸ E- ζ η ϐ x À u 


















8 8240 1200 3510 3000 1740 5000 3 (1) 
360 126 350 49 (2) 

240 608 . δ. . (8) 

120 81 60 654 100 (4) 

40 27 80 18 (5) 

. 9 . - 40 (6) 

386 . 92 . 72 (7) 

(8) 

(9) 

. . (10) 


Line (1) of course signifies 3d — 32408 +... + 32. 
(2). . . . . « — 8360y + 1268... — 138u, 
and so for all the other lines, each being a linear function of the 11 quantities 


ο Oy aso diy dits 





*I began with taking as a special form at? + by? + ez?, with the relation x + y + z == 0 (which, like 
the form f, contains two arbitrary ratios,) and went through the very considerable labor of calculating 
all its inferior derivatives capable of entering into the composition of a covariant of deg-order 10. 4, 
but the result turned out altogether nugatory. . 
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If these 10 linear functions are linearly connected, all the complete minors 
of the rectangular matrix (11 by 10) must vanish. | 

It is not so difficult as it might at first sight appear, to calculate the actual 
value of any one of these minors, convenient combinations of the lines and 
columns having been previously effected; this arises from the number of zeros 
- which appear in the matrix. Mr. Morgan Jenkins, of the London Mathemati- 
cal Society, and myself actually calculated two of them in the course of an 
hour or two; but the same object may be reached more expeditiously and quite 
as satisfactorily by proving that the minors do not vanish in respect to some 
judiciously or fortunately chosen modulus. I find that the number 11, taken as 
modulus, will accomplish the end in view. It will be found convenient to 
change the order of sequence of the lines and columns; to take the lines in 
the order 1, 8, 4, 10, 7, 6, 9, 5, 8, 2, and the columns in the order . 
A,n, 0, B, 2, y, ὃ, e, C, x, u. These transpositions having been effected, 
and the least positive residue of each element in respect to 11 being substituted 
in place of the element, the rectangular matrix above given will be replaced 
by the following: | 


3 6 8 5 8 1 1. 8 23 10 . 
l ..8 7 1 . 6 . 2 ο 10 
. 10 "EE : 1 4 b 10 5 5 
ο . 1 " 4 i 
6 4 4 6 8 
8... 23^ P e a 
2 . ,. 8 4 
7T 5 8 Y 9 . 
9 8 . 8 1 9 
3 5b 2 5 8 5 


It is easy to see that by proceeding as if to eliminate A between the two 
first lines, then 8 between the new line so formed and the third line, then y 
between the new line again so formed and the fourth line, and so on, (always 
substituting the remainders to modulus 11 in. lieu of the numbers themselves 
that arise in the process,) the first six lines may be replaced successively by the 
six following: 


6 3 6 3 1 1 8 2 10 . 
5 10 6 10: 6 8 4 6 8 
10 6 4 4 10 9 
10 7 7 7 1 2 

9 2 9 10 2 
6 2 b 
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Consequently, it only remains to ascertain whether the complete minors 
all disappear in the matrix of the dimensions (6 x 5) given below, viz: 


b 2 δ. 
2. . . 84 
TESTY, 
98.38319 
3 09 2 6 8 D 


If all the complete minors of this matrix contain 11, the same must be 
true of the determinant formed by subtracting the first column in the above 
from the fifth and substituting the difference in place of the fifth column, 9, e. 


2.5 » x α 

s 0 « pA . 1 4 
5 ὃ 7 2 and therefore | 9 7 2 . 
8 . 8 39 | 8 8 9 
δ 265 δ 6 2 5 6 δ 


should contain 11, and (as we may see by substituting the excess of 4 times the 
3d column over the fourth in place of the 3d) the same must be true of the 


3 7 8 
determinant | . 3 3) of which the value is 3(12 — 16) + 2(21 — 24), 
2 5 4 


t. e. — 15, and as this does not contain 11, it follows that the complete minors 
of the matrix which expresses the 10 compounds as linear functions of the 11 
arguments a, 8, y ... A, u are not all zero, and they are consequently not 
linearly connected.* But, obviously, the calculations on which this proof 


* In the Comptes Rendus for 22d August of this year, I have given a brief résumé of the contents of this 
paper. At page 867 of that fascicule, (third line from foot,) in the last line but one of the matrix, I have 
written 9 8 . 8 1 9 inerrorfor 9 8 . 8 1 9 (having mistaken a 8, covered with a blot, for 8). 
consequently, the calculations which follow page 368 of the C. R. are erroneous. Fortunately, I did not 
repeat the mistake in calculating the value of the determinant subsequently given of the 11th order in 
proving that it contains the divisor 11. Moreover, this determinant, or rather its remainder to modulus 
11, has been calculated by an entirely different process by Mr. Morgan Jenkins (whose work is before my 
eyes), and with the same result of its being divisible by 11. This instance shows how unsafe it would 
have been to have trusted to the fact of the minors not vanishing, unsupported by the positive evidence 
which the determinant of the 1ith order affords of the preceding calculations, as regards the values of 
the groundforms, being unaffected with one single error in spite of the vast number of processes of 
addition, subtraction, multiplication, division, transposition, transcription and change of sign employed 
in working them out. . 
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depends imperatively call for a verification, as nothing would be more easy 
than to bring out some or allof the minors different from zero by a single 
error of calculation or slip of the pen. To this end I calculate the value of 
von Gall's undecomposed covariant for the assumed special form f, and shall 
show that the 10 compounds and this llth function do become linearly con- 
nected, 4. e. subject to & syzygy, on the assumption that the arithmetical values 
of the coefficients have been correctly calculated: 
- The function in question, Dr. von Gall’s ù , is obtained as gloss: 


v= (i, A) of deg-order 6.8 is equal to 
| (168eda*y + 180d*a*? + 6bay® + 6ey*)(4&0cd*3? + 35?) 
— (180e'da? + 160ed*xzy)(Z8eda* + '12d*z3y + 15028y* + 3623? + Tdy) ` 
+ (124Ρα} + 205a + 90ca*yt + 42day*)(180c day + 40ed’) 
= [50408P, Ἐδθυσῶ, 3840cd, 504d, 75604, 5640cd, 488089, 
186° + 560c, 188e] . [α, y]? 
which, a oim by 28, will be seen to be equivalent to 
Δ; 9608d*, 3840cd!, 756bo, B0246, 262054, 43800, 
635* + 1960cd?, 50480). 








Finally, 
i1 -- (ὔ, A), = 89 ον + 119840cd'a*y + 93040cdtaS? 
+ 3024be%xy? + 5024614) 
+ 6. 40cd? (3840cd*at + 904) ον te 1814451113 + 11280c8day? + 4380c%d*y') 
— 4.908d(156b65*-- 12096cta*y +-16920c8dary® + 17520 Pay? + (630? + 1960cd?)y* - 
which, dividing out by 144, 
= (8213007 + —— 87590ctda?y + 16380cdahy -- (630%! 4- 25000c*d*) ay? 


+E Pe 2400804 yt 


(1285300 + 256008, 37590cd, 1092, 630%? + 25000cd, 
1638026 + 96000944). 








|| 


Here it will be noticed that the arguments collected in what I have designated 
by A, viz. δῦ, b'c, bc’, do not appear at all in 4$. Had they made their appear- 
ance with other than coefficients bearing to each other the ratios of 1:4:6, αὶ 
could not have .been a linear function of the 10 compounds which are, linear 
functions of A and of 10 other arguments. ‘This is in itself, to some extent, a 
verification of a portion at least of the preceding calculations: ù, as it turns 
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out, is & linear function of only 8 out of the 11 arguments which appear in the 
other 10 compound covariants, viz. of 8, y, δ, £, 0, κ, A, u, neither A, e nor η 
appearing in 4,. 

| If the figuring throughout is correct, the determinant represented by the 
matrix constituted of the coefficients of the 11 compounds, ought to vanish 
identically ; but it will be sufficient for all reasonable purposes (4. e. to satisfy 
any reasonable doubts on the subject) if I show that this is the case for the 
value of that determinant in respect to three consecutive prime numbers 
11, 13, 17 taken almost at hazard. 

It must be understood that the vanishing of the determinant in question 
adds no additional strength whatever to the proof—which, by Cayley’s law, is . 
perfect without it—provided that the figures in the coefficients of the 10 com- 
pounds (excluding i) have been correctly calculated. It is to authenticate these 
figures, and not to verify the legitimacy of the argument, that the llth com- 
pound is calculated, and the determinant formed by all the eleven shown to 
contain any number taken at will. - It must be remembered that the calcula- 
tions have been most carefully conducted and verified at each step: conse- 
quently, if any person, after the evidence that will be given, entertains any doubt 
of the correctness of the result, the duty is incumbent on him to put his finger 
upon some one of the coefficients of the 10 first compounds and prove it to be 
incorrectly stated. 

First, for the modulus 11. In respect to this modulus, the coefficients 
in 4, of 

A; Ma ο, 8, À y: δ, ἒ; δ; X, ἡ 

0, 0, 8, 4, 1, 8, 8, 0, 3, ὃ, 8. 
‘Hence, (making use of the transformations already calculated of the upper half 
of the rectangular matrix), it has to be shown that 11 is a divisor of the deter- 
minant of the 9th order 


are congruous to 


8 4 1 8 8 3 8 8 
10 5 4 4 10 9 — 
ig τ Τα 1 9 
9 2 9 10 2 
5 2 5 
2 | 3 .4 
1 5 8 7 9 . 
9 8 . 8 1 9 
en 3 5 2 5 8 5 


-- 
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"The first and second lines of this matrix combined give rise to the 


line 1 7 7 . 6 Ὁ 8, and this, combined with the 4th, to 
the line 5 1 9 5 under which last, writing the 5 remain- 
ing lines 5 2 5 a | | 
τα ᾱ- de «Ui Ἡ 
co ST 43 α 
9 8 . 3.1 9 
8 5 2 5 8 b 


it has to be shown that the determinant to the above matrix of the 6th order 
contains 11. 

Let the fourth line be replaced by 3 times itself + the last line, which, to 
the modulus 11, reduces the third column to the.form of five zeros followed 
by 2. This shows that we may use, instead of the above, the determinant 


5 1 . 9 6 

52 . D, 

à . . 3 4 

2.9 4 2 
1 


9 8 ὃ gs 


and again, replacing the fourth line of the new ΤΗΕ by its double + the last 
line, we fall upor the matrix 


6 1 9 6 
5 2 b 
2 . 8 4 
| 4 b 8, 
for which we may substitute 
| 5 145 
5 2 
2 . 1 4 
2 4 3 8, 
or (88 may be seen by replacing the second column by 3 times itself + the 
8 4 5 
first column) | 2 1 4 |, in which (to modulus 11) the first line is 4 times the 
9 3.8 | 








second. Hence, the test is satisfied as regards the modulus 11. 
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I will next take the modulus 13. 
The residues to modulus 13 of the coefficients in i, of 


0 βλ y ὃ e Z κ u 
1 11 . 10 6 . . 12 6, 


will be seen to be 


and the matrix corresponding to the one of the same dimensions (11 x 10), 
previously calculated for modulus 11, will, in respect to modulus 13, become 


3 8 3 10 8 4 . 8 IL 8 . 
1 . 10 6 6 . 2 . 5 8 12 
4 . . .10 8 8 23 1 
E Ὁ w uu p i 
1 4 . 1 =. % 10 

3 12 p E x 
6 . . . 8 4 
1 1 2 65 9 
6 11 9 10 1 


4 9 1 10 6 5. 


In place of the first six of the above lines, applying the same process as before, 
we may substitute 


3 8 8 10 3 4 . 3 Il S8 . 
5 1 8 2 9 6 10 4 3 10 
9 7 5 1 8 . ϐϱ 12 
11 56 12 512 6 7 1| 
2.11 8 11 11 7 2 
6 . T 8 7 Tq. 


Combining the i; line (i. e. the coefficients of 0 ϐ λ...μ in ù above 
given) with the third of these, we obtain the line 


4 8 12 8 . 12 10 


which, again combined with the fourth of the same, gives rise to the line 
7 10 9 9 9 4 | 


Adding on the sixth line, viz. 6. 7 8 7 T and the four last lines 
of the first matrix, viz. the zm 2 2 MI 
: *1 1 2 B 9 . 
lines marked with an as- 
*6 11] . 2 10 1 


teniski 
um *4 9 1 10 6 5, 
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the arithmetical problem to be solved reduces itself to showing that the above 
determinant vanishes to modulus 13. | 

Substituting for the Ist column twice the Ist less three times the 6th, and 
for the 5th column twice the 5th less the 1st, and neglecting the factor 3, we e fall 
upon the determinant 


2 109 91 2 109 9 2 
4 . Ἱ 8 8 ος TB . 

2 12 5 4|or |2 12 65 12 
9 11 2 1 9 11 . 2 12 
6 9 110 8 6 9 1 10 ll 


Then in this last, substituting for the 4th column the 4th less twice the 1st, 
say M, and for the 3d column 5 times the Ist less the 3d, say M, we descend in 
like manner upon the determinant 


5 2 21 
1 2 12 8 
109 12 6 


» il 6 11 3 


where the Ist column is the M with the zero in it left out, and the 4th column 
the .N with the zero in it left out. 
This, by elimination (so to say) of the first variable to the left T 
the successive pairs of lines, gives rise to the determinant 
8 6 . 
2 9 4 
4 3 


which (to modulus 13) =8.1—8.3—6.6=8—1l1—10=0. 
It remains only to apply the 3d proposed test, using 17 as the modulus. 


The 7; line here becomes 
| 12 0 IL 2 14 . 11 7 12 


and the grand rectangular matrix becomes 
3 2 8 T7 38 1 8 9 6 8 


1.14 1 1 . 6 . 18 4 14 
2. . . 1618 9 810 9 
1 T 4 | 

13 4 7 4 4 
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with 4 more lines, which will be presently supplied in their proper place. For 
those above written may be substituted 


3 93 7 810 89 6 8 


15 5 4 13 7 7 8 16 4 8 
79 8 ὃ 1] . 1 6 
6 312 6 . 411 
2 14 1b . 6 
9 16 . Il 


Rejecting the-first two lines, and writing over the remaining ones the 4j line, 


there results 
12 0 1i 2 14 . IL 7 12 


7 9 8 65 1 . 13 6 
6 3 12 6. 411 


9 16 11 

which may be replaced by 
12 0 11 2 14 . 11 7 12 
6 212 . . ll 6 1 
6 . 2 , 9 138 11 
16 1 . 1 8 12 
9 16 . ll . . 
"li ur gw x 3 4 

to which I add in the 4 pretermitted lines distin- * 6 10 12 1 9 
` guished by asterisks, κο. 19 . 5 16 12 


ΠΑ. 7 715 2 16 


and the determinant, represented by the square matrix (6 x 6) exhibited by the 
6 lines last appearing above, ought to contain the modulus 17 as a divisor. 
Instead of the 3d line from the bottom we may substitute its double less the 
last line, and thus, neglecting the factor 7, fall upon the matrix 


16 1 1 8 12 
9 16 dl 2 «4 
14 . . 8 4 
15 13 416 2 
2 12 6 16 12, 
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Substituting for the 4th column the sum of itself and the 1st, and for the 5th 
column 5 times itself + the Ist, and neglecting the factor 14, we obtain the 
determinant 


1 1:7 8 
16 11 9 9 
18 414 8 
12, 5 1 Il 


Subtracting the 2d column from the Ist and the 4th from the 2d + the 84, 
we obtain the matrix 


0 0 1 7 
5 11 1 9 
: 9 10 4 14 
τ 4 5 ον : 


and replacing the 3d — by 7 times oe -3d less the 4th, we descend upon 
the determinant 


ΙΝ. 5 11 
9 10 14 where the 1st line to modulus 17 — 8 times the 3d. 
7 12 


Hence the determinant in question contains 17, as was to bo shown. 

It seems needless to multiply these tests—the object being,.as before stated, 
not a confirmation of the argument, which is wholly unnecessary, but a verifi- 
cation of the accuracy of the arithmetic: for this reason it has seemed to me 
essential that the calculations, authenticating the neues previously obtained, 
should be set out in considerable detail. 

Instead of founding anything upon the concordance (as far as it extends) 
. between Dr. von Gall’s table and my own, the proof of the non-existence of 
the 10.4 irreducible covariant may be inferred exclusively from the former 
and completed as follows. | 

I have proved that the syzygetic function Q of the deg-order 10. 4, if it 
exists, must be a consequence of the existence of a like function of the 
deg-order 8.4, 7.4, or 5.4. The last hypothesis may at once be rejected 
_ a8 implying an equation of the form FL — a numerical multiple of PS. 

Next, for the deg-order 7.4, again using for the primitive the same special 
form f, which causes 2.0 and 3.0 to vanish, the only non-vanishing argu- 
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ments in the supposed syzygetic function Ω’ for the particular form f will be 
4.0x3.4 and 5.0x 2.4, i. e. cd? (P, bo, ο), — cd, 5d*), and d (20®, 0, 0, b, 49), 
between which obviously no syzygy is possible, so that neither of them can 
appear in the general form of O’. Hence the terms in the general form of Œ 
must be divisible all by 2.0 or all by 8.0, or some by 2.0 and some by 3.0, 
and consequently there must exist a syzygy of the deg-order 5.4, 4.4, or 2.4. 
The first of these hypotheses has already been shown to be impossible, and the 
remaining two need not even have been mentioned, as there is only a single . 
compound of the deg-order 4.4, viz. 2. 0 x 2.4, and none of the deg-order 2.4. 
Lastly, for the deg-order 8.4, still using the same special form of f, the argu- 
ments in the supposed syzygetic functions which do not vanish are 4.0 x 4.4, 
4.0 x 4.4*, 5.0x 3.4, and 6.0x 2.4, i.e. 


od? (0, 908d, 40cd*, 0, 813) 
cd? (3368, 928d, T2cd*, 140d*, 40) 
di (P, bo, &, — cd, bd?) - 

and ct(— 208, 0, 0, b, 49). 


The argument d? in the 3d of these quantities has no equivalent in any of 
the other 3. Hence the 3d quantity does not appear in the syzygy: moreover, 
the 4th compound contains one argument, viz. bc‘, which does not rationally 


contain d'c (for - = τ) . Hence thiscompound also disappears, and obviously 


no syzygy connects together the first two. Hence in the supposed general 
syzygy there exist no compounds containing neither 2.0 nor 3.0, and by 
the same reasoning as before, this supposed syzygetic function must imply the 
existence of one of the deg-order 6.4 or 5.4 or 4.4. The two last of the 
three suppositions have already been seen to be impossible, and the first would 
imply a linear relation between 2.04.4, 2.04.4", 8.03.4, 4.0x2.4, 
the last of which we see, by taking f for the primitive, cannot appear in the 
general syzygy, and the remaining 3 arguments would imply that the general 
covariant 3.4 would contain the invariant 2.0, which is absurd. Hence it 
follows from Dr. von Gall’s own results that the existence of a groundform of 
deg-order 10.4 is-impossible. The only principle extraneous to his results 
made use of is Cayley’s all-important rule, of which an irrefragable demon- 
stration has been given by the author of this paper, but which still, as far as he 
18 aware, remains unutilized, and is almost passed over in silence by invariantists 
of the German school. | 
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It may be as well to make this article self-contained by showing that the: 
number of compound irreducible groundforms of deg-order 10.4 is, as stated, 
32, viz. the same as the number of linearly-independent covariants of that 
deg-order requisitioned by Cayley’ s rule. | 

Using then, for brevity’s sake, i to represent the invariant $.0, it is easy 
to see that the following is an exhaustive enumeration of all the πο. 
irreducibles of deg-order 10.4: 


ον (5.29; 8x2.4; 7X3.4; 6x4.4;.6x4.4"; 5x5.4; 5x5.4*; 4x6.4; 


4x6.4*; 4x4x2.4; 3x7.4; 3x7.4"; 9x4.4; 3°x4.4*; 8x4x3.4; 
9xX5xX2.4; 2x8.4; 2xX8.4*; 2K3x5.4; 2x3x5.4*; 2x4xK4.4; | 
2x4x4.4*; 2x5x8.4; 2x6x2.4; 2x9x2.4; 2x6.4; PXG. 4*; 
25x8x98.4; 22x4x2.4; 2*x4.4; 2*x4.4*; 24x 9. 4. 


The same number 32, it is all-important to bear in mind, is also the 
number of linearly independent covariants of deg-order 10.4 given by 
Cayley's law. For this number is meprenontcd by (w:8,10)— (w': 8, 10) 


10. 84 — 38, w= w—1=387; t. e. (by Blais fheoren) ia tie. 


coefficient of ¿ in the development of 


where 10 — 








which may be calculated as follows: The numerator 18 1 — a (P. gg 
— gh — po — pt — fe 4 H+ 285 4- 263 -- BET + 369 + 469 4 888 + 883 
+ 385 4. 985 -p 6 -- BL pO .βπ. 9; Dividing this by 1 — £, the 
quotient by 1 — č, and so on for 1 — #,.... 1 — δ, we have for the numera- 
tor and the successive quotients so obtained the following values respectively : 


ejelele e elele elelee 

dd dododado {11 1 »4 98 

PE EREPERREEEEEEEEEEECEEE ἡ 99 9 99 | of 

1ddddd [111 po 
ids qs: 


1 19 ὁ ὁ 1 1140 do 2211013 » 9/98 


qiios 
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Hence the required coefficient is 32. 

Itis obvious that the particular method adopted in treating the grand deter- 
minant made up of 11* places employed in the foregoing investigation furnishes 
or indicates a good practical process for determining 10 out of the 32 numerical 
coefficients which enter into the expression of Dr. von Gall’s covariant ὁ as 
a linear function of the 32 linearly independent covariants of its own deg-order ; 
but, as this calculation possesses no point either of intrinsic theoretical interest 
or practical importance, I leave it to’ those who may feel any curiosity on the 
subject, to go through the calculations necessary to attain that end, 

It may be supposed that the long calculations rendered necessary by the 
quadrinomial form f, attributed to the primitive in the preceding investigation, 
might have been evaded by using a trinomial form (of which several exist) 
possessing the same property of causing the two first invariants to vanish, and 
not less general, inasmuch as containing three independent coefficients in place 
of four connected by a homogeneous equation; ο. g. we might assume for the 
primitive (0, 6, 0, 0, 0, f, 0, 0, εΐα, yy, where the weights of b, f, è are 
respectively 1, 5, 8. 

The παι ο ωύ vanishes because no — combination of 1, 5, 8, 
with or without repetitions, will make up the required weight 8, and the cub- 
invariant because no ternary combination of the same will make up the 
weight 12. It may, however, easily be shown that such form will lead only 
to a nugatory conclusion, as not supplying the necessary number of arguments 
(10 at least are wanted) to support the independence of the 10 surviving com- 
pound covariants of deg-order 10.4. This may be seen as follows. 

The weights of the coefficients of a, αγ, a*y*, ay’, γί in a 10.4 cova- 
riant are respectively 38, 39, 40, 41, 42. Let us ascertain in how many 
ways 10 numbers, consisting exclusively of the numbers 1, 5, 8, can be put 
together to make up these totals. I use the notation α". 6°. c' to indicate a sum 
of α numbers a, B numbers b, and y numbers c. | 

Then the sole admissible representations of 38 are 8*. 1°, 61, 1%, 


" 89 *.89, 52, 18, 
T: 40 T 85.55. 1% 
wo] δα. 


"e d SES D VIDE 


i. e. there are only at utmost 7 arguments contained in the expressions for the 


10 compounds. 
VOL. IV. 
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So, in like manner, if we assumed for the primitive 
(0, 5, 0, 0, 0, 0, g, 0, ğe, y)* 
to find the number of independent arguments possible in a 10.4 covariant, 
we must ascertain the sum of the numbers of similar representations to the 
foregoing'of the same integers 38, 39, 40, 41, 42, with 10 integers confined 
to be 1, 6 or 8, and we shall find that the sole representations of that kind 
are 8*.1°; 8.65.15; 65.14: 8*.6.1*; 8%. 67.15; 8.65. 1*, 4. e. 6 represen- 
tations in all. In like manner it wil be found that all the other trinomial 
forms of the primitive so taken that the first two invariants are null, will be 
incapable of yielding as many as 10 arguments to any covariant of deg-order 
10.4,* so that the 10 compounds appurtenant to such special form will be 
bound to be linearly related, and no inference can be drawn from any such 
assumption. I have reason for believing that the quadrinomial form employed 


* On an exhaustive examination, ib will be found that the only trinomial forms of the primitive 
which will cause the first two invariants to disappear, are those in which the surviving coefficients-are ` 
b, ft; 6,9,% 
a,b,c; a,b,d; a,o,d; b, ο, ἆ, 
or the complementary oneg 
gd, a; h, c, 6 
h, 6) t,h f$ $.g. P5 ὃν gif, 


which, of course, are substantially equivalent to the former. 

. Confining our attention, then, to the upper group, it will readily be seen that the four last will cause 
not only the quadrinvariant and the cubinvariant, but all the other invariants as well, to vanish. Since, 
then, it has been shown that the b, f, i; b, g, i forms are insufficient to support the independence of 
the 10 compound covariants with which the reasoning is concérned, it follows that no trinomial form will 
be adequate to do so. 

It may be asked what would have been the effect of using thé form in which b, c, d, ¢-are the 
surviving coefficients, but b, c, d are supposed mutually independent, instead of being subject to the 
condition employed in the refutation above: on this supposition the quadrinvariant, but not the cubin- 
variant, wil vanish; and an easy calculation will show that of the 83 representations of the covariant 
of deg-order 10. 4 as a product of inferior groundforms there will be only 16 in which the quadrinvariant 
does not &ppear as a factor. And, again, it will be found that the number of ways of representing 
88,89,40, 41, 42, as ihe sum of 4 numbers, each of which is either 1, 2,8 or 8 i8 20. Hence there 
would arise a matrix of 16 lines and 29 columns, and to disprove the existence of the 10 .4 groundform 
it would be sufficient to prove that some one of the complete minor determinants of this matrix differs 
from zero. The work involved in dealing with this and the subsequent verificatory matrix of 17 lines 
and 29 columns would evidently be vastly greater and more liable to error than when (as in the text) 
we assign the relation between b, c, d so as to make the cubinvariant vanish. 

In the absence of the information. as to the number of linearly independent 10 . 4's given by Cayley’s 
rule, the direct mode of refutation would have required the calculation of the 82 compound 10. 435 and 
the problematical one of von Gall for the general form of the Octavio, subject only to the simpliflcation of 
_ taking two of the coefficients zero. There would then have remained to show that the leading terms of 
these 88 forms were linearly connected, which would necessarily imply that the same was true of the 
38 entire forms themselves ; a colossal task, probably transcending the peo of human ο, to execute. 


$- c 
E ;. 
. 
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in the foregoing investigation is the most convenient and economical, as leading 
«το the simplest calculations of any that could have been employed for the same 
purpose. 

It may be well (by way of confirmation) to determine à priori the number 
of possible arguments that can belong to the 10.4 covariants of the quadri- 
nomial form of (c, y} employed in the antecedent investigation. Since c? may 
be replaced by a numerical multiple of 5d, it follows that each argument may 
be brought to a form in which ο does not enter at all, or in which it enters only 
in the first degree. The total possible number (which turns out to be the 
actual number) of arguments is, consequently, the number of ways in which 
38, 89, 40, 41, 42 can be composed with 10 parts each of them 1, 3 or 8 + the 
number of ways in which 36, 37, 88, 39, 40 can be composed with 9 parts, 
each of them also 1, 3 or 8. Al the possible different compositions of these 
kinds are exhibited in the annexed table. 


38— 4,8--6.1—2.84- 7.83 - 1.1 386—8.84-3.8--3.1 
39 — 8.8--4.3-- 3.1 87-2 4.84+5.1=2.84+7.3 
40=4.8+56.1+1.3=2.84+8.3 88= 8.8+4.342.1 
41—8.84-5.8-4-2.1 |. 89 4.8--1.84- 4.1 
42—4.8--4.14- 2.8 40—3.8--5.83 41.1. 


There are thus 7 + 6 Ὁ. e. 18 distinct arguments, 1. e. the number which 
actually appear distributed among the 10 surviving covariants of deg-order 10 . 4 
as previously shown—it being at the same time remembered that three of the 
13 enter as elements of a fixed linear combination into the 10 functions, which 
are thus virtually functions of only 1l independent arguments. i 

The method employed in what precedes suggests a mode of calculating in 
part at least the discriminant of the eighthic in terms of the subordinate ground- 
forms. Thus, suppose we take for our special form, (0, b, ο, d, 0, 0, 0, 0, cha, y) 
with b, ο, d independent. 

Then the quadrinvariant will vanish, and there will be no very great effort 
of calculation required to express the 8 remaining invariants as functions of 
b, ο, d, à. 

The discriminant is of the 14th degree and 14 may be made up in 10 (and 
no more than 10) ways as a sum of numbers each limited to be 3, 4, 5, 6, 
7, 8, 9, or 10; as exhibited in the exhaustive table 


14-104+4=94+6=84+6=843438=74+7=74+44+38=64+4+4 
—6--5--8-5-E5-E4—4--44- 84-8. 
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Again the weight of the discriminant is 56, and the number of ways of 
compounding 56 with 14 numbers each limited to be 1, 2, ὃ or 8 is 11, as. 
shown in the exhaustive table | 


56—6.8-2-8.1—5.8-- 7.24 - 2.12—5.8--8.83-4-1.2-- 5.15.8 - 2.3 
4-3.2-4-4.1—5.8-F1.34- 5.24-8.1— 5.8-- 7.2 -2.1— 4.8- 
4-7.84-8.12:4.84- 6.8 -2.2-- 2.12: 4.8 475.84 - 4.24 1.1 
— 4.84-4.84-6.2— 8.8-- 10.3 4- 1.2 


Now there will be no difficulty at all in finding by substitution and multi- 
plication the discriminant of the assumed quantic, say Q, which is in fact 


— the same as the resultant of = and bay + 3exy* -+ δάση). Hence there will 


be 11 equations for determining the coefficients of the 10 invariants of the 
14th degree which are products of the inferior invariants (the quadrinvariant 
excepted); consequently there will be sufficient or more than sufficient equa- 
tions for the purpose, unless it should (unfortunately and contrary to 
probability) turn out to be the case that the 10 products, although linear 
functions of 11 arguments, are expressible as linear funetions of only 9 
linear functions of those arguments. 


On the Logic of Number 
By C. S. Pamo. | 


Nobody ean doubt the elementary propositions concérning number: those 
hat are not at first sight manifestly true are rendered so by the usual demon- 
trations. But although we see they are true, we do not so easily see precisely 
ohy they are true; so that a renowned English logician has entertained a doubt 
8 to whether they were true in all parts of the universe. The object of this 
aperis to show that they are strictly syllogistic consequences from a few 
mary propositions. The question of the logical origin of these latter, which I 
iere regard as definitions, would require a separate discussion. In my proofs I 
m obliged to make use of the logic of relatives, in which the forms of inference 
ire not, in a narrow sense, reducible to ordinary syllogism. They are, however, 
of that same nature, being merely syllogisms in which the objects spoken of are 
jairs or triplets. Their validity depends upon no conditions other than those of 
he validity of simple syllogism, unless it be that they suppose the existence of 
ingulars, while syllogism does not. 

The selection of propositions which I have proved will, I trust, be sufficient 
o show that all others might be proved with like methods. 

Let r be any relative term, so that one thing may be said to be r of 
nother, and the latter 7’d by the former. If in a certain system of objects, 
whatever is r of an v of anything is itself r of that thing, then v is said to be a 
;ransitive relative in that system. (Such relatives as ‘lover of everything loved 
oy —" are transitive relatives.) In a system in which r is transitive, let the q’s 
of anything include that thing itself, and also every v of it which is not 7d by 
it. Then q may be called a fundamental relative of quantity; its properties 
being, first, that it is transitive; second, that everything in the system is q 
of itself, and, third, that nothing is both g of and g'd by anything except itself. 
The objects of a system having a fundamental relation of quantity are called 


quantities, and the system is called a system of quantity. 
us 85 
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A system in which quantities may be q’s of or q’d by the same quantity 
without being either q’s of or g'd by each other is called multiple ;* a system in 
which of every two quantities one is a g of the other is termed simple. 


Simple Quantity. | 


In a simple system every quantity is either “as great as" or “as small as” 
every other; whatever is as great as something as great as a third is itself as 
great as that third, and no quantity is at once as great as and as small as any- 
thing except itself. | m 

A system of simple quantity is either continuous, discrete, or mixed. A 
continuous system is one in which every quantity greater than another is also 
greater than some intermediate quantity greater than that other. A -discrete 
system is one In which every quantity greater than another is next greater than 
some quantity (that is, greater than without being greater than something greater 
than). A mixed system 18 one in which some quantities greater than others are 
next greater than some quantities, while some are continuously greater than 
some quantities. 


Discrete Quantity. 


A simple system of discrete quantity is either limited, semi-limited, or 
unlimited. A limited system is one which has an absolute maximum and an 
absolute minimum quantity; & semi-limited system has one (generally consid- 
ered a minimum) without the other; an unlimited has neither. 

A simple, discrete, system, unlimited in the direction of increase or decrement, 
is in that direction either infinite or super-infinite; An infinite system is one in 
which any quantity greater than 2 can be reached from æ by successive steps to 
the next greater (or less) quantity than the one already arrived at. In other 
words, an infinite, discrete, simple, system is one in which, if the quantity next 
greater than an attained quantity is itself attained, then any quantity greater than 
an attained quantity is attained; and by the class of attained quantities is meant 
any class whatever which satisfies these conditions. So that we may say that an 
infinite class is one in which if it is true that every quantity next greater than 
a quantity of a given class itself belongs to that class, then it is true that every 


* For example, in the ordinary algebra of imaginaries two quantities may both result from the addition 
of quantities of the form a? + b to the same quantity without either being in this relation to the other. 


Perce: On the Logic of Number. | 87 


quantity greater than a quantity of that class belongs to that class. Let the class 
of numbers in question be the numbers of which a certain proposition holds true. 
hen, an infinite system may be defined as one in which from the fact that a certain 
proposition, if true of any number, is true of the next. greater, it may be inferred 
chat that proposition if true of any number is true of every greater. 

Of a super-infinite system this proposition, in its numerous forms, is untrue. 


Semi-infinite Quantity. 


We now proceed to study the fundamental propositions of semi-infinite, 
liscrete, and simple μια which is ordinary number. 


Definitions. 


The minimum number is called one. 

By «+ y is meant, in case z = 1, the number next greater than y; and in 
other cases, the number next greater than α’ + y, where α is the κας next 
smaller than a.: 

By z X yis meant, incase æ = 1, the number y , and in other cases y -+ zy, 
where x is the number next smaller than g. | 

It may be remarked that the symbols + and x are triple relatives, their two 
:orrelates being placed’ one before and the other after the symbols themselves. 


Theorems. 


The proof in each case will consist in showing, lst, that the proposition 
s true of the number one, and 2d, that if true of the number n it is true of 
he number 1+ ^, next larger than n. The different transformations of each 
2xpression will be ranged under one another in one column, with the indica- 
4ons of the principles of transformation in another column. 

l. To prove the associative principle of addition, that 


(α +y) -F a a -- (y +2) 


whatever numbers æ, y, and g, may be. First it is true for æ = 1; for 
(lc y) tz 
= l] + (y +z) by the dos of addition, 2d clause. Second, if true for 
c= n, it is true for «= l--m; that is, if ΜΡ +z=n + (y +z) then 
ία nae ση +n) + (ydg. For 
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(Fn) y) tz 
=(1+(n+y))+2 by the definition of addition: 
= 1 +((n +y) +2) by the definition of addition: 
= 1+ (n+(y +2)) by hypothesis: 
—(l--n)-F(y--z) by the definition of addition. 


2. To prove the commutative principle of addition that 
ety=yten 


whatever numbers z and y may be. First, itis true for a = 1 and y = 1, being 
in that case an explicit identity. Second,if true for xz — n and y = 1, it is 
true fora=1+nandy=1. That is, if n+ 1= I +n, then +9) +1= 
l-4-(l42). For (l+n)41 


= 1+(n+1) by the associative principle: 
= l]-F(l--«) by hypothesis. 


We have thus proved that, whatever number œw may be, c 4 Ἱ--1 +g, or 
that © + y = y + x for y —1. It is now to be shown that if this be true for 
y = n, it is true for y= l-F »; that is, that if e+n—=n-+2, then 
ο 4- (l4 m) — (l-4- m) 4- a. Now, BEEN 


æ --- (1 --- η) 

(v -- 1) 1-1: by the associative principle : 

(1 + 2)+n as just seen: i 
1 +(x +n) by the definition of addition: 

1 + (n + x) by hypothesis: : 

(l+n)+ α by the definition of addition. 


HH d dH 


Thus the proof is complete. | 
3. To prove the distributive principle, first clause. The distributive prin- 
ciple consists of two propositions: | 


lst, (x + y) z = az + yz 
2d, ly tz) = xy + zz. 
We now undertake to prove the first of these. First, it is true fora = 1. 
(+yz 


=g + ye by the definition of multiplication : 
= 1.2 + ys by the definition of multiplication. 


For 
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Second, if true for x= n, it is true for œ = 1 +n; ΕΣ 
then ((1 ++ =) + y)s = (1 F n)a + gs. For 


(1 +n) + y)z 
(L-F(n-Fy)s by the definition of addition : 
z+ (n + y)}g by the definition of a a 
z + (nz + yz) . by hypothesis: 
(6 + 1) + ys — by the associative principle of addition: 
= (1 + n)z + yz by the definition of multiplication. 


Ho og Wl 


4. To prove the second proposition of the distributive principle, that 
| ο +2) = ay + a. 
First, it is true for ὦ = 1; for 
l(y t 9 3 
— 9 --s  bythe definition of multiplication: 
= ly + ls. by the definition of multiplication. 
Second, if true for æ= n, it is true for æ = 1 +n; that is, if n(y + ϱ) = ny + nz, 
then (1 + 2) (y +2) = (1-- 9s) y + (1+ »)s. For 
(1 + n) (y + 2) 
= (y +z) + n(y +z) by the definition of multiplication: 
T" = (y +2) + (ny + nz) by hypothesis: 
= (y + ny) + (s + nz) by the principles of addition: 
= (1+ n)y + (1 + n)z by the definition of multiplication. 


5. To prove the associative principle of multiplication; that is, that 


(αν) 5 = ο (yz), 


whatever numbers x, y, and z, may be. First, it is true for æ = 1, for 
(ly) z | " 
= yz by the definition of multiplication: 
= l.ys by the definition of multiplication. 


Second, if true for æ = n, itis true for c = 1 + n; that is, if (ny) z = n (yz), 
then ((1 + 2) y) z = (1 + n) (yz). For 
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ot. = Ge y τα ans z ^36 the definition of I 
= yz + (ny)z by the distributive principle: 
= yz + n (yz) by hypothesis: ^ - | 
= (1 F'n) (yz) by the definition of mültiplicatiór, 


6. To próve the commutative principle of multiplication; that p 


- - 2 («y = ye, T κκ κε 2 =. 

whatever numbers c and y may be. In the first place, we prove that it is true 
for y = 1. For this purpose, we first show that it is true for y = 1, x = 1; and 
then that if true for y 1, s = n, it is true for y = l, s= 1 +n. For 
y = land g = 1, it is an. exilieit identity. We have now to show that if 
nl = la then (1 +n) 1=1(1 +n). Now, 


(1 +n) 1 
. =ml-+nl by the definition of multiplication: 
= ] + In by hypothesis: i 
= 1 + n :- by the definition of multiplication: 
= 1 (1 + n) by the definition of multiplication. . 


Having t thus shown the commutative principle to be:true for y = 1, we 
proceed to prove that if it is true for y = n, it is true for y = 1. x. n; that is, 
if an = ng, then (1 + n) = sii e For - "RN m 

a Haje : Som 
= æ + næ - by the definition of multiplication: a 
ο -+ an. by hypothesis: 
la + zn by the definition of multiplication 
l - zn as already seen: 
a (1 + n) by the distributive —— 


μι i 


^' "Discrete Simple Quantity Infinite in both directions. 
A system of number infinite in. both. directions has no minimum, but 
a certain quantity is called one, and the numbers as great as this constitute 
a partial system of semi-infinite number, of which this one is a minimum. The 
definitions of addition and multiplication require no change, except that the one 
therein is to be understood in the new sense. 
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To extend the proofs of the principles of addition and ιδ to 
nlimited number, it is necessary to show that if true for-any. number (1 + ri) 
hey are also true for the next smaller number n. , For this purpose we can 
se the same transformations as in the second clauses of the former Dou only 
re shall'have to make use of-the following lemma. | 

If æ+ y — c-r 2, then y= 2 whatever ‘numbers 2, d» and 2) may "Ρο. 
‘irst this is true.in case æ = 1, for then y arid z are both’ next T than the 
ame-number, Therefore, neither is smaller than the other, otherwise it. would 
ot be next smaller to 1--y-—1-4-z. But in a simple system, of any two 
ifférent numbers one is smaller. Hence, y and ¢ are equal. Second, if the 
roposition is true for z— n , it^is true forz—1-4-n. Forif(l+a2)+y= 
1 -- 2) -- 2, then by the définition of addition 1 + (n -- y) —1 + (n 2; whence 
| would follow that n + y=n +z, and, by hypothesis, that y— 2. Third, if 
he proposition is true for x= 1 +n , itistrue for o n. Forif n4d-y —n-4- 2, 
henl+n+y=1+%2+2, because the system is simple.  The- proposition 
as thus been proved to be true of l, of every. μαι and of every smaller 
‘umber, and therefore to be uiri true. | 

_An inspection of the above proofs of the principles. of addition pa multi- 
lication for semi-infinite number will show that they are ‘readily extended to 
loubly infinite number by means of the proposition Just proved. . 

The number next smaller than one is called naught, ©. This definition in 
ymbolie form is 1--0 — 1. To prove that «+ 0—, „Jet a be the number 
.ext smaller than x. Then, 

90. ο... 

=(1l+¢/)+0 by the-definition of x ` 

=(1+0)+2 bythe principles of addition : 

= 1-Ἴα by the definition of naught: 

=g . by the definition of α΄. 


To prove that x0—0.' First, in:cüse æ — 1, the — holds by the 
lefinition of multiplication. Next, if true for z—m, it is true for ας] Γμ. 
For -  - : 

(1 +n) 0 | i μμ. 
—1.0-4-x».0 by the distributive principle: 
=1.0 +0 - by hypothesis: 
z1.0.. - by the last theorem : 
= 0 = a8 above, 
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Third, the proposition, if true for œ = 1 T is true for æ = n. For, changing © 
the order of the transformations, : 


1.04-0—1. 0-0—(490—1. 0 4- n. 0. 


Then by the above lemma, n. 0 = 0, go that the proposition is proved. 

. A. number which added to another gives naught is called the negative of 
the latter. To prove that every number greater than naught has a negative. 
First, the number next smaller than naught is the negative of one; for, by. the. 
definition of addition, one plus this number is naught. Second, if any number 
n has a negative, then the number next greater than n has for its negative the 
number next smaller than the negative of n. For let m be the number next 
smaller than the negative of n. Then + (1 -- m) = 0. 


But ~ n+ (l+ m} 
| =(n+1)+™m by the associative principle of addition. 
= (l+ n)+ m by the commutative principle of addition. 


So that (1.-- n) + m — 0. Q. E. D. Hence, every number reet than 0 
has.a negative, and naught is its own negative. | 


- To prove that (— æ) y = — (ay). We have 
θτω-(--) - by the definition of the negative: 
0 = 0y = (x +. (— ))y by the last proposition but one: 
Ὄ--αν--ί--α)ν ο by the distributive principle: 
—(ay) = (—2)y by the definition of the negative. 


The negative of the negative of anumber is that number. Forx-+(—2)= 0. 
Whence by the definition of the negative s = ---(---ᾱ). 


Limited, Discrete Simple Quantity. 

Let such a relative term, c, that whatever is a c of anything is the only c 
of that thing, and is a c of that thing only, be called & relative of pm 
correspondence. In the notation of the logic of relatives, o 

|ocó— 1, ὅο ως 1. 
-If every object, 8, of a class is in any such relation ο, with a number of a 
semi-infinite discrete simple system, and if, further, every number smaller than 
& number ο by an s is itself o'd by an e, then the numbers c’d by the a’s are 


~ 
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aid to count them, and the system of correspondence is called a count. In 
ogical notation, putting g for as great as, and n for a positive integral number, 


$—« Un  (os—«. ου. 


f in any count there is a maximum counting number, the count is said to be 
nite, and that number is called the number of the count. Let [s] denote the 
umber of a count of the əs, then | | 

| []---« — ge—« [s]. 

The relative “identical with" satisfies the definition of a relative of simple 
orrespondence, and the definition of a count is satisfied by putting "identical 
rith” for ο, and “positive integral number as small as æ” for s. In this mode of 
ounting, the number of numbers as small as ὦ is a. 

Suppose that in any count the number of numbers as small as the minimum 
umber, one, is found to be n. Then, by the definition of a count, every number 
s small as m counts a number as small as one. But, by the definition of one 
here is only one number as small as one. Hence, by the definition of single 
orrespondence, no other number than one counts one. Hence, by the definition 
f one, no other number than one counts any number as small as one. Hence, 
y the definition of the count, one is, in every count, the number of numbers 
s small as one. Ἢ 

If the number of numbers as small as x is in some count y, then the 
umber of numbers as small as y is in some count z. For if the definition of a 
imple correspondence is satisfied by the relative c, it is equally satisfied by 
he relative œd by. 

Since the number of numbers as small as œ is in some count y, we have, c 
eing some relative of simple correspondence, 

lst. Every number as small as æ is c’d by a number. . 

2d. Every number as small as a number ad is c of a number as small as x 
3 itself ο of a number as small as æ. 

8d. The number y is c of a number as small.as a. 

4th. Whatever is not as great as a number that is c of a number as small as 
' j8 not y. | | 

Now: let οι be the converse of ο. Then the converse of οι is ο; whence, 
ince ο satisfies the definition of a relative of simple correspondence, so also does 
1 By the 3d proposition above, every number as small as y is as small as a 
iumber that is c. of a number as small as ~ Whence, by the 2d proposition, 
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every number as small as y.is ο of a number as small as v; and it follows that 
every number as small as y is ¢’d by a number. It follows further that.every 
number οι of a number as small as y 18 οι of something οὐ by (that i is, & being a 
relative of simple correspondence, is identical with) some number as small as c. 
Also, “as small as” being a transitive relative, every number as small as a number 
cof a number as small as y is as small as x. Now by the 4th proposition y is 
as great as any number that is c of a number as small as æ, so that what is nog 
as small as y is not c of a number as small as x; whence whatever number is c'd 
by a number not as small as y is not a number: as small as æ,- But by the 2d 
proposition every number as small a8 x not c’d by a number not as small aa y is 
c'd by a number as small as y. Hence, every number as small. as c is cd by a 

number as smallas y. Hence, every number as small as a number οι of a number 
as small as y is c, of a number as small as y. Moreover, since we have shown 
that every number as small as æ is οι of a number as small as y, the same is true - 
of ὦ itself. Moreover, since we have seen that whatever is e, of a number as 
small as y is as small as x, it follows that whatever is not as great as a number 
οι of a number as small as y is not as great as a number as small asa; ὁ. ο. (“as 
great as” being a transitive relative) is not as great as ὦ, and consequently i is not 
ο, We have now shown— 

156, that every number as small as y is ed by a anni 

2d, that every number as small as a number that is c; of a number as small 
as y is itself οι of a number as small as y ; l 

3d, that the number w is οι of a number as small as y; and 

4th, that whatever i$ not as great as a number that is οι of a number as 
small as y is not a. : i 

These four propositions taken together satisfy the definition of the number 
of numbers as small as y counting up to a. l 


Hence, since the number of numbers as small as one Banot in any count 
be greater than one, it follows that the number of numbers as small a as any 
number greater than one cannot in any count be-one. . | 

. Buppose.that there is a count in which the number of er as small as 
1 + m is found to be 1+ 7, since we have just seen that it cannot bel. In this 
count, let m be the number which is c of 1 -- 7, and let n’ be'the number which 
is. cd by 1+ m. Let us now consider a relative, e, which differs from ο only 
in excluding the relation.of m' to 1 + n as well as the relation of 1 + m to a 
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and in including the relation of m’ to n’. Then e will be a relative of single 
correspondence; for cis so, and no exclusion of relations from a single corres- - 
pondence affects this character, while the inclusion of the relation of m to 7 
leaves m' the only e of τ’ and an e of f only. Moreover, every number as small 
as m is e of a number, since every number except 1+ m that is c of any- 
thing is e of something, and every number except 1+ m that is as small as 


 "l4-m is as small as m. Also, every number as small as a number e'd by a 


number is itself ed by a number; for every number c'd is e'd except 1 + m, and 
this is greater than any number ed. It follows that eis the basis of a mode of 
counting by which the numbers as small as m count up tom. Thus we have 
shown that if in any way 1 -+ m counts up to 1 +n, then in some way m counts 
upton. But we have already seen that for z— 1 the number of numbers as 
small as w can in no way count up to other than a. Whence it follows that the 
same is true whatever the value of a. 

If every. S isa P, and if the P's are a finite lot counting up to a number 
as small as the number of δα, then every P is an S. For if, in counting the 
1, we begin with the S’s (which are a part of them), and having counted all the 
S’s arrive at. the number a, there will remain over no P's not S’s. For if there 
were any, the number of P's would count up to more than n. From this we 
deduce the validity of the following mode of inference: 

Every Texan kills a. Texan, | | 

Nobody is killed by but one person, | 

Hence, every Texan is killed bya Texan, _ 
supposing Texans to be a finite lot. For, by the first premise, every aera killed 
by.a Texan isa Texan killer of a Texan. By the second premise, the Texans 
killed by Texans are as many as the Texan killers of Texans. Whence we 
conclude that every Texan killer of a Texan is a Texan killed by a Texan, or, 
by the first premise, every Texan is killed by a Texan. This mode of reasoning 
is frequent in the theory of numbers. | 


NOTE.—lIt may be remarked that when we reason that a certain proposition, if false of any number, 
. is false of some smaller number, and since there is no number (in a semi-limited system) smaller than 
every: number, the proposition must be true, our reasoning is a mere logical transformation of the 
reasoning that a proposition, if true for n; is true for 1 + n , and that it is true for 1. 


On the Remainder of Laplace’s Series, 
By Emory MoCriNTOOCE, Milwaukee, Wis. 


The remainder of Lagrange’s series has been given by Popoff and Zolota- - 
reff* in the form x A teete. dt, where y= 2 + apy, and d= A 
The corresponding expression for the remainder of Laplace’s series, where 


y = Se ΓΚ. 

To prove this, it is only necessary. to perform one of the n differentiations 
indicated; by the usual rule for the differentiation of definite integrals with 
variable limits. In this way we find that 


Ta = TQ 477 5 toy (ofe)mtfe, 
whence, if m = n — 1 
Ty = = -- E tong feet ntfs + me ae 


Since mn = fy — ffz, we A at once, by successive — 





| fy = = ffe + eof zpffs + = 2i l P»(Qfsyptfz + ppt. j ανν (9/)yntys + n. 
Comparing this result with Laplace's -- we see that we have in r, an. 


expression for the remainder after n + 1 terms. 

If fz = z, or, in other words, if y = z + apy, we have M. Popoffs ex- 
pression for the remainder in Lagrange’s theorem. The above method of proof 
resembles in principle that by which Zolotareff proves the latter expression. 

It must not be thought that the reasoning here employed constitutes a proof 
of Laplace's theorem, for evidence is still needed that γα — 0 when the series 
is convergent. In other words, the series is not thus proved to be necessarily the 
απ bl]: 
"dum go that 


n= —l=gte tet... HaHa: 


true development of fy. Suppose 6, = 


‘this would not furnish the true development of — 1 in terms of c. 


* See Williamson’s Integral Caleulus, 84 ed.; Jahrbuch über die Fortschritte der, Math. VIIL; these 
referring to Popoff (Comptes Rendus, 1801, pp. '705-8,) and Zolotareff (Nouv. Annales, 2d series, XV, 422-8). 
θΡ - : l 
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from the. limits (expressed in terms of a, at and log x) which he has ' 
obtained to the number of prime numbers not exceeding c. The objèct of 
what follows is to make a little further advance in the same direction, and 
to show upon Tcehebycheff's own principles that the proposition remains true 


when e is conditioned. no longer to be inferior to the fraction —, but to the 


action= T ism 80 that the excess above unity (the region so to say of 


ως 18 scarcely more than five-sixths of what it is for the first named fraction. 

This conclusion is arrived at by aid exclusively of ‘Tchebycheff’s own formulae. 
Tchebycheff's: method may be regarded as the first approximation to the 

inferior and superior limits of a quantity ψα subject to the conditions . 


Va > da + F log a, 
γα < Ax + FI log a, 


where Va = da — ψ + V γης etc. (see Berret/'s. Cours d Algèbre supéri- 
eure, 4th Ed., Vol. 2, pp. 230—233), and to the further conditions that ψω is not 
less than 4x if æ >v, and that Ye = 0 when z < 1. | 

The limits obtained for yx depend exclusively on these definitions, and 
would be applicable to any function Ya whatever that satisfied them. 

The advance made in this article consists in pursuing the approximation 
through an indefinite number of steps, so as to bring the superior and inferior 
limits to ψω continually nearer and nearer to each other as regards the principal... 
term (a multiple of æ) which enters into each of them: the remaining terms 
over and above this multiple of α in the expressions for the limits always 
continue to be positive integer powers of log z, and consequently the ratio of 
the limits becomes as nearly as we please identical with the ratio of the principal 
terms (ή. e. of their coefficients) νο x 18 taken sufficiently great: this ratio as 
“given in the first approximation is —, but as the approximation is continued 
7 1 
€ T agni mE 

Such, and such only, is the small but not unimportant contribution here sup- 
plied to Tchebycheff's remarkable theory. As no allusion is made to the possibility 
of this contraction of the limits in & work published so recently as 1879, by an 


continually converges to but never reaches the fraction 
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author so competent as M. Serret, I presume that it has hitherto remained 
unnoticed; but of this I cannot speak with certainty, inasmuch as it was enough 
for M. Serret’s purpose to obtain for the ratio of the principal terms a number 
less than 2; that being sufficient for the object he had in view, which was to 
prove M. Bertrand’s celebrated postulate that at least one prime number must 


be included (for all values of « greater than =) between α and 2z — 2. 


Although I might confine myself exclusively to the determination of the 
limits to ẹ4æ which flow from the conditions above given, it is, I think, desirable 
to supply a brief summary of M. Tchebycheff’s method, so as to point out the 
connexion between the determination of these limits and the limits to ''the 
.totality of the prime numbers comprised within a given range.” In so doing 1. 
shall adopt for the convenience of reference the notation which I find in M. 
Serret’s able exposition of the subject (Alg. sup., Vol. 2, pp. 225—239). 

θα stands for the sum of the logarithms of all ihe prime ud not 
exceeding 9s. 
ψα = θα + θαὶ + θαὲ + Back + θαὲ + 


m x x 2 So. ; 


and, as a consequence founded on purely arithmetical considerations, Tx is 
the sum of the logarithms of all the numbers not exceeding æ, and therefore, as 
' an easy deduction from Stirling’s Deum it follows that for all values of x 
superior to unity, : ; - 4 


Te < slog z — z+ glog x + (log Jim + KD 


- 


Tx > «log z—x— log + log / 2x. 
If then Va (a notation not in Serret) be used to denote 
| x z 
Tx — T= — ΓΞ — Tx ubi 
(where i it should be non fit eee ees = + E = 0) , limits for Væ 


can be found in which x log x will not appear, and expressed solely in terms of 
.& and log x: it may in fact be shown that for all values of x superior to unity, 


Var >A (@ — 1) — 3 log « 


Va < A(æ— 1) + Slog « 
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where A = 5 log2+ ;log3-F = log 5 — -— log 30 = 92129202 ... 
The limite actually employed, however, are the slightly wider ones, 


Va dz ~ 3 log s— 1 


Ve «Δα + > log a. 


If now we take an infinite succession of numbers separable into batches of 
sixteen, such that every (1 + 1)" batch may be got by adding 302 to each of the 
numbers in the first batch, those numbers being 

1, 6, 7, 10, 11, 12, 13, 15, 17, 18, 19, 20, 23, 24, 29, 30 
(where it is perhaps worth noticing that leaving out the last number 30, the 
remaining 15 consist of a middle term 15 and pairs of numbers whose sum is 
. always 30, disposed symmetrically about that middle term), it will readily be 


seen to follow from the expression for V in terms of the 7"s and of T in terms 
of the «s, that 


U πο Sa Va a ον 


16 
τ. πα... μι er 
Ae a Te TCI ZEE Ve 
urmr SEL ἦα; 
+b : 


JP s 


just in the same way as if supposing on = a — bs we should find ex — 


Va—V y — VS ...3 Or asif supposing Qa = Js — 4 > — ντ 
T 


_ 42 m Moy Oe bg og Hr 
Vg we should find Ox ψα Γνψ τς ο μμ d tees 


a Yon IV. 
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From the limits to which Va is subject (Vz being now regarded as representing 
the series of ’s above written) limits can be found to ψα of the form mz 
R (log e), nz + R,(log x), where the 128 signify rational integer forms of func- 
tion. In the first approximation, for the inferior and superior limits respectively, 


m==A, n=6 4; R is a.linear and A, a quadratic form of function. In the 


approximation of the i? order m and n will become functions of t, and A, A, 
will be of the ¿è and (i + 1)* orders respectively in log α. 

The limits of dx being supposed to be given (say Va the superior and ya ` 
the inferior limit), Yæ will serve as a superior and «44z — Vet as an inferior 
limit to θα. But instead of Yæ we may use (although not'at all necessary for 
the object in view) the slightly closer limit Ya — «zi, which is what M. Berret 
employs, and equally instead of 44x — 2ψωῖ we might use the slightly closer 
limit 

yo — ψαὶ — Vat — Yas + oss 
which, probably as leading to calculations needlessly complicated (as regards the ` 
object in view), M. Serret does not employ. In any ease, following the same . 
notation as before to distinguish the two limits, we shall obtain 


θα = nz + F(x, log a) 
0,0 — ma + Επ. , log a), 


where /, F' are rational integer forms of function, and the dots in iiie p" may 
be filled in either with xt or with αἰ, at, at, ass; and we shall have 


Fx = nx (1 + ει) 6,0 = ma(1 + ο), 
where £, and 7, vanish when «= œ. 

. To come to our ultimate object, it is obvious that the number of primes . 
between α and (1 ρα will be greater than [6,(1+ ρ)α-- θα] + log a. 
[n(1 + ῥ)--π]α + ὃς | 

loge . 
Hence we may find a value of æ so great that the number of primes shall be at 
least K by finding a number x sufficiently large to make 6,(1 + p)a— Ox 
— (K—1) log x > 0, which it must always be possible to do provided that 


m (1 +p) > n,-t. ο, that p > (= — 1). Hence the importance of diminishing 


. It will therefore be greater than , where ô, = 0 wheng=o 
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what I call the asymptotic ratio L, i. e. the ratio of the coefficients in the prin- 


cipal terms of the superior and inferior limit to ψα. That is what I shall-now 
proceed to accomplish, but first it is necessary to establish a certain easy lemma. 


Suppose the equation fa — f - == Αα is to be sátishied; this can be done by 





writing fe = A E τ Ὁ) and in particular if m — 1, the only case that the: 


0 





present theory demands, fx = Az. Again if the equation | Je— f = = 


ο--] 
P (log α)' is to be satisfied, this may be done by making fa = P, (log x) +! + 
P (log ο)” + P, (loga2)*-'+ ... +P, loga, for since log - = (logo — log c), 


Ja — f - will then obviously become a function of log ο of the u^ order, which 


may be identified with P (log ο)’ by properly assigning the values of the (u + 1) 
disposable constants P,, P,, P,,... P, In fact the equation might easily 
(if it were worth while to do so) be turned into an equation of differences, and 
the general values of the P’s be expressed once for all in terms of Bernoullis 
numbers for any value of u. Hence it follows that the equation m 


fa —f = = Ne + R,* log a; 


where A, is a rational integer form of function of the μὲ order, may be satisfied 

by making | 
c 

e—1 





fe= Na+ £4, log a, 


where the second term on the right hand side of the equation is a Anown function 
of log a of the (u + 1)™ order. | 
Suppose now that the inequality ~a— Ve < Na+ R, logs, wherec > 1, is 
given, and it is desired to extract from this inequality an inferior limit to Wu Τι 
is only necessary to get a solution of the equation fx -" y = = Να + R, log a. 


ante 


* The reader’s attention is called to the fact that Ry 18 used throughout to denote a form of function, 
and not, like Py, a coefficient. 


» 
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We shall then have 


a © x wv 

ve vaste Ta 

ΜΗ m d HU 
and consequently fa — f = > qw — ψ Z. 


If then. g be supposed to be taken such ΠΠ say 2, lies between Uand 1, we 


shall have 
fa EE ba > fz, 


and & jo tiori > R,,,log e Gf N be positive, as is the. case throughout the 
present investigatión), where the right Band side of the inequality is a known 
rational integer function of log z. If then M be a number less than the least 
value that £,,,£ can assume between the limits £ = 0, £ =— log c, we shall ` 

— have da < fx — M, and an inferior limit will bays licen opened to Wea. 
In - first dna (Serret, p. 234), where u = l and c= 6, 


fat = 7 Pri à e Ta ΓΕ, the minimum value of which is got by taking 22 = — log 6 


or. ë = — log vē da happens to lie between the limits of log 1 and — log’ 6) 
and gives M ο. so that do < fa 4 x 
ployed for the superior limit, as sufficiently near &nd more convenient for 
use, is fa +1. 

So in the general case we shall have fa — ψα > M where M is any number’ 
less than the least value of E,,,£ for values of E lying between 0 and — log c. 
It may or may not be the absolute minimum of #,.,& that has to be taken 
according as the value of ἕ which gives this absolute minimum does or does not 
lie between 0 and — log c. In the latter case it may be either some other 
minimum, or one of the values of E,,,£ corresponding to the extreme values 
ἕ--0 and E = — loge, which might be found by. trial. But a method practi- 
cally better and sufficient for the demands made by the present investigation, 





The actual value em- 
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would be to substitute zero in place of any term in the function of £ of the form 
+ KE" or — KE" Τὰ, and for any term of the form — KE" or + KE! to 
substitute — A (log c)" and — K (log cy" *! respectively. 

For instance, in the case just considered we might have written M = 


— 1 log 6, and the superior limit instead of being fe-+1 would have been 


Jar : log 6, which would practically have been just as good. Witha view to a 


remark which will subsequently be made it is well to notice that the inequality 
ψα--ψ- > Nu + R, log « | 


may also be solved precisely in the same manner, and will give for an inferior 
limit to ψα (using fe to signify the very same function as before) fe — M,, where 
(N being supposed positive) M, = — N log c + any quantity not less than the 
greatest value of a known rational integer function of a variable conditioned to 
lie between 0 and — log c, which may either be found by an exact algebraical 
process or by substituting 0 in those two cases where previously — log c, and 
— log ein those other two cases where previously 0 was to be substituted for 
the: variable. 

The lemma needful for our purposes may now accordingly be stated in the 


following terms: Jf ẹæ— y4 is less or greater than Nx + a given rational integer 


ς 


Function of log x of any gwen order, ψω is less or greater than 





μας Λα + a known 


(and easily determinable) rational integer function of log α of the order next | 
superior. | l 


If the coefficients of x in the superior and inferior limit to ψα at any stage 
of the investigation be called ω and v, I shall show that these values will serve to 
give (step by step) other superior and inferior limits where u and v are replaced 
by quantities v, σ, such that v < u, v D> v; w, v being known linear functions of 
u,v. We shall thus be led to a system of two simultaneous linear equations of 
differences in order to obtain the effect of those changes repeated any number, | 
finite or infinite, of times: but for greater clearness I shall begin with supposing 
that one of the two expressions u, v, viz. v (which undergoes far less modification 
than the other) is kept constant. There will then result a single scheme of — 
suecessive substitutions leading to the construction of a single lineur equation in 
differences. | | 
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' The first step will then be as follows: 
dea Vy X Ant g jog e— V Vg 


X Ax 5 log a — (απ: — 5 log F — +8 ΤΣ log gg 


or writing i 


A= log 6, u-logT7, v = log 10, 


171 ο ὄν D^ 656 — 6 "A 
de — D C DI 
| 1096 
Hence ψα «--- 375 Ax + P (log xy + Q (log ay i Ra — M, 
. where first to find P, Q, E, we have the three equations 
3PA= = 
— 8PA + 2Q.=2— 
94 
— Qn 4 ma? E od 
^4 3" | | 
m. ὄν p 86 , 1 ὄν, ὅλ. μι 1 
Wide ΚΕ ia g= DUUM αι ΕΝ a TT 
Here P is pasitive ; Q, whose sign depends on that of 5 E is also positive ; 
| 10 v 1v ὅμ--3 6 
md R= 5+ 6(5—5) — “Boa 
— 8.83333 .. + .10160..— 2.1570. . — 1.25 
= 8.43493 .. — 3.4070.., which is also positive. 


Hence we may make 
, M = -— Pa - — Ri, 





“or Zo a πο — 1.2947. 


It is quite possible, and even most likely, that the minimum of Pa’ — Q% 
-+ RA (within the prescribed limits) would be found to exceed — 1 were it worth 
while to go through the arithmetical calculations necessary to obtain it, but it is 
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quite sufficiently near for all practical purposes to use the value above determined; 
or even to take — M as great as 2 and to adopt for our new superior limit 
Ae +P (log ο)) + Q (log zy + Rlogz-42. 
In like manner this new limit will enable us to find another, and it is πο 
that the general form of the limit obtained after V of these steps have been gone 
through will be u, Az + R, 4,log a, where 





: 3 Uy 36 
PU 13. €. . αν — 25 ge 
Putting | | 
wm, = a; HA 
and making | 
| τίς. t. €. kem, 
we have 
à 
Ως 95 9r-1 = 
Hence ) 


Qt , 90 


The ultimate value of ως is therefore 2 and Midas by repeating the 


process indicated a sufficient number of times, we shall have for a superior limit 
5 = εν) Ax + Ri}, logo, where ει may be made as small as we please by taking 


t as EM and thus the ultimate asymptotic ratio of the two limits 1s 


90 
27 — instead of 2 — 


Another mode of approximation may be used, as shown in what follows. 
Since T 
T & zx 
if we have found 


| yo < ude + Rips log d 
we shall have 


de — τας de AT — AZ Rips log a, 
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and therefore 
Va < U4 Αα + E; Lg log x, 


where 
2- x 10 1 I . 
w= ilta] 
4. €. . 
5 , 20 
Yt 77 gg δι — 91? 
or 
ο m 
w= E (z) + ὦ 
where A us 
y 21,20. 0 
“= 99°91 77° 


Thus //.== A and consequently also, if we suppose each of the two sorts of 
approximation to start from the same point, K = C. | 

Hence the ultimate value of αι and w, is the same, but the former method of 
approximation is to be preferred, as the same number of steps, i. e. the same value 


i i i 
of 7, makes C (=) + ὦ always > C (=) +A. The corresponding values of 


u,, w have the same initial and final values, but for every intermediate value ` 
of i, u, < u. In fact τς, w, are ordinates to the same abscissa of two non- 
intersecting curves, having a common starting point and a common asymptote. 


¢ i 
The maximum value of w, — u, is found by making t3 — (2) a maxi- 


mum, which takes place when t is the integer next above or next below the 


value 
25 


log log 3 log log 4 
— — 3g ση ~~ Which is obviously less than unity. 
| Wd. δι 

Hence after the first approximation w, and wu, are always drawing closer 
together. | | | 

We may now proceed to the more (but only very slightly more) advanta- 
geous method of approximation, viz. that in which the principal terms in both 
limits are simultaneously varied, decreasing as before in the superior, and now 

at the same time increasing in the inferior limit. 


log log 
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Suppose then that we have found 


da <u Ax + E 
ve > v Ax + B, ει log a; 


r 


observing that »i — E 18 always positive, we shall succeed in ΠΗ the 
principal mE of the inferior limit by writing yx > Ax + v A 3i TED. 


+ B, n log e, and slightly more than previously diminishing the principal term in . 
the superior limit by writing pa — Ye < Ax — mA -+ uA + Ripe loge. 
We shall thus easily derive | i 
| ΤΙ; 


where ! 
T; . τα 
mirii 
| | 6 ae Uy =e 3 
ΠΕ π το =5— vi Ἔ gg t 
or, making v — v, +f, u=ute, 
ΓΡ 1 1 
trer ata gg = 0 
; pm 
dw D snl 


.. 93 1 6 29 6 
if 51 V opel: αρ. Tag Re 


l 1 1 i 
| EY στ f 
So that calling pı, pa the roots of μή ay r ---0. 
35} P— 6 


4 


1, = C, pi + C, pie 
v, — Οἱ pit C; "e 


The- “equation for m Pir ρὲ IB- 
a 91: 8 


---6 — ππππι = 0 
Vor, IV. ` r 600P 40600 
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whence 

ρι Ξ- 191458. p» = .005637 . 
Also the equations in e, f give e, f dm values of Mar Ὁ ο) 88 follows : 


-. 50595 — , _ 51072 
- 50999 50999 


If there were any use in obtaining the values of the disposable constants 
they could of course be obtained from the equations 


6 1026 

C ο οτε O, p + Ch ppb εξ th = ης 
j , ; , 3481 
+ Cr fw cl Cip + Cs y HS =n — uuo 


The EDDIE ratio of the two limits is 
e 59595 6 11 


PE A RR ED ME acc δες 
a — [nd 


f δ10τ9 7 TB 


Various other modes of approximation may be adopted, but it will be 
found that no smaller value can be obtained for the asymptotic ratio than that 


above given: the value of u, cannot be made less than ae nor the value of 
51072 


50999". 





v. greater than 


Thus ex. gr. making use of the inequality 
Ya — we b dat — e s. tag + & (log x), 
we might by the lemma obtain 
6 u 
E | 5Ὶ} Βιµρίοβα, 
and consequently | 
ο ο ο 
"uam T7 39 34 


combining which with the previous equation for tı we should have for 
finding u,, v, say €, f" the two — 


oo? 
! 
ud d 


=l 
6 
2t y — ο ὦ 
x^ ta 5 
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and consequently 





Reduced to decimals | 
e = 1.16855... f= 1.00148... 


d = 1.16856... f'= 1.00125... 


It may be noticed that eA = 1.006774 .., fA = 992619... of which the 
sum is nearly 1.999394, and their mean nearly .999697, whereas the 


mean of A and T (the original coefficients of x in the limits) is nearly 1.01342. 


Thus the new mean is more than 44 times nearer than the latter to the true 

asymptotie value deducible from the empirical formula. 
Were it desired merely to find superior and inferior limits to ψω in the form 

obtained in Tchebycheff’s method, it would (as already indicated) have been 


sufficient to have taken for Τα, Tx — 277 , which would have led to the in- 


equalities 
vr. (log 2) ὦ + Δι log a ` 
wo < 2(log 2) x + R, log æ 
but the asymptotic ratio being here 2, these limits could not have conducted 
to a proof of M. Bertrand’s postulate. If, however, we were to take Vr — 
; ο T e eo 
T — T5 — Ta— Ts we should obtain |. 


Va > Bæ + Γι log æ 
Va < Be + w loge 
where 
1 1 jo: . 
B= E log 2 + 3 log 3 4- | log 6 = 1.0114045 


and 
Ws 


KOENE A νε a Iba 3 
when we should obtain 
Ja — V < Be + E log g 


ψα < = But R, log x, 
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and again 


de + 42> Bet Ra loge 
Je > B(1—3. 2 + R;logz . 


Here the asymptotic ratio of the two limits i ΒΞ o; which being less than 2, 


the formulae above indicated would suffice to prove M. Bertrand's postulate, and 
would lead.to an equation somewhat simpler in form than that led to by 
M. Tchebycheff’s process, but whose greatest root would be considerably larger . 
than that found by the established method; so that there would be a larger 
number of verifications of the postulate to be made for the lower numbers: 
this, however, is really a matter of very trifling importance, as the needful . 
verifications could be made even up to 100,000 if necessary, by throwing a 
rapid glance over a few leaves of Burckhardt’s tables. 


It is noticeable that the limits above found by giving Τα the form 
Τα --- 215 are the only limits that can be got in such case; no process of suc- 
cessive approximation being here possible, on account of the too close conti- 
‘guity of the successive denominators in Ya — bs -+ Va ja 
Such, however, would not be the case were we to use Vax to signify 


Ti — T5, — T — ΤΕ, and consequently 
Va — Je +g — We tbe t — Mig t πε... 


The limits expressed by the inequalities 


ae < uy Bat. 
Yo > v, Bet.. 


would lead to the narrower limits 


be < ty ay Beds: 
be > 7,41 Bz +... 


where 
6 T 
aid -i6-3 + 


U^ ση 
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that is to say 
ü T Ju θυ, = 6 
tt! 30 35 5 


zt lod pre 4—1=0. 


Hence, using as before e, f to indicate the ultimate value of w;, v;, we 
should have 
Zle + 4f — 28 — 0, 
96e + 2757 — 880 = 0. 
and consequently 


and 
e 6580 à 1 


—À ‘etter ανω — 


f ^ aas ο σος 
? — is the ultimate value of the asymptotie ratio, of which the initial value 


was τ , that could be found by this method. 


In every such kind of series as I have denoted by Va, it is obvious that 
the sum of the multiples of α under the sign of ẹ in Væ is equal to the . 
coefficient of c in either limit to Vz. - Thus ex. gr. in Tchebycheff’s series, if we . 
take n a multiple of 30, and make §,=1+ i : Ἴ--..-- a the sum of 


L απ 1 1 


n terms of ΓΙ ἐπι 
1 1 1 | 1 
m a—3—3—5* 35) 5. tu 2 3nd mg SC 


) 
1 1 1 
Foa mat: ο ts ο. 


~ 80 sn OE et ο; 2) 


and the multiplier of δ, being always 0, it follows that the sum of an infinite 
‘number of the consecutive terms = 5 log 2 -+ 3 log 9 + = log 5 — 3 log 30 


- 
D 
Lond a — 
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It may not unreasonably be conjectured that whilst nothing more can be 
done with the Tchebycheffian Vx, it may be possible to find such other form of 
function in lieu of it, or such infinite succession of different forms of function, as 
may either directly or by successive approximation bring the coefficients of z in 
the two limits as near as we please to one another, at the expense, of course, of 
proportionally lengthening out the residues, or tails as they might be termed, of 
the two limits. Could this be done, it i& easy to demonstrate that the limit 
thus continually approached from opposite sides must be unity, as indicated 
in advance by Legendre's empirical formula. For this purpose it will be suffi- 


cient to use the simplest form of Va, viz. Τα — T7, whence we obtain 
ve— bs tye... D> log 2.a(l+e,) ᾿ 
tay Ενα... < log 2.2 (1 +74) 


£,, 4, being known logarithmic quantities which vanish when t= o. 


For suppose it possible to prove that 


ds Q(— l)e Ge 
| vr < Q (1 4- À) » + Fe 
Fx Ge 


where RE may be made as small as we please by taking æ sufficiently large, 


(I mean by taking « greater than some certain value.£). Then 


Eases away? agp 
(+e) log2.2<de-detyg.. on. bon 
1 1 TN 
« QU Es(1—5 +3 T — x) 
+ He FF. CIE eed es 


Let £ be taken so great that for all values of æ greater than ——, dd shall 
" e 


be less in absolute numerical value than ou where k is an arbitrary positive 


quantity: then, if we take æ >£, the sum of the absolute values of Fe, 


T 


“5 f iy — ae F FE is less than kæ; and 3 fortiori 
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Therefore i 
Q (1 + A) log 2. w 7 (1 + ει) log 2. α — ke. 
Hence, Q being greater than ΤΕ — "ENT 
three capable of becoming indefinitely small, 1 — Q cannot be a finite positive 
quantity ; which amounts to saying that 1 — Q cannot be positive. 
In precisely the same manner, dealing with the other limit to Væ and stop- 


and &, A, k being al ` 


ping in its development at the term beri (instead of stopping at the term 


oe be } it may be proved that 1 — @ cannot be negative. Hence l — Q must 


be οτο,τ.ε Q= 1. . Q. E. D. 

We have thus determined what is the common limit to which the principal 
term in the superior and in the inferior limit of Ja are bound to approximate, 
on the supposition of the possibility of formulae being discoverable admitting of 
the interval between these principal terms being capable of being made as small 
as we please. But to pronounce with certainty upon the existence of such 
possibility, we shall probably have to wait until some one is born into the 
world as far surpassing Tchebycheff in insight and penetration as Tchebycheff 
has proved himself superior in these qualities to the ordinary run of mankind. 


nmn of a Literal Table for Binary η 
otherwise a Partition ΗΕ 


By PROFESSOR CAYLEY. . 


The Table, commencing 1; b; ο, b; d, be, D; . . ., is in fact a Partition 
Table, viz. considering the letters b, c, d, . . . as denoting 1, 2, 8,. . . respectively, 
it is 1°; 1; 2, 11; 8, 12, 111; .. . a table of the partitions of the numbers 0, 1, 
25 0 de tok éxpremed however in Ahe literal form, in order tọ its giving the literal 
terms which enter into the coefficients of any covariant of a binary quantic. 
The table ought to have been made and published many years ago, before the 
calculation of. the covariants of the quintic; and the present publication of it 
. 18, in some ineasure, an anachronism: but I in fact felt the need of it in some 
calculations in regard to the sextic; and I think the table may be found ‘useful 
on other occasions. I have contented myself with calculating the table up to 
e= 18, that is, so as to include in it all the partitions of 18: it would, I think, 
be desirable to extend it further, say to z = 26; or even beyond this point, but 
' perhaps without introducing any new letters, (that is, so as to give for the higher 
numbers only the partitions with a largest part not exceeding 26): the question 
of the space which such a table would occupy will be considered presently. 

As to the employment of the table, observe that in applying it to the case 
of a quantic (a, b, e, díz, y}, the terms containing the letters e, f, etc., pos- 
terior to the last coefficient ἆ of the quantic are to be disregarded; and that the 
terms are to be rendered homogeneous by the introduction of the proper power 
of the first coefficient a, rejecting any term for which the exponent of a 
would be negative (or what is the same thing, any term of too high a degree in 
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the coefficients b, c, d); thus, for the cubicovariant, where the coefficients are 
of the degree 3, and of the weights 3, 4, 5, 6 respectively, from the portion of 





the table we at once copy out the terms 
d ο f ο ad | abd | acd | ad? 
be bd be bf abe | αὖ | Bd | bed 
δὲ C ed ce D" 160 | b? | οἳ 
be δὰ & which compose the coefficients in question. 
δν be Be ; 
be bed 
poc 
bd 
etc. 


As regards the formation of the table, this is at once effected, and the suc- 
cessive terms are obtained currente calamo, by Arbogast’s rule of the last and 
the last but one: observing that each term is to be regarded as containing im- 
plicitly a power of a, so that operating on any term such as bf, the operation 
on the last letter gives b'c, and that on the last but one letter gives δῦ, There 
is little risk of error except in the accidental omission of a term; but of course 
any one omission would occasion the omission of all the subsequent terms deriv- 
able from the omitted term, and would so be fatal: to remove this source of 
error, observe that for the successive numbers 0, 1, 2, 3, etc., the number of par- 
titions should be | 


012345 6 7 8 9 1011 12 13 14 15 16 17 18... 
11236 7 ii 15 29 30 49 δὲ 77 101 135 176 231 997 385... 


and we can thus, for each partible number successively, verify that the right 
.number of partitions has been obtained. 

But as the number of parütions becomes large, a further control is conve- 
nient, and even necessary—say we have the 176 partitions of 16, we have by 
the rule to derive thence the 231 partitions of 16, and it is not until the whole 
of this derivation is gone through, that we could by counting the number of the 
new terms ascertain that the right number of 231 terms has been obtained. To 
break up the verification, it is convenient to know that for the partitions of 16 
into 1 part, 2 parts, 3 parts, 4 parts, etc., the numbers of partitions are 1, 8, 21, 
34, ete., respectively: we can then as soon as the derivations.giving the partitions 
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into 1 part, 2 parts, 3 parts, etc., respectively, have been performed, verify that 
the right numbers 1, 8, 21, 34, etc., of terms have been obtained. The numbers 
are contained in the following table, each column of which is calculated from 
the preceding columns according to a rule which is easily obtained, and which 
is itself verified by the condition that the sums of the numbers in the several 
columns give the before mentioned series of numbers 1, 1, 2, 3, 5, 7, etc. 


No. of PARTIBLE NUMBER. 
Parts, 0 vi ii 19 18 14 15 16 17 18 


11-11 1| d 





19 | 21 | 24 | 27 


ee 
1a | — l ll 


9T 84 | 89 | 47 


— | ———— | —— 


1 
E: 
E 

8 

9 
ΠῚ 26 | 85 | 44 | 58 





μον λες -----------------} ---ππππ-τ- 


1 7 | 11 | 15 |21 | 28 88 | 40 


7 111115} 22 80 


T1411 15 | 99 


5 τ 11} 16 
8| 65 TETE 
Hite 
AT 
ο. 
ο... 

eee 


4 
gt rth ο ο ο. ἶΐἶΐ{ἦ---------- 


1 1 2 8 5 7 TI 15 2 80 42 56 77 101 185 176 231 297 885 


The practical rule for the construction of the table thus is:— On a sheet of 
paper ruled in squares, and which is read as a continuous column from the bot- 
tom of one column to the top of the next column, form the terms by Arbogast’s 
method as already explained ; writing down in pencil a batch of terms, and count- 
ing them to see that the right number has been obtained, then, at the same time 
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verifying the derivations, mark these over in ink; and so on with another batch 
of terms, until the whole number of the partitions of any particular number is 
obtained. | 5 

The foregoing series 1, 1, 2, 3, . . . 885, for the number of the partitions of 
the successive numbers 0, 1, 2, 3... 18 is carried by Euler up to the number of 
partitions of 59, = 831820, see the paper De Partitione Numerorum, Op. Arith. 
Coll. I., bottom line of the table pp. 97—101: the continuation from the number 
385 and for the partible numbers 19 to 30 is as follows: 


19 20 21 22 2 24 325 2326 27 3238 29 3830 
490 627 792 1002 1255 1575 1958 2436 3010 3718 4565 6604’ 


the whole number of terms 1, 1,... 5604 amounts to 28629, which at the rate 
of 500 to & page would occupy somewhat under 60 pages; or, at the rate here 
employed of 369 to & page, somewhat under 78 pages. 
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b'd?e 
Bef 
bede 
bed? 


bcte 


| EP 


béd 
bc! 
b°A 
b°cg. 
pdf 
pe 
Bef 
blede 
Pd κ 
bide 
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18 18 18 
᾽ Bef bedeg | edf’ 
| | be bodf* | Bee f 
Bdgh . | bn beef | ας 
bem — | bed?g | Bde f 
Befh | odil bed'ef bde 
biel bede | Ben 
bt fy bf | bdh 
bg bd? | bceg 
bdk | bth? ci pof 
"^q BFR cid Ped 
be ft | bedk | σε Bide f 
begh | Bee |f poe 
^ [Oefi φας | ον 
bedei | Begh | &def | Bede 
bed fh | δα | ee? bde 
dg |bde | edf | bh 
beh | Bdfh {σας |bédg 
beefg | θά | cdte bote f 
beh (d bed? f 
|| | Befg | 0m bede 
bdeh | BP bel bede 
bPfg | bck | bdk bcd? 
bdég | οσα bej eg 
bde? | Uce Di od Γ΄ 
Ba fh | dgh ce 
Beg | bck ode 
bedi | beds | σα 
Dedeh | b*cer p 
Bedfg |bcfh | δ ο 
| 1ος beg? | δα] 
bef? | οι | ὁδοὶ 
deh | δά] | bideh | fR 
οσο [ο |b deg | bidfg | "gy 
PPS | beg | δα 
Sef -|Bdef | bef? | Dedi 
pe boe ὀδοε]ν 
ed'eg | ο Bedi | efg 
cP f bid | Bech | UAH 
cde f |bech | De fg | bdeg 
ῥοῦ | Bedth | δα 
bedh | bedeg | bef 














Note on Hansen’s General Formulae for 
Perturbations. 


By G. W. Hur. 


The last form in which HANSEN expressed the perturbations of the mean 
anomaly and equated radius vector is exhibited by the following equations : 


men ba f Pos (ops) port 


di f e ae, 
(Equations 36 and 37, p. 97.)* 


It will be perceived that the right-hand member of the first of these in- 


volves three quantities, viz. W, v and a But the last of these quantities 


has no share in defining the position of the body, and it is desirable to get rid 
of it, provided that can be done without complicating the equation. This is 
readily accomplished by means of the equation (98, p. 95) 


den 
The result is 


Why Hansen has not put the equation in this form I cannot imagine; the 
advantage, not only as regards simplicity of expression, but also in point of ease 
of computation, 18 evident.. 





IHN ae ————————————————————— ÀÀ 





* See Auseinandersetzung einer zweckmüssigen Methode zur Berechnung der absoluten. Störungen der 
kleinen Planeten. Von P. A. Hansen. Erste Abhandlung. (Abhandlungen der Königlichen Sächsischen 
Gesellschaft der Wissenschaften. Band ΤΠ.) The numbering of the equations and the paging are from 
this volume. : 
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HANSEN develops W by TavroR's theorem, and, limiting ourselves to the 
second power of the disturbing force, we have 


W= W, + (=) 02 = W,— 2S δε. 


When this value is substituted for W in the equation-for mg, we have a 
differential equation of the first order and degree for the determination of dz, 
the integral of which is well known. Terms of three dimensions with respect 
to disturbing forces being neglected, this procedure furnishes the equation 


πρὸ» = (1 — 2» fT (1 + 2v) Wy + 1°] ndt, 


which, however, is without interest other than analytical, as its use involves 
more labor than that of the equation given by Hansen. 

HaNsEN's equation for the determination of v has the disadvantage of not 
affording the constant term of this quantity, and is inconvenient in computing 
the portion, of the form 

At+ B+ OP +...-., 


which is independent of the arguments g, g , &c., as the values of A, B, &oc., 
must be determined to a degree of accuracy much beyond what is necessary in 
the case of the other terms. As all the arbitrary constants admissible have 
been introduced by the integrations which give z, it is evident there must exist 
an equation determining v without additional integrations. Hansen has virtually 
employed this in the place where he shows how the constant term of v is to be 
obtained, but has nowhere given it explicitly. This lacuna I propose to fill here. 


The equation 39, p. 91, 
EC ae hy p E p | 
σπα πο ο ο ος i? gq, δῖα ὦ, 


(p 


. h : 
may be employed to discover the value of A The known expressions for 
P cos o and ^ sin o are 
(ly ση i 
3 (0) (8) ] τω (8) 
E cos o = — ze + (Te — Ts cos y + (1. —J, \cop2y+..., 
(to 9 2 9 2 
R (0) (2) ] 1 (1) (8) . 
E sin o = (7s 4s sin y +5 (7. T) sn 2y c... 
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where HANsEN's notation for the BsssELIAN function is employed, and the sub- 
script zero, which properly belongs to e, is, for convenience in writing, omitted. 
In his memoirs, where the mean anomaly is employed as the independent 
variable, Hansen directs to compute only the parts οἵ. W, which are independent 
of y or which have + y in their arguments ; that is, the parts which have the 
form 
AX, + X, cos y + X, sin y, 
x, A and x, being independent of y. 


Τὺ will be easily perceived that, if we put 


P being thus a constant, the three first terms of W, must have the value 


h hg 
Ap cen ae = Apt FA 


In this equation we may substitute for i its value obtained from equation 


33, and thus we obtain 


2 
(1+) (1 n ES 


d. dz. l ; - 
This equation, when Us is known, gives ν without additional integrations. 


Qr» (1+ $4) -1= 4,4 PX. 


M 


To put it into a form suitable for computation, we add to each member such a 
quantity as will make the first equal to — Ον, then dividing both members by 
. — 6 we get 

d.0z 
[a+ vy a H ἂν +e] 
πα στ 


-—l[xzaPxz]-i[ü4 57 εν] -- 
E 3l : 1] 2 v) | 8 (1 +4. »(1- tu 


This equation is rigorous. If we may restrict ourselves to terms of the 
first order with respect to disturbing forces, it reduces to 


1 d.óz 


»-—3$4[5tPX]-3t 
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or, if terms of the second order must be included, to 
1 l 1 d.dz 1 γα. δα 
ν--[[2ι-ΡΧ]- 1 03x t3 se] ΕΤ 


The function usually tabulated is com. log (1. + v»); and we have com. log 


+)=m\—5[% + PX]- oo +s Hs tpt, M being 


the modulus of common logarithms. 


These equations are as readily used as those given by HANSEN, and are free 
from the disadvantages, previously mentioned, which belong to the latter. All 
the quantities involved, except X,, have already been obtained in the compu- 
tation of dz. Also X; is readily got by putting y = 0 in the terms of. W, which 
involve this quantity, and summing two and two together the terms which 
result. 


WASHINGTON, D. C., December 17, 1881. 


On the Solution of a Certain Class of Difference or 
| | Differential Equations. | 


By J. J. SYLVESTER. 


Casting my eye over Mr. Moulton’s valuable edition of Boole’s Treatise on | 
Finite Differences (see pp. 229-231), I was gratified to find that he had em- 
balmed in it a solution that I had given many years ago, of an equation in dif- 
ferences, of the simple but very general form expressed by equating io zero or 
to Pm* the persymmetrical determinant 


Ur Urti * e + Usti 
Ug 4.1 Ue 4.9 se on Uy 4 4-1 
Un +2 Ue 13 πανε M 124-9 


eS > > è — 0 — s, 0*3 — * 4 ë * ë à  ---- 


Ug d Up tities Ueto 
which is of the ο" degree and 27 order. 


Το fix the ideas, let us consider the simple case 
Ugly +. Url = Pm”, 


of which, when P — 0, the solution is ει, = Aa”, A and a being both arbitrary, 
but for P not zero is expressed by u, = + (Αα” + 805) with the conditions 


aB=m, AB(a— 8} = P 
which solution as an obiter dictum I may remark may easily be converted uis 
the simpler and more explicit form 
(sin BF + P(sin a+ gz)'m* ^! = 0 
where a, @ are arbitrary constants. 
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If we proceed now to verify the solution in its original form, we shall 
immediately be led to perceive a certain generalization which the given equa- 
tion may be made to undergo without ceasing to be soluble—the solution how- 
ever becoming narrowed from a general to a special one: whether particular or 
singular I shall not discuss. | 


If we write u, = Aa” + BG*, the determinant becomes 
Αα. + BB Aati + Bg**! 
Aog! -+ Be! Aast? -+ DOT» 
which is equal to AB(a — 8y(a9)^; this is the verification spoken of: but, as 
a consequence, it is apparent that we must have . 

Au* + Ββ 4 Oy, Δα’ p BeH 4 ΟΥ: 
Αα5-} -+ Beer +. Qysti Aart? 4- Boer? -+ ΟΥΡΕΣ 
= AB (a — By (ab + BC(B —yY(8yY + CA(y — a)"(ya)*. 


Hence we can solve the equation 


Unts 77 "NT = PF T Qm* jJ Rn’, 














viz. we may write 


Up, + Aa® + BO? + Cy* = 
where 
By =l, ya=m, aB=n, 


AB(a— PY =R, BO(B—yyf—P, CAly—al=Q, 


mA, pu f, y= ffe 


that is to say 





A-,/98. (0—n μῃ-.,/8} τα σι /P9 &—B _ 
Ve- P (a—py(a—7)’ Q BME C= NR (r—Xr—B 
or calling 
Vinn=9, ^PQR- G, 
_ 9 — g T δν À 
| πάντα, p=, ΠΡ 
G (n — m) L8 (-οπὸ | --- (πι — l) r? 


Bc -μ-ηρ”-. a a wu E. 


-r 
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The result therefore in its rational unambiguous form is 


PQR (tm — mn} (mn — nl)? (nd — lm)? (Imny* =? a = iX (Im — ω 0 QR (mny t. 


~ 


When any of the quantities P, Q, R vanish, or any of the quantities J, m, n 
vanish or become equal to one another, the solution fails. | 

We shall, however, easily obtain a compensatory. form of equation supply- 
ing the place of two of the exponentials, and another supplying the place of all 
three becoming identical, and the solution of these substituted forms may bé 
. deduced from that of the original form of the equation. 


Thus, first, let . 
m-(l-c-eu e n= (1 — eju . l ιν. WC 
Q- (84) mani where ido meee 
Then the equation becomes 
Uy Uy tg — Maio PP vr + Teu 


and the solution in its unreduced form i 18 


u, = Aa? + Be? + ΟΥ”, 


where m 
sft B=0—}) V7, eb da 
and | 
A= JB ea | i T $j 
Q (α---β) (α--γ) (a—Dn- T= Wi- E τ) E a C= (u— Dj 
R= /PR y—4 . js NE. Ae 
OON REA VER(1 2p ρα eN) 


NG ---α/ lE 
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: 4.8 l 
Hence B^ + Oy? = /—P a (tae) ( 5 . ex) 
+ (1—2e) (— 3 Tyr "d 
-X4—Pi|i(p— iR te bt; 
so that | 
| VIP u, = rĖ( G9 Pp puts)! 
or l | - 


Ple+) μα 4 | r(—) gt — ας. Γη Ἔα mi 
will satisfy the given — E ΜΙ | 

| tsa — uim PI + Αμ. + Tep. 

When T= 0 the solution fails, as we know & pm it ought to do. 
When S= 0 it takes the form 


Pii tess ju -p(B taje) --0. 


We might, by an analogous process, writing (1 + e), (1 + pe), (1 + ρε) in 
lieu of 7, m, n, and giving P, Q, R appropriate values involving εὖ as well 
886, render SPP a finite function of the form (S + Tic + Ua*)a*, and deduce the 
solution of Us Us +3 — u; L1 = (S + Tx + Uz?)A* as a particular case of the solu- 
tion of the general equation. Butas we can easily see that the unreduced form 


of the solution must be Ue — AP (4 + Bs +. Cw), it will be easier to find 
A,B O immediately from the equation- 





A+ Βα + Cx? - A+ B(z +1)+ O(a +1) 

pres d A+ B(a+2)+ € (s + 97 
δῖε piae A+ B (x 4- 1) 4- C (s +1} 

B+ 0+2%æ  B+304+202 





A+ Bet+ C  B--OC-4 20 
B+ O + 2€z AC 


Hene | —20 — U, —2B0 — AC = T, 246 —(B-- ο)-- α 


Or 


— S4 Ts + UB. 











Hence 
- E _ UNE χα... M T _ 2U4+T | 
o= ZE, δ--10------»ν-π0---πε- T’ 
cud 
„a= StB+ OP _ SHIN + Fay) 8044 uy 
ii oC 00 νο iod dard i 
or 


ο + 1 20%? + (AU? — 2UT) «+ 28U— (T+ ryt ar =0 
is the required primitive of the given equation. 


The method may obviously be extended to any equation of the given form: 
that is to say. when the persymmetrical determinant which it contains is of the 
degree 4 and is equated to (i + 1) multiples of exponentials each of the form PF 
an integral of it can be on and if these ¿ exponentials be subdivided into 
partial groups of e, ¢, &' . . . termsina group, then instead of the e multiples of 
exponentials belonging to any group may be substituted (P, + Pæ + Pæ +.. 
+ Pat -'j*, and the solution of the equation so modified may be deduced from 

"the solution first mentioned as a particular case thereof. 
It will be sufficient for all reasonable purposes of illustration briefly to con- 
sider the case of | 
Uy Ugyi Uste ' 
Upi Usya Ue. | PEF Qm + Rre + Sp. 
l Uy, Usps Us+4 i 
An integral of this may be found by: writing : 
u, = Αα” + BO” + Oy + Dé, 
where | 


βγὸ--], αγδ--πι, aBS=n, aby =p, 
BODE (6, y, 5) =P, — AODt(a, y, 3) — Q, ABD? (a, β, =R; 


ABC (a, B, y) =S 
ὅ meaning the product of the squared differences of. the letters which it governs. 


We have thus 


= where 
g = Ψ' lmnp 


AB OD [C (a, B, y, Ò P= PQRS, 


and 
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so that — PORE 1 (PQRS) 
| menm ΚΠΕ. ΠΕ; 


α COM G G 


‘and thus : 


(P QRS} (Imnp) VET, π' o) hm “παν E QRS EB, y, DIY 
or l l 
iPORSUT. = ux a [ἃ = (mapy- 15 QRS (Z, - m = 2 " 


lt is scarcely necessary to add that all the above conclusions continue to 

hold, when, on the left hand side of the equation for Uys, We write (iv and: 

at the same time for any exponential /* on the right hand side substitute e". 
Thus for instance we may in general find an integral of | 


yy! — y? = Ae + B% cos (ax + B) 


or again of 


(vy! — yy" — γ(γ»γ + ὃν ην" — y^ = A cos (az + B) + Be* cos (yz + ὃ). 


l Vor. IV. 


— On the Analytical Forms called. Trees. 


By PROFESSOR CAYLEY, e 


Ina tree of N knots, selecting any knot at. pleasure 48 8 root, the tree may - 
be regarded as springing from this root, and it is then called a root-tree. The 
same tree thus presents itself in various forms as a root-tree ; and if we consider 
the different root-trees with .N knots, these are not all of πα. distinct trees. 
We have thus the two questions, to find the number of root-trees with N knots; 
and, to find the number of distinct trees with. N knots. 

I have in my paper “On the Theory of the Analytical Forms alive Trees," 
Phil. Mag., t. 18 (1857), pp. 172—176, given the solution of the first question ; viz. 
if $, denotes the number of the root-trees with N knots, then the successive 
numbers $,, φῃ, ds, ete., are given by the formula 

$i Γαφι b wy s. . = (1— ολο a 
viz. we thus find mE pU 
sufixof@ 1 2 3 4 5/6 7 8 9 10 1i 12 B 
^07 ġ=1 1 2 4 9 920 48 ΠΕ 286 :719 1842 4766 12480 

And I have, in the paper “On the Analytical Forms called Trees, with Appli- 
cations to the Theory of Chemical Combinations,” Brit. Assoc. Report, 1875, pp. 
257-305, also shown how by the consideration of the centre or bicentre .“ of | 
length” we can obtain formulae for the number of central and bicentral trees, 
that is for the number of distinct trees, with M knots : the numerical result . 
obtained for me total number of distinct trees with N knots is given as follows : 


No. of Knots 42838 46 68,7 8 9 14 d 19 18 
No. of Central Tres 1 0 1 1 2 3 7 129 OF 55 127 284 682 

? Bicentral. " 0 ο 1 1 3 4 11 20 δι 108 267 619 
Total 1 1 2 3 6 11 923 47 106 235 55i 1301 
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But a more simple solution is obtained by the consideration of the centre 
, Or bicentre “of number.” A tree of:an odd number N of knots has a centre 
of number, and a tree of an even number JV of knots has a centre or else a 
bicentre of number. To explain this notion (due to M. Camille Jordan) we 
consider the branches which proceed from any knot, and (excluding always this 
knot itself) we count the number of the knots upon the several branches; say 
these numbers are a, B, y, ὃ, e, ete, where of course a + B d- y --ó4- ε 
"cete. = N — 1. If Nis even we may have, say a = +N; and then B 4- y + à 
+ e + ete. — +N — 1, viz a is larger by unity than the sum of the remaining 
numbers: the branch with a knots, or the number a, is said to be “merely 
dominant.” -If Ν be odd, we cannot of course havea = 4+ N, but we may have 
a > +N; here a exceeds by 2 at least the sum of the other numbers; and the 
branch with a knots, or the number.a, is said to be “ predominant.” In every 
other case, viz. in the case where each number α is less than +N, (and where 
consequently the largest number æ does not exceed the sum of the remaining 
numbers), the several branches, or the numbersa, 8, y, ete., are said to be sub- 
equal. And we have the theorem: first when N is odd, there is always one knot 
(and only one knot) for which the branches are subequal: such knot is called 
the centre of number. Secondly when N is even ; either there is one knot (and 
only one knot) for which. the branches are subequal; and such knot is then 
called the centre of number; or else there is no such knot, but there are two 
adjacent knots (and no other knot) each having & merely-dominant branch ; 
such two knots are called the bicentre of number, and each of them separately 
is a half-centre. | | 


Considering now the trees with JV knots as springing from a centre or a 
bicentre of number, and writing Wy, for the whole number of distinct trees 
with N knots, we readily obtain these in terms of the foregoing numbers 

^ 44, de, Qs, etc., viz. we have 


r 


ψι = L, 

ys = 1e (d + 1), 

h=. coeff, αὖ in (l—a)~*, 

V4 = - Ds (by + 1) + coeff. αὖ in (1 —a)-*, 

= coeff. a in (1 —)- ^ (1 — a?)- *, 


5 
be = 3$. (ps + 1) + coeff. αὖ in (1 — x) 4 (1 —a)-*, 
J = coeff. a* in (1 —2)- * (1 — Ay e(t, 
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and so on, the law being obvious. And the formulae are at once seen to be 
true. Thus for N — 6, the formula is 


de Fh D b+), Pit 4s obs (hr + 1) (Φι + 2) 
+ sr ($1 + 1) (Φι + 2) (Φι + 9) (Φι 4-4). 


We have $$ root-trees with 3 knots, and by simply joining together any 
two of them, treating the two roots as a bicentre, we have all the bicentral 
trees with 6 knots: this accounts for the term ΣΦφα(φε + 1). Again we have 
φι root-trees with 1 knot, $, root-trees with 2 knots; and with a given knot as 

centre, and the partitions (2, 2, 1), (2, 1, 1, 1), (1, 1, 1, 1, 1) successively, 
_ we build up the central trees of 6 knots, viz. 1° we take as branches any two @,’s 
and any one $,; 2° any one @, and any three s; 3° any five $/8; the partitions 
in question being all the partitions of 5 with no part greater than 2. that is all the 
partitions we subequal parts. We easily obtain 


suffix oft 1 2 3 4 56 6 7 8 9 10 πι 12 13 
vol 112 3 6 11 23 47 106 236 5051 1301 


agreeing with the results obtained by the much more complicated formulae of | 
the paper of 1875. | 


Notes. 
T. 
On Symbols of Operation. 


By PROFESSOR CROFTON, EB-B: 


To prove that, @ being any function of D, 4. e. L 


de 
QD AS Se. (1) 
where A is a constant determined from | 
ψ(λ) = 1 + VA), (2) 
the function ψ being defined by . ^" 
iU 
w= (3) 


The above η might be made to follow from principles given. in a 
paper by me in.the Proceedings of the London Mathematical Society, April 
1881; but the following method may be also employed. 

Let u = dea 5 
differentiating with regard to h, 


du | 
— che D pet 


dh 
also Ἢ id = d» 9 D)e 
= (AEP yg. 
We have thus a par tial differential que 
A 904 


E: ue x (I tJ zm) x (609). 
. To determine the arbitrary funetion xy, we observe that if k= 0, u =”; 
x (A) m e 
hence if A be determined so as to satisfy 
v (2) b + x (h) 
u= y (QA) = 
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For instance, let @(D) = D*; 4(z) = —— by (8); hence by (3), A — —4 ; 
| eD de ei | 
Again | ο - ντι 
. Again oD ght — ge 
where à — [Af + (1 — kj τ 


The above process may sometimes be applied in other similar cases; for 
example, to find 
uud Dg, 
we may deduce the μα. | 
tds d zm Shu ; 


the solution of this by TM 5 μή... or other wise, is 
wh $o (A71 — 9k); 
and να. ᾧ from the condition that u = e when k= 0, we find 


u = (1 — 9Ak)3 exp. (um 
A very remarkable identity between certain symbolie operators of the 
exponentialform may be established by a comparison of Lagrange's theorem 
and a result which I have given in the paper above referred to. It is there 
shown that if z is related to x by the equation 
φ(ο) --1 + ψί(α). .. .. (1) 


‘and if we put for — 


then ρω χω. . (8) 


also | ον F(a) = F@ 5. T 
whatever be the function F. | 
Now if we use for shortness the symbol εὖ!) or eP-/ to express the devel- 


opment 

e?S=14 Dfat+ qu P (fn) + sees) 
- Lagrange's theorem gives l 
| | PIPER. O) 
where | gzo-d-f(g....() 
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Hence if g be the same function of æ in (6) as in (4), the operator e?* is 
identical with οὗ’; that is 


i 
1+ Do + i Dp + &c m DAH DP + be... (8) 
In order that this identity should hold, it is necessary tbat z, f(x), (a) shall 
be three functions of æ which satisfy (1) and (7), viz. 
| ρα +f)... (7) 
ψία) = 1+d(x).... (1) 


g(x) being put for —— Ji ) 
If we could then eliminate (z) from (1) and (7), any functions f, J, whose 
forms satisfy the resulting equation, will cause the identity-(8) to hold. 





For instance, suppose $(x) = ha’, then de = — x ; 
hence (1) 
-— 2 
| πο 
- — hf 
therefore (7) Γ(9 = ithe 
therefore 1 + ια) 4 τ Τα + &=1+ (pa -+ —— (=) + &e 
x 14-hs 1.2 Fie 
whatever be the operand. 
Again let us suppose f(x) = hx, then z = : 


I—ÀA! 
hence (τ) ψ is to be found from | 
ψ{τΞπ}Ξ1 μα; 


m log x 
WE) cue cj 


ια. seu) 
Thus 


ο... E Dh + 2... Ξπο-]ορί]-- -wtr (] — h)? 


S1 De. = Dz 





This is easy to verify. 
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II. 


On Segments made on Lines by Curves. 


By Miss CHRISTNE Lapp, Johns Hopkins University. 


The two theorems in regard to the segments made on a line by a fixed point 
and the intersections of the line with a curve, which are given in Salmon’s Higher 
Plane Curves, Art. 123, are special cases of a more general theorem, which may 
be expressed in this way: | 

Through each of two fixed points, M, N, a variable line, u, v, is drawn. These 
lines intersect in the variable point X, and cut a curve of the n™ order in the points 


My, Mg, .... Ma aNd Ny, My, .... My Tespectively. Then the ratio 
AMm,.Mm,.... | Xm,. Xm,.. 
ΝΑ. Nm ecce πιο A ses: 


as constant. 


For if A is the constant term in the equation of the curve, and if we write 
F'(0) for the coefficient of the term of highest degree in the equation transformed 
to polar eoórdinates, 0, for the angle which the line u makes with the axis of x, 
&c., Ay for the value of the constant term when the point M is made the: origin, 
&c., then we have l 


Mm . Mm... .= Ay : F (0,) 





Anpe accept Jr), de. 
Henee l | 
i Mm,.Mm,.... Xm. Xm... 
Nae Na ο οσο το... (2) 
| Ay ΡΕ. Ay F(5) κι... | 
πο uy BG) παν πο ny 


which is constant, since the.coórdinates of M and N are constant. 


When the points M and N are at infinity the first factor in (p) becomes equal 
to unity, and the theorem shows that the ratio of the products of segments on two 
lines of fixed direction through a variable point Æ is constant. When the 
variable point X is at infinity the second factor in (p) becomes equal to 
-unity and we see that the ratio of the products of segments on two parallel lines 

of variable direction through two fixed points is constant. It happens that the 
latter ratio has the same value as the compound ratio (7). NE 
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B II. 
On the Multiplication of the (n — 1 Power of a Symmetric Determinant 
of the n™ Order by the Second Power of any Determinant 
of the same Order. 


Bv Tuoxas Mum, M. A., F. R. 8. E. 


1. In Crelle's Journal, 1853, Vol. XLIX, p. 246, $3, Hesse gives the identity 

















a b w Ια b αι 
ὁ ο ο ὁ ο ο 
a b| [πι oP ο y Y Ὁ 
b οἱ | A a b m a b y| 
b ο ο b ο h 
4h ys l y: Ya Ὁ 














adding that in a subsequent part of his paper he would show of what extension 
the identity was capable. This he did in §6, p. 252. Starting the process of 
generalisation with his mind fixed on.the left-hand member, he reached the — 
proposition that ‘ The product of a symmetrical determinant by the second power of 
any determinant of the same order ts expressible as a symmetrical determinant.” The 
object of the present note is to show that for the same identity there exists an 
extension.in quite another direction, the starting-point now being the right-hand 
member of it. 


.. 2. Taking the symmetric determinant of-the third order 


a ὦ ο 
b d e 
ο e f 


and bordering it with pairs of the.rows of the determinant | αι Ys a | after the 
manner indicated in (1) we obtain six determinants; and making these the six 
distinct elements of a symmetric determinant of the third order, we have an 


Vou. ΤΥ͂ 
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expression perfectly similar to the right-hand member of Hesse’s identity. The 
condensation of this symmetric determinant leads to the following theorem : 

















a b ο αι a b c αι a b c m 

λα δὶ IP TEgT 

ο 6€ f αἰ |e e f Ὁ |o e f 9» 

yp, Ty vj Ὁ | tw ys] im m δε 0 

abe 4 b c δι ja be H a b c e; Wy oy P 
DIA OP a) ο αν ee a Goan ae 
ο e f Ys c e f Ys c e f Ys ο e fl | δι £9 
v, Xy Wy O| [a Νε Ys O | [a o  ϐ 

a b ο mu a b c 4 α b c m5 

b d e s b de & b dé $8 

p e f % HIT 

οι Ty wy Ü 4 Ys ys 0 h Z m 0 


The proof is exceedingly simple. From one of Sylvester's theorems regard- 
ing Compound Determinants (Philos. Mag., 1851, I, p. 297) we have 


[αι ὃν cs dy | | αι dy e e| | αι by es Jal 
“| ay ba ο ὧν | | αι ὃν δὲ e| | αι ὄν cs Ae | | =] a bs οἱ dy el | αι bs ου] 
[αι by cs da | | αι ὃν ος es] | αι ba οι | 


Replacing in this the determinant | a, b; ο, d, € Ja | by 








y Mou 0 0 


which is equal to — |o ys z; P, we at once obtain all that is required. 
The form of the theorem for higher orders is apparent, and is indicated in 
the title of the note. l 


1 
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3. It is worthy of remark that Hesse’s general theorem enunciated in (1) 
leads directly to another of at least equal importance, viz. Any power of a 
symmetrical determinant is self expressible as a symmetrical determinant. For, 
the first power being symmetrical, the third must be so also; therefore also the 
Jifth, the seventh, &c. ; and as for the even powers, they are known to be symme- 
trical in the case of any determinant. In the order of discovery, however, this 
theorem preceded Hesse’s, being used by Sylvester in the statement of the 
property found by him to belong to the equation of the secular inequalities of 
the planets. In this connection no proof was given of it except in the Nouvelles 
Annales, the editor of which, in bringing the property referred to before his 
‘readers, prefaced the statement of the same by a few remarks on determinants. 
To him apparently the responsibility attaches of discovering the theorem ‘Le 
produit de déterminants symétriques est un déterminant symétrique,” in order 
that the accustomed easy step might be made from product to power. 

BEECHOROFT, BISHOPTON, SCOTLAND, August let, 1881. 


IV. 


On Newton’s Method of Approximation. 


By F. FRANKLIN. 
Let f(x) = 0 be an algebraic equation. Newton’s method of approximation 
consists in adding to an approximate value, a, of a root, the correction £, 


= — Hot correcting the new value a + k, say αι, in like manner, viz. by 
adding — He) and so on. Fourier’s theorem concerning this method is as 


(αι) ' 

follows: If between a and b there is one and only one root of the equation /(x)=0, 
and if neither f'(x) nor f'(x) vanishes between these limits, then we will be 
sure to approximate indefinitely to the root by Newton’s method, if we begin 
the process at that one of the quantities a, ὁ for which f has the same sign as f”. 

The proof, as usually given, is somewhat tedious; the following proof is 
very brief, shows that a part of the usual statement of the theorem should be 
omitted, and gives immediately a measure of the rapidity of the approximation. 
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Λία) 
f(a) 


The Newtonian correction, Æ, is — 


A, so that a + ἦν is the root. Then 
0 (a 4- 1) = f(a) + ve + 5 f'(a + 0h), 

fe) 1 pe DR ΠΝ 
fa 2" Flay | 
so that & has the same sign as A and is less in absolute value than A, provided 
` f'(a + 0h) has the same sign as f(a). That is, the corrected value a + & (say αι) 
will be nearer to the root than a and on the same side of.the root as a, pro- 
vided that /" has, throughout the interval in question, the sign of f(a); and 
since, if this condition is fulfilled, f(a) and f(a) have like signs, the same con- - 
dition will be fulfilled for a,. Thus the theorem above stated is proved, with 
the substitution, for the words in italics, of the words if f(x) does not change sign. 
That is, only one condition is required, the one relating to the first derived 
function being superfluous: the geometrical Heer of this fact is obvious. 

The error after the first correction is 





Denote the true correction by 





whence ᾗ τ-- ---- 


1 gef D 

NIC 
i. e. it cannot — in absolute "- the product of half the square of the 
original error by Fay where F” denotes the numerically greatest value of 


f(x) between z =a and α--ὐ. 
_ Serret, in his Cours d Algèbre Supérieure (vol. 2, pp. 846-848), deduces by 
a long and somewhat difficult method the result that the error after the first 


approximation cannot exceed the product of PP by the numerically greatest 


9) 
(a) 
accurate than the result obtained above; and in fact it may be noted that /" (a) is 18 
necessarily the numerically greatest vals which the denominator, f'(x), can 
take between the limits. 





value of the fraction between v =a and g =b. This is obviously less 


` BALTIMORE, May, 1881. 


Simple and Uniform Method of Obtaining 
Taylor's, Cayley’s, and Lagrange’s Series. 


By J. C. GuasHan, Ottawa, Canada. 


In a short note in the American Journal of - Vol. I, p. 981, 
I have given Taylor's Theorem under the form 


—1 
Λία 4 a) z (1 — f da. LY fæ. 
I find that although this form is excellent as a merely symbolic notation, the 


a —1 
operator (1 — f da. =) introduces some obscurity in the reasoning if employed 


in obtaining the theorem, I therefore propose to show the real mS adopted 
in the note and to apply it to obtain Lagrange's Series. 

Tuylor's Theorem. Let « and a be independent variables, and fy, /y, 
a ate eae s f"y be continuous from y = atoy=a+a. 


Bno -ᾱ- fe +a)= thle +a) = fe +a), 
Λία +a) — fa + fdas’ (æ+ a) 
= fa 4- f da | fat f daf" (a τ a) | 
= fe + Spat f da [Ida (s +a) 
— fa tifo +i f'a + (f da) PG τ 


Wo +, 08 > è č + ', 9 ç wv 4. è 08 « :« » ë è çë e - :« ë k 98 .: αυ. 


. 
δ a 9 C4 4 4. 0*9 4. > 9 - ο ù ç è -. 8 08 ë g — 8 8 ë G : 


-—— 
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Cayley's Theorem. Let x, a, a, ἄν, . . . . . be independent variables, | 
and "U Faasi σσ es ae me τῷ ον ) be continuous from y= v to y= 


atatat+...+a,, for all integral values of m from m = 0 to m =n in- 
clusive. 


Since set le + ay + Jeg fetatat.. yee... 


ics 

=f fletat... J=f (ema TES 

wS(cta tat.. .j=fletatat... StL dap (a+ayta +...) 

=f(etatat...) 

ef dag} f (e+ ay + Jf ataf etatas...) 
E TE E 

+ [aa fs ο... .) 

—Jf(s aab) αγ... .) ΤΕ Era.) 


ο ot 4 ita ta 
4 fin, f a ee n e 


=fatutat... ) E (ea ο Bee a -- 


+ are (sa. [feda | IG mm.) 
in which 


[S a Poa (an, (^ "atc 7 7 n etra οὔ 


and [a |" n! | J da] = the result of retaining only those terms of the ex- 


pansion of (a +a +... a, —1)” of the form | 
Cas (αι + αν + ©. 8 + a, iur Mapa . dod. Bi) e a è œ 


which = the result of rejecting all terms of the same expansion, of the form 
Οααα"...... 
0 1 2 


In which na—1 >> l, npa m, 1»2,....t-- EF... n, a4 0n — lH. 
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Writing g Τον. dy uersa , the theorem becomes 
I , 
f = f(a—a) + E p (a — a, —a)4- . IIT 
ques = 
Εμμ” "(y —a—4,—. . Dd cs) + ER. 
Let {a}*==the result of retaining only those terms of the expansion of 
(Q@tatats.... + a, 1) of the form 
Casabat ya. TET 


and affecting each term with the sign (— 1)^7" where m = = + 7 -+ E pnus 


and the theorem may be written 
Jefe a ttf e—a... +E e a). 


At the time of the publication of the above theorem in my note entitled 
An Extension of Taylors Theorem, (Vol. I, p. 287,) I believed it to be new, but 
the following note published in Quart. Journ. Math., XIV., 53 (two years before 
mine), shows the theorem had been given long before by Professor Cayley. 

“I wish to put on-record the following theorem, given by me as a Senate- 
House Problem, January, 1851. - 

If ja+B8+y.. .$?denote the expansion of (a+ +y. . :)?, retaining 
those terms Na^0*y*. . . only in which 


b+e+d...pp—l,etd.:.pp—2, ἃο, &e., 
then 


w= (et ay —njab(etat By + on (n— D fat BP @ tat By 7" 
— Ln (n—1) (n — 2) ja-- B yl (sa +8 +y δ' ke. 


The theorem, in a somewhat different and imperfectly stated form, is given, 
Burg, Crelle, t. I. (1826), p. 368, as a generalization of Abel’s theorem 


(zb a = a+ na(s t By Fn(n— 1a (a— 28) (e+ 28y7* 
| pn — 1) (— 2) a (a — 36) (e 8B) + Be.” 
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Professor Cayley’s proof of this theorem, which we have taken the liberty 
to call by his name, is given in Solutions of the Cambridge Senate- House Problems, ᾿ 
1848-1851, pp. 94-96. 

Lagrange’s Theorem. Let and a be independent variables, u = x + au, 
and fu, fu, arse f"u continuous from u = v to u= g + apu. 


Then - =u- i = quf'u St 
τς πα) = () | (pay fas 
whence fu= fe+ f^ da, ($E | 
= fo + fide | puru ας 
SAt h parat h t er 1 


= fæ + -- T Φα) + (Ja) 5 X (Qu) y fu d. "T 


*. 9 è» ë « — 0*7 » — s, s ë g, à ç 9 - - * — 09 — 097 o ο 9 k e 0 - 








+ +e > 0^. ë 1: s) ë o — 09 09 — à - ^k - 4 E - A: 9 * ο - € — 


= fa F gefst... + x). I 


^ d N"—1 . 
CY) φως |}. 
It may be noticed in this connection that Lagrange’s Series can, like 
Taylor’s Theorem, be obtained by integration by parts, and that the remainder 


can be obtained in the form of a definite integral, thus :— 
Let x, a and a be independent variables, and 





u = æ+ au, v = v + (a — ajv. 
Then a oe 2—9 p» = Fy, 
dF dE df* d 
=n SE, na | ey =- |S fore By. 
Therefore | fr — fu = J da (5 fo) 





Λι ως dfv 
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Integrating by parts, 
EL Ts Ape . fs fs | a3, (90. e) 


= age. fa zh ΚΩ zie 








Similarly 
2d da [ 2. ae | (o Heeler} 


ο D) [eor 5 n 


< s 9% -  " 9" : ë ου S s g ë g ë y s g: ^ 8 —* g ë S ο. 








e ° ò% ò% o g 4.» »  * 8 (P9 .-» g g 4 a ) % 9S: - ^» 5454, 4 


i fie ta [360 (2 bp pee dfe H- 
AG) {ore} + ud pn CE £y [e Ma 


fu — fe TI oa Jo += = j are | + TIPP 


a / dw " d E uns hu πι. αυ 
tm) θα) ος faa [ar(ZY | oy 42 bY. 
"This form of the remainder corresponds to that of Taylor's Theorem ob- 
tained by integration by parts. (See also xx, of the articlé following this, 
entitled Forms of Rolles Theorem.) This form can easily be reduced to that 


obtained by Zolotareff’s method, (Williamson's — Calculus, 3d edition, 
p. 159), thus: 


hele LEY [o £p e 2y fo b ME 
-( fda | (a. Qoare ee al 
-(ᾱ) fa ο. 


P. S.—I find that a form for the remainder in Lagrange’s Seri ies was given 
‘by Schlómileh, Z4ouville, TIL, 390, eee: ) 
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Forms of Rolle’s Theorem. 


By J. O. Guaswan, Ottawa, Canada. ^ ` 


1 


oe ο PE ee 
Explanation of Symbols. , a . 

I. Funagfons of a Simple Variable. 1. Pasiune Form. (Rolle a). 3. Extension of Rolle’s Form. 
8. Lagrange’s Form. 4. Cauchy’s Form. 6. Special case of Cauchy’s Form. 8. Extension of Cauchy’s 


Form. 7. Forms expressed by definite integrals. 8. Remainder in Taylor's Theorem. 9. Remainder 
in Cayley’s Theorem. 10. Remainder in Lagrange’s Series. 


IL Functions of a.Comples Variable, 11. General Form. 12. Special Form. 18. Renisinder in 
Taylor’ 8 Theorem. 


Ezplanation of Si 'ymbols. | | | l 
(0<O<1. aub. Ὃ. "ON 


Da - | | — 4.7 ee 
* | an -- = an us +- 3 » è $9 : » i i a;n= a; 0°. ; Qm τ 


[fra] wef "a aim) a (a; m +2) UNE ae dain. 
[hae] vef] T 
[a]" QU (n — m)! | X a] — the remainder of the m of (a;n) T 


after rejecting all terms of the form ` 


1 t 
f 


C (a ; m-Ely- Lr am? P" 


| ἄρ mts 
in.which GE. apr Mm ab ο φ Ίος dots aei 


lad E cn deis A LAS VOR NE 


e 9 LJ 5 . * * . . a 


[a] = [a] = n ar ü 


* * 


mi> l. 
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Tf u-be a Smee variable, E 
5$ fu = the protensive (real) part of fu; 
3X f/u — the ditensive ey part of Ju. 


1. FUNCTIONS OF A SIMPLE V ARIABLE. 


* Fundamental For m. (Rolle &) Let Fr and F'z be continuous from «=a 
to x =b, and Pb — Fa = 0; then will τ η 

F'u=0. m 

À. proof of this theorém is given: in us every i book on the diei- 


ential calculus; perhaps the best is that by Professor Mansion 1 in. his ee 
d Analyse infinitésimale, ( Gand). 


2. Extension of Rolles Form. If fx, φα id fi: $c be continuous from 
αξ- ato x= b, αν then. will . | 


FJu:duc0. . Ἢ ο 
This form may be proved by reasoning similar to that employed to prove 
the Fundamental Form, or it may be deduced from the latter thus : 

. Let fo = Foo and μι = $a +.0 (ob — $a); then, since fx and ox are bork 
continuous from z = a to x = b, Fr will remain continuous while pa varies 
continuously from ga to.b, also Dy, Fipz = = D, Foz : Dox = fla: px is con- 
tinuous between the same limits. | 
Therefore by i. D NU EIU | 22 (a). 


But since Φα is continuous from æ= a to a= b, CÓ it need not 
always be intermediate between $a and ob, yet it must be capable of assuming 
any proposed intermediate value for at least one ‘value of: d between a and b, 
t. 6. μι--φμ. | | | | 
Hence D, Fu, = Dy, Fou = D, Fw: Dou = fu: gu, = 0 by (a) 

3. Lagranges Form. Let ώς and Fyw be. coritinuous from x =a to x = b, 
wen will 


Rb— Ra (b — a) Flu. οὔ 00. 0 ας 
| Fx ἃ 
Let | η 43M a. 
E! - 1 ‘ 
d ——— t mm " 
then . “= Hp πα ὅσα νος. 


hencé | | Hb — Fa = (b — a) Flu 
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4. Cauchy's Form. Let fx and Φφια and either, (A,) Λία and φήα, (Quz 0) 
er, (B) ᾖωτφία be continuous from «=a to = b, then will 





η l | 
fb — fa — AP (ob — $a). iv. 
ase A. Let = Nw EZ AN 
" δα gb—ga’ | 
l | μμ gi - 
MEZ ντος i51 NEM e : 
then "με a ETY 0, byi; 
" s T E 
whence, since $/pz0, fb—fia= ἐς (Φ--- ha). | ivy. 
EN AN φρο 
Case B. Let fo = rend fà—fa —fa |  ¢b— ga 3 
l 1 1 
then’ Few fie. Y 1. np by u.; 
l | pit pik -fib—fia φὀ--φα d m 
whence fhb — fha = Er πο. — ya). iv,. 


This is an analytical translation * the geometrical proof given by Pioneer 
Mansion in his Leçons, p. 24, and also in Messenger of Mathematics, Vy, 34-35. 
The analytical demonstrations usually given in the téxt-books apply only to 
Case A. 

. 6, Special Case of Cauchys Form. Let U., V,, W,, and either D, U, 
and D, (Y, — We), [Da (V, — W,)z0], or D,U,: D,(V, — Wa) be all continuous 
from «== ato s= b, then if 


τ 





ο... 





EX Per (e +a), 











| | ME 
Wm (n μεν JEN p 
it follows uM posu lv. that 
Om VL A g — pr fr (e 
U,— U =(V +W, — Vo Win HaI(I— gy e? P(e e οσο στρ)! 
For πο.” ( Λι ar (ea), 


md D Wm EST gih qa). 
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6. Extension of Cauchy's Form. Let fæ, flu, fie, fia,.... fm, fx, 





Die, φίω, dye, Paa, γον νος D,E, nx be all continuous from «= a to c = b, 
then will : | 
fey Ομ | Γι 
prm xo ec αν + 75 — fa | 
E σσ η | EZ | HE : 
oer + τ ως ZEE t ob — ρια = (), vi. 
Se, fæ | Jut 
Let Ρα a Tu tee 
να ο - tja 
- p Qa | Ont 
| pb—pa ρα 0 07 pe 
then i. becomes vi. 
Cor. If fæ = fæ = fax 60 . ^. ο 35 κι then will 
fb fa nf} ere 222 M E ο ‘H l Vil. 


Pa i Pra 
Fx being continuous, n must in general be finite. | 


7. Forms expressed by Definite Integrals. Let fo, pe, ψα, J fa. padae ind 
S fadada be continuous from g = a to æ= b, and fx=0 and (az, then will 


9^ fede. Ἢ ii, 


Let Fx —— ο 
"fogad -f| Λο.ψαάα 
then Ρ' NT [5 ene Loo IT by i 
a Jo. peda a Jo Pada 
| > gef’ uu 
consequently | f. 7 feeds . 


Cor. Ifda=l1, then will 


[arney [rots | | i 
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ο Eua 


vill. " P: Jz i piydyda a EE fu. f ὑηγάγάα; » eX. 


.... P f ΓΚ. = T Seda J^ T : 7 XL 
Similarly 4 fe d J edi ydo = f, feda. fi i fs eds © xii 
where S 1n 2 e d 8 (a — 9). 3 mE 


Let Re = s f "e Md let φῸ be finite, Integrating by parte, : : 
ES didi = fb.pb— fa. pa fifa pede 
= fop — P — fa (pa— q'o) d J'a (qe — o) de 


.. ο taf gate — fr ανα. | (9. 

y T hf o (So — fa) |. udo. 7 xiii 

Letc—a,then . m | 

| f eds = jo f pada -J fof φγάγάα `, | Q). 
| ο (fb — fa) | pode. | ΜΙ xiv. 


xiv. may also be obtained directly from ix., thus: 


Of feda = fb. $9 — fa. θα -- fife. oe 


by ix., i (of. pb — fa . p'a — (fb — fa) qu " 
mof pede + faf gare | " XIV}. 
T " = fb f peda — (/5— ja) fj a EE 


and also = fa ΜΚ φαί + (fb — fa) f gorda . "XV 
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The usual proofs of viii. and ix, are substantially the same as Moigno’ s proof 
of Cauchy’s Theorem, but no hint is at the same time given that ii. and vii. ᾽ 
differ only in form of statement. xi, for the case c= b, was given by A. 
Winckler in Sitzungsberichte der math.-nat. Klasse, Wien, UX, (1869). (y) was 
given by Grunert in Grunert’s Archiv., IV,.118. (8) was given by U. H. Meyer 
in Grunert’s Archiv, V, 216. xiv. xiv, and xiv, were given by Hankel i in 
Schlimilch’s Zeitschrift, XIV, (1869) . 

8. Remainder in Taylor's à Theorem, In the Special Case of Cauchy’s Form, 


let g = l= b; A. — a, eo, Ped aa DR ρα μι then 
v. becomes | Í 


petn- pere | - xh PET | 


n1 
δημ yen] 
ια 
+ / κ. M 
FUGA juri Ves D au] 
αυ. HEUS μα ώμο. 
"aT [gl (E — 0) Ie go * (o 3-08) -ρΙδ e jr Εᾷ OR e 


. R gives at once all the forms, exclusive. of those involving definite ae 
hitherto proposed for the remainder in Taylor's Theorem for a simple variable. 
Thus, if ψω be constant and ο--α, Καὶ will become the general form given in the 
Mémoires de l'Académie ... . . . ` de Montpellier, V..(1861—1863), and if in addi- - 
tiop=0, & will bini the special form given in the same.memoir, (Tod- 
"hunter's Dif. Cale., 6 edition, pp. 404-406). The latter form is also given by. 
Schlémilch in his Uebungsbuch, p. 202. 1f pzzm, E wil become the form 
given by Professor Mansion in Messenger of Math., Vs, 161. 

^ SIf px be constant, R will become a form of which the special case for 
k = q = 0 was given by Schlömilch i in Liouvilles Journal, IIL, 384, (1858); algo 
in his Handbuch, 1847. The forms of Roche (1858), Cauchy, and Lagrange (1807) 
are all particular cases of this form of Schlomilch’s. 

Definite-integral forms of the remainder can be reduced by viii. or ix. above. 


Thus; to obtain Roche's form.in. i f (s+ À) by D by parts, let 
the TENOS 
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| 1 k. , 
mI forte +h—vde 


ἽΝ | : E 
and consequently = E J gh? feria +h — v). vdo 
by ix. = OU ptt get (1 O f vti | 

| Gn—p path | 


alpen? i4 *0—94. 


More complicated forms.of the remainder can be obtained by employing 
the Extension of Cauchy’s Form given in 6. One of these has been- ώμο 
by Professor Mansion, Mess. of Math., Va, 162. 


9. Remainder in Cayley’s Theorem. | In the note T g this ο en- 
titled Simple and Uniform Method of Obtaining Taylor's, Ca yley's, and A 8 
Series, it is shown that - 


f@+am)= f zta; dA εἰς TA 

| "n i ΠΡ mi 
in.. which R= -[ fe da |: αγ aim "ue "T οὖν αν (0). 
yix οκ, ο pr n) af " ΠΝ 


πμ” ‘UP fat 8 (a3 nyt af, | [ο]... 


i n—3 d 
by πα = = (fel inp fie + 99, du n —1) + ΕΡΜΗ | 
zT f(a tain + aj") PE (e) 
i n] , d P LR ys 
Substitute a for x+ a;m and'0 for 1— and the above becomes > 
i n- I | : 
im Λία--ᾱ; 1) +42 f' (w—a; Dt. + BEE pote am 


ο an) | | E . xvii. 
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In ΙΗ. of An Extension of — Theorem, (this Journal, Vol. I, p. 287), 


the remainder 


ipri - P abeat) d I reet, 


and by I. of the same note, this 
s] re uim 


which is (8) given above. 


10. Remainder in Lagrange’s Series. Let x and y be independent variables, 


w= g+ yw, v= x+ av, u= g + bou and w,-—xd- uu also let fw, 


+ 
ες Ru rp. ψ (e — y), Ψ' (c — y) be all continuous from y — a to 

















bh. and νο 

Since | nd Sep 4 [ρω de 
πα ο [ee 

dia Fy= "t GR) | (Qu) 2 Af a 

η by iv., Fb = Fa + a 5) E'u; 

or, writing this in full, 
E de E ος 
μμ oe now ITO 

eec HOD BHM AY [gen es avi 


Ifk=6, c=b+Aanda=0 and therefore v =g and u = x + bpn, 
this reduces to Lagrange’s Series, or 


fu fa qeu. "M tex) ir fx] 
ο ο 


You. ΤΥ. 
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Let A= 0 and 4jb — b? *!, then the remainder will become 


(apti dN" Cg dit ) | | 
nl (pF 1) ΕΙ | quar A s 
For ψ (c — y) write J4(y + h), which may be done since ψ and 44, are both 
arbitrary, then making k% = b and a = 0, xviii. becomes 


ume d sg + OER E CE =) { (ρω) yi T. d 
Again for ψ(ο--- y) and ψι(ψ + h), there may be substituted functions of the - 
form of Wa, Va, or V, — W, of δ, or functions bearing the same relation to 
Lagrange’s Series that these do to Taylor's. 
In the note Simple and Uniform Method, &c., it is inn that if u = 
x + bu and v = a + (b — B)pv the remainder in Lagrange’s Series is { 


shale (Ey {coor |) 


wa a [ρου ς) {mre Lo] 
we O EEE fornt) om 


in which 4, = œ + 0bou. This is the same form of remainder as that found in 
xx. Had vili. been used instead of ix. in the reduction, forms like those of xix. 
or xxi. would have been obtained. | 


IL. FUNCTIONS or A COMPLEX VARIABLE. 


11. General Form. Let u = 2+ ijo, Uy = αρ F ἵφαρ, Uw = αι + φαι, 
v, = Uy θι (14 — πρ), and v = t + 06, (u, — uw). If da and o' remain con- 
tinuous while z varies continuously from z = a to x =m, if also u and p'u 
remain continuous from u = ty to u = ù, and if bw, — du — 0, then will 

Sd'v, —0 and Whr,=— 0. xxii. 

12. — Form. Let w = (u — to): (t — w) and | 

= (a — t) 1 (P — Puy) (Pw — Φ0) — (Fu — Fu) ar — Y0); 
and .° an (Fu, — Puy) Bw — (ty — w) (P1 — Φ0) Fu 


J.j— ¥,0 Pil — PO ay eT 
zx Fin — Pin= 5 Es — w) Flay} + 5 B $ (t — Up) F1. XXI. 
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13. Remainder in Taylor's Thoerem. Yn the preceding form let 














Fuz + 1) σι ΡΕ) Εν τν o EL pata, 
| ο. (ao) m" EXP qe wo), 
ο du) RETI PO lat. issu. ΜΟΝ 
| APG ο ο TTD EP p (de lu) | 
--[ψ, = EE onse + CE a+) 
πο} hat T Xia ..... ο 
[BG ο ο ο 
| ου xxiv. 
in which zr ue mm m Zn - LL dE Pus, (όν). 


" — qu — w) (k — rfr toe 
n Αμ ho 


Had it been TT that. 
Ψω-Ξ V, (αι + byw) —P, (a4 — ὄγιο) ae “φ (q+ byw) — D, (a —byw)+ &e., 


a general theorem would have τ. obtained of which v. is the form for a EROR 
variable in the particular case / = δι = 1. 

Taylor's theorem with Remainder is the particular case of xxiv. for A — 0, 
k= ùu, and ¿= 1. If in addition to these limitations, c — 5, y= f, and 
Uy, — Uy = i, xxiv. becomes (writing u for u) 


fu —l fut fu so une & 3 +2 ful 


το 





-[ϑιία }- 9) — 1 hat α γα + Eod I ον He fal | R 
[se {τ} E E EE ia] |e xxv. 
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. l * — P: ! (1 6y- σπα + 1 j T (u j 0t) : " i " 

m — Mice ERE TIC IET Prato). 7 6n). 
| R — 4! (1 — 09) ἩἩ ft tafe tu + 00b | 

and .. nl BU 14 Ἔλα F 0,8) | (73). 


See - Elementary Demonstration -οἳ Taylor's Theorem for Functions of an 
Imaginary Variable, by Professor Mansion, Mess. of Math. VIII, pp. 17-20 (1878). 

In this note I have spoken of Forms of Rolles Theorem because in reality - 
the various theorems differ merely in form, not at all in generality. Some 
forms are more convenient than others, and exhibit explicitly what the others 
contain implicitly. Thus Cauchy’s Form is not more general than that of 
Lagrange, but only sometimes more convenient; every theorem that can be 
proved by the former can likewise be proved by the latter. 


On the 8-Square Imaginaries. 


By PRorsssoR CAYLEY. 


I write throughout () to denote positive unity; and uniting with it the 
seven imaginaries 1, . . 7, form an octavie system 0, 1, 2, 3, 4, 5, 0, 7, 
the laws of combination being 


050, 1324:4--4:--5-6:-7---.0, 
128a, 145—58.. 1077s, 
.246—4, 267=%, 
i 347 =s, 05076, 
where e = +, viz. each e has a determinate value + or — as the case may be ; 
and where the formula, 128 = ει, denotes the six equations 
23= al, 81= «a2, 12— εὖ, 
32=— al, 138=— 43, 21=— 243, 
and so for the other formule: the multiplication table of the eight symbols thus is 


0 12 8 4 5 6. τ 
1 2 8| 4 δι 6 




















E l— 0| a3——42 &bi—&4| 5&7 





ο. 


9—a3l— 0| all ειθὶ εεὐί--ειά 












& 7 & 6 — 6&5. 





4 —&5i—406|—&7|— 0 &l ει.) 






εν 4|--- ες {|---ειθ[--- εεἷ|--. 0| 93 










e b ερ Ὁ & 4 |— e9 85A |— & 1 |— 0 
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Hence if 0, 1, 2, 8, 4, 5, 6, 7 and O, 1, 9, 8; 4, 5, 6, T denote 
ordinary. algebraical magnitudes, and we form the dede 
(00 +114 22+ 338+ 44-55 - “ουν ουσ 
this is at once found to be = . 
(00’— 11'— 22/— 88'— 44'— δΒ/--- 66/'— T) 0 - 


+ (01'4- ΟἽ + 423 + 445 + 667 )l 
+. (02/4- 0/2 -- 431 + £46 + 457 )3 
+ (03'-- 03 + ει] 2 + e477 47856. 9 
+ (04'-+ 04 + 451 + 662 + 2,73 )4 
-H (05'-- 0'5 + 414 + 6,72 + 6,63 )5 
+ (06+ 0'6 + 71 + 4944-435 . . )8 
+ (07+ ΟὟ + 416 + 425 + 484 )7 


where 12 is written to denote 19/— 1/2, and so in aier CASER. 


The sum of the squares of the eight coefficients of 0, 1, 2, 3, 4, δ 6. T 
. respectively, will, if certain terms destroy each other, be 


== (03 + TEES Pr DI 67 + +7’) (Cru 23 + 37 4- 4? + 6 + ΠΝ 23 
viz, the sum of the squares contains the several terms | 
6529.40 , 2623.67,  £&&91.40, — &g91.5T, 5512.47 , &&,19.56,  &e45.07 , 
&e,6,24.85 ; £,6402.. | 9 j £614.08 j EzE L.73 ) Eal 4.1 2 P &£,01.62 ; e,5 46.57 ; 

56920. 94, 5512.09, 5510.94, 71.95, 571.24, 5510.25; eye 47.56, 
and observing that 2] — — 12 etc., and that we have identically 


. 929.45 4- 24.58 -- 95.34 = zero, ete., then the three terms of each m" 
will vanish, provided a proper relation — between the e's, viz., the conditions 
which we thus obtain are 


EE — -- Eyer = — £g 

€j£g — — Ege — Eg Ex 

EyEy —— ~~ Egg — 777 Ελ; : 

EEs — ἐβ-- Eg 

EE — Egy == — Egg, ο Be? 
Ειε = ---Έμει EE, 


ἕρξῃ = --- ΕΕ — Ege, . 
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We may. without loss of μὴν assume εἰ = & — E= = ER the equations 


then become a — ΕΞ ἕεξρ 
| -FH = — &48 = Eser 
+= — 86— μι 

&—=—& = — & 

& — &§ — & 

Επ : 8g Ξ---Ξι 

εΞ--ει = & 


and writing 0 = + at pleasure, these are all satisfied if --- g= & — ει = E. 
The terms written down all disappear, and the sum of the squares of the eight 
coefficients thus becomes equalto the product of two sums each of them of 
eight squares, viz., this.is the case if ει = a= & — +, — & — & — ει & — 0, 
0 being = + at pleasure: the resulting system of imaginaries may be said to 
be an 8-square system. 

We may inquire whether the system is associative ; for this purpose, sup- 
posing in the first instance that the e’s remain arbitrary, we form the complete 
system of the values of the triplets 19.3, 1.939, etc. (read the top line 19.4 = 


— a0; 1.29—— 40, the next line 12.4— 67, 1.24— 6,7, and so in 
other cases): 











12.3=|1.23=|— 8a a I0 |. | 
19.41.24 -- ξιξρ 83841 7 23.7 — 2.37 = |— ειξεὶ--- ££ 6 
:]12.5 = 1.25 = E187 | 77 £865 θ 24.5 = 2.45 =|— ee, — ξιξὰ 3 
12.6=|1.26=||—ee|—aeal5 124.60 =|2.46 = 0 
12.7 =|1.27 =| — se aal4 124.7 =|2.47 = 1 
113:4 =]|1.34 =|| — se| — eil 6 25.6 =|2.56 = l 
13.5=|1.35=||— se| δει 125.7 =|2.57 = 0 
13-6=|1.36 = &&  Εε]ά 26.7=(/9.67= 3 
138.7=|1.37=]| se| — £| 34.5 =|3.45 = £63 | 2 
14.05- 11.45 --]|--ε, —a |) 194.6—-/3.46— 1 
14.6=|1.46=]| ae) ει}  |947-2]|3.47— 0 
14.7 21.47 = EEs — £69 | 0 35.60 =13-56 = —& |0 
15.6=|1.56 =||— ge,|— &&!92 95.7 =|3.57 = 1 
15.7=|1.57=||— ae) 18513 40.759.607 = 2 
16.7=/1.67= —e |--ει |0 45.6-|4.56— &&5| — &g&y 1 
98.4--|9.84-- E183 | — E€ P 45.7 =|4.57 = 6 
23.5 =12.35 =|| — aa — sel4 146.7 =|4.67 = 355 | Ὁ 
23.62/2.36— &j85| — &&| 7 56.7 25.67 = && | 4 
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Write as before ει = ει = & — +; then disregarding the lines (such as the 
first line) which contain the symbol (), and writing down only the signs as given 
in the third and fourth columns, these are 





ες | — 8g + — Ég& 
& E4 DES 7 8486 
£g | — Ea — 86677 
—&|—& ει Eg 
—- & Es | — ες £s 
+ | — ειδε ειδε] — 
— q77 8 — &g&g| + 





and we hence see at once that the pairs of signs in the two columns respectively 
cannot be made identical: to make them so, we should have e = ε., e; = — ες, 
& = ge, that 18 e, = 8 εξ — &, which is inconsistent with the last equation of 
the system — ge = +. Hence the imaginaries 1, 2, 3, 4, 5, 6, 7, as defined 
by the original conditions, are not in any case associative. 

If we have & — & = & = -+ and also -45E mu, that is, , if the 
imaginaries belong to the 8-square formula, then it.is at once seen that each 
pair consists of two opposite signs; that is, for the several triads 123, 145, 
167, 246, 957, 347, 356. used for the definition of the imaginaries, the 
associative property holds good, 12.3 =1.23, ete; but for each of the 
' remaining twenty-eight triads, the two terms are equal but of opposite signs, 
viz. ]9.4=—].24, etc.; so that the product 124. οἵ " such three symbols 
has no determinate meaning. 


BALTIMORS, March Sth, 1882. 


On Certain Metrical Properties of Surfaces. 


By Tuomas Crate, Johns Hopkins Uniwersity. 


First consider a surface in a space of n+ 1 dimensions. For brevity in 
speaking of spaces of any number of dimensions I shall use the symbol (com- 
monly employed) Ma1; this is taken to denote a space of n + 1 dimensions. 
A surface in M,,, is understood to be expressed by a single relation between 
the n - 1 coérdinates which determine the position of a point in M,,,. De- 
noting thege coórdinates by z, where t= 1, 2, 8... »4- 1, the equation 


; | P (m ta. e nga) =O | 
is the equation of an n-dimensional surface in M,,,. Since we have one re- 
lation connecting the n + 1 quantities αι, each of these may be given as a func- 
tion of n independent variables t ty . . . Up. 

Denote by af the differential coefficient of x, with respect to tẹ, then 
da, = adu, + afPdug +... + adu, ; 
also denote by af? the second differential coefficient of x, with respect to w, and 
1, then | 
Pa, = Pdu + 2adu,du, + 2a@druyduz +. . . + ada. 


For the element of length ds of a curve traced on @ = 0, we have then 
í-n-d-1 s 
dè = EX aP dë + Σα d +.. . + Sa duk 
1l 
+ 2xaf9af?du,dus +. . . + 2xXa(? τ adu, ιτ. 


The limits of the summation have only been written once, as they are of 
course the same for every term. For brevity, write 


E, =a af +... bat” 
Ej, = α θα + a®a® + ο oe aa; 
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- then for ds we have: S i 
de? = Endi + Εμάιιάιη +... + Es dujdu, +... + EL dul. 
From the quantities aj? form the Fena of Pu 


af a... apto 

) 3) ^-- 1) 
af of ....aj si 
α a® 2... aH] 


is the first. There will be n+1 of these determinants each of the degree n; 
squaring these and adding, we obtain, as is well known, a symmetrical cae 
minant of the degree n, viz. 


Κι δ Eg Ern 
px Fu Κα Eg sn 
? 

E i, Eps dis 


of course Ey = Ep. 
The differential equation of the surface d = 0 can now be written as 
| Ada, + Αμα 3- . . + Als dey 41 = 0. 


. The direction-cosines of the normal to this surface at any point are 


A, A 
αι Ag; à Ὃν ἄμμι =e yc m 





The elément of area of the surface Γ᾽ will be shown hereafter), is 
ds = Vdwudu,. . .dwu,, 


or by virtue of the above relations, . I m i 
dS — (md + 2545 "aci ap oy 1-Ay 4-1) ld, 
Suppose we have now a second surface 
| PY. . Yap) = 
connected with the first by the relations i. 
ιΞξ nm... Qs Έτ) $—1,2...n--1. | 
Denote by βι, Bs,- . . 8.41 the direction-cosines of the normal to this 


second surface, and by B,, B, . . . Δι. ει what the determinants A, of the first 
surface become for the second surface; then writing 


U’ = Bi + By + a Ba 


t 
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we have B = — 
and for the element of area 
dz, = (βιΒι + BB d... Da i Bati) Tide, . 


The ratio between the elements of area dS and dX is 
dX σ 


Annainn 


dg cue" 


Now V mey obviously be written in the form 





σι Gg Gg .... O41 
Du m. Um dos pi 
du du, dw ^ dy, 
va πι dm dw . di 
"| du dw d '"'' da | 
dm o dm dm dn +1 
dus, du, du, ^ ^ dw, 
and similarly, denoting by (5 t) the quantity 
dy dm, , dy de, EM nta, 
dv, du, ^ de, duy ' ^ U] denpi du 


. we may write | 

is ^ Á a x ΓΤ 
τῳ a) ae a 
dy, dys dys Yn 4-1 
ο GU 


9$. > 6 ù 89 ^.^ * ^^» k ^» ^» Ww 4 ^» » ^à ^ ο A: G ë G: 9*9 4 


105.5 do. 4 
d) sien du. 
The direction-cosines of the lines of intersection of the surfaces w taken 


^ — l at a time with the surface ® are 


E NU DEL 
α/ Ea du ^ Eu du ^" ARE du 
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and so for the remaining cases. At the common point of intersection of these 
lines, the normal (a) is at right angles to them all, and so : 





de, da, dos, "m 
95 dus Kr m cb Ong = 0 $—1,2...m. 
Also af +of+...+0%,,=1. The determinant U may then be replaced by 
βι Bs 0... βαν 0 
SY (d (1), "Xo, απ 
di, du, du, 1 i du, 
g ἀν dt | mn. σα, 19 
du, du, . . * * di, 4 du, 
ML dy dy; dis 4.1. v 
ὅσ. n Σα. Ὥς — Σα; da, , Σα: 
This is howéver the product of two determinants, viz. 
β d dh dy, 
ο. ὧν da^ dengi Bp d^ ὧν dyi 
du, din du, : dat, das dos 1 
UE Ilias —«—— c ene ae eee lies Ge ee 
o 2m dm denta B ἀγα dynt dys 4i 
du, — du, du, "ti ὦ, da dz, 41 
0 αι ἄο Ont 0 Q4 Xs ae ue s Og 1-1 


The first of these is however equal to V, so we find for the ratio of the 
corresponding elements of area on the two surfaces, 











o % oT - 
de, da da 1 
B m ὧν dya 
d Ὁ ? da dax dingy |. 
d$ ^ V Tv." 
β ἄγει Yngi Os, 4.1 
n+l 
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This is rather an interesting formula, and one which I have not been able 
to find given anywhere else; I actually obtained it first for three dimensions, but 
the generalization was obvious and attended with no difficulty, so for the purposes 
of another part of the papér I prefer to give it in this form at once. If we 
denote by αι, a%, x, the codrdinates of a point on an ordinary surface, and by 
Vi; Ys, Ys the coórdinates of the ‘Corresponding point on a second surface, we 
have * 

β dy du d 
1 


de; da dr 
ds ὐὁ 1β S M oj . 
qd vm dz; da, dr , say k. 
ds a 
g, 2^ dh dys 
? de deg da | 


Ü am 0$ αι | 
Suppose the second surface to be a sphere of radius unity, whose radii are 
parallel to the normals at the corresponding point of the first surface. Let the 
first surface be given in the form RT 
a = $ (αι 23) 
and denote by p and g the first differential coefficients of x; with Pr" to 
x, and q; also as usual write 7, s, ¢ for the second differential coefficients of a, 
with respect to a, and z. 
The second surface is ts 
Wcuxutya-l; 
this is satisfied by writing E 
| . Hug μμ 
where Q—A/1i--p!'J-g. The ratio between the corresponding lement of 
area on the two surfaces is now | i 
» ατα A+es—pt ϱ 
QU . Q4 79 
La, ατρο--ρ (Η{ρ)ί--ρ o 
Q' F ϱ' 


LL pts o pret 4 

ο ο P 
0, ^ £, 4, 2. 
| Q Q Q 


* Some time after the above had gone to press I was informed that Neumann had stated this theorem, 
without proof, for space of three dimensions, in Volume IX of the Mophematisohe PME C. 
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This reduces to | AN 
p, (ckg)r—pes, (1 1 g)s— pat 
αι g, αερα, (L-Eg)t— pee |. 
id —l, prt qe, pet κ 
Multiply the first row of the determinant by p, the gecond by q, με the third 
by — 1, and add the first two rows to the last: we have then 


A | QE g)r— pe, 4 g)e—pet |. 
(1 + p)s— per , (kp) | 
Expanding this we have finally 


PE ri— 8 


| ρε | 
or calling # and Æ the radii of curvature of the first surface, 
! 1 


k = uu: 


RE 


the measure of. curvature, ΒΒ it should be. The reduction of the determinant i in 
the case where the equation of the first surface is in the form 


D(x taz) = 0 | 
ig & little more complicated, but attended with no particular difficulty. "We of - 
course must arrive at Gauss’s expression for the measure of curvature in this 
case. The quantities αι, αφ, a, are the direction-cosines of the normal to the first 
surface at the: point (x), and βι, 9,, Ê; are the direction-cosines of the normal ` 
to the second surface, or sphere, at the corresponding point (y); then 


A, A,-A 
αι, ἄρ, = βι, Bs, By y' vi 


and of course 
_.Ar dac Ag 
Ys Ye θε Pp τ' p? 


since the sphere is of radius unity. Consequently 


4 b a dd 4 d 

Y' dy Y' iV! dq 

A 4d A d A. d Αἱ 

T Y^ da Y^ dq Y! BT 
d$7^*—7|A d A d A d Αἱ 
| pM oe aut ute 
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The reduction of this to the ordinary. form is quite easy. Write 


A, A, A l i 
| py" py' ΟΝ cos Ôg, - 
and we have | 

. Ü 
cos 0, , — gin &, ^ ; — sin o, 2 cin s 
des da z 
NE cos θε, EL — sinh 3. — sin 6," 
: dé 
cos θα, —sin 8, 7 ; — sin fs TE — sin θὲ y^ 

0, cos 6, , = cosb, cog θε, 


Multiply the first row by cos θι, the second by cos 6;, and the third by cos 6,, 
and add the first and second rows to the third. The third. row becomes now 
1, 0,0, 0; interchanging the third and fourth rows, paying attention to all 
the signs, we have 
dó, dô dé, 






| | dm ὧν h 
(Soa db, d$, dh, 
cos s da, da, dzs 


cos 6, cos 6, cos θε 
Now 
d ὧι, d du, d ; » 
de de du ' de du 
changing in the determinant differential coefficients with respect to æ into differ- 
ential coefficients with respect {ο αι and u, we have after some easy reductions, 


s 1 | peA doei Sa Et feo rant du dw, du, dw 


+ —— 


————M— tinam D e 


cos bs du, dus ds da, dag da, dit, 
du, du, din du, du, d du, d 
+ cos 6 ἂν eo ἂν) 4 eos, r 
- Denote ny Ey, En, Eq the determinants . 
Pu Φα dm) | da dm da | | dim du du 
dui dà dé dud, dedu dedu. di: d d 
de, de dm | | dm — dm ^ dm |, | dm dm dm 
du, dw dw du, du dh du, du dw | 
dm, de, d de ὦν. dw |. dm de dm 
du, du, ἀν deu, du, ο” du, dt, du 
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The quantities A,, A,, A, are the minors of these corresponding 1 to the 
constituents of the first row in each. We find now readily 








ied. did ud (BaBa — Εξω) = + (BaBa — Ea Eo) ας = 

tata dba hIG E] 
Sore d A τ] (Bila — ly) αν + (S; = BaBa) e] 
OET 


ο εν Substituting these values in the first factor in brackets in the expression for 
_ k, we have, after easy reductions, for this factor the value | 


Ey by bys da, dz, da, 2) — A; FE ss STO Ei 


PE Ndu du — du, du, νε 


The remaining factor in brackets becomes obviously 


At ATA 1 


E Eg — Eg 
- 0, Zu . 
= 008 E y 


ve y 
So finally collecting all the terms we have 
y — Balin — E3 
LINT 
or in the ordinary notation, 
| i k a E σ΄ αμ A? 
| (EG — PY 


the well-known form for the measure of curvature. We have, then, the theorem 
that if cos 6,, cos θε, cos 0, are the direction-cosines of. the normal at any point 
v, y, 2 of a surface, the measure of curvature of the surface at this point-is 
given by | 


























Ὃ -desh dcos 6, ‘deos θι 
1? dx z dy ^d | "TE NP 
`  deo80,  dcoBÓ, dcos 0, | 
yz id 0, , ΕΞ dy T 
> d cos 6, dcos 6, dcos 0, 
COs 0, J d dy d 
0 cos 6,  :cos 0, .cos 6, 
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or again by TE 
| dé, d, dé, 
dv ` dy dz 
pe) ga, -ᾱ- 
QS. tar a we 

cos Ô, cos@, cos Q; 


There are of course two other forms similar to this got by advancing the 
sufixes of 0. The bordered determinant whose value in the general case is Æ 
may in like manner be shown to be equal to | 

y" 
qii 
where V" is the result of accenting all the letters in V just as has been done in 


i . y! 
the case of an ordinary surface and a unit sphere, so that yii the measure of 


curvature of a surface 
| $(zzx...9,11-—0. 
in LN , the unit sphere being 
| Yi Yid... + YLu—l. 


The correspondence between the surface P = 0 and the n-dimensional unit 
sphere 18 of course just the same as in the ordinary case. The direction-cosines 
of the normal to ® are | | 

0, ὃ 0, is 


Q ο dones Q 


‘the subscripts indicating differential coefficients and 





n-e l 
VES E 
1 


The required correspondence between the surface ® and the sphere is pro- 
‘duced by writing 
are 

Consider consecutive points on both surfaces: on the surface d» these are 
given by 

da, da» 
ο uas {αι + FE dy, ay πρ, du, à .) 


Vou. IV. 
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and on the sphere the corresponding consecutive points are 
| κ 
(Y,) and (Xn du. du, ) 2 
Consider two other points (£) and (x) lying in M, χι, one near ® and the other 
near the.sphere. Denoting now by G and T the volumes of the small parallel- 


. opipedons formed by these two systems of points, we have as is well known 
(vide Beez, Mathematische Annalen, Vol. ue 





E£—$ bg — ay Eatin Qs 4-1 — Wi: Ng Ys- + + Mati Yat 
de, da dsl e" dys - ἀγα 
du, du, du du, du, 5. du, 
d da : de . amr 15 _| dy dy, γα ει LE 
Uc du. du X d iu uci S dus πο 
dm ἄν danı dy ὦ dys 1 
du, d, du, di, di, du 


The minors of these determinants corresponding to (£ — x) in the one and 
(n — y) in the other are obviously the quantities 4 and B of the earlier part of 
the paper ; and of course i | 


SAP a Ves BB D 


and 


Call the distance between the points (x) and (£) δ, then expand the above 
determinant and divide through by Τὸ. Πάα,; this gives 


G A, . e — ti 
δ. πια - 


Now ci D are the direction-cosines of the normal {ο ® at the point (x), and 


(5) are the direction-cosines of the straight line joining (2) and (ἕξ). De- 
, noting by 0 the angle between the normal and this line (a) we have - 


ο 8I A, ξι----ι 
cos 0 = Σ i Er d 





. and consequently . 


- 
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G is the volume of the mpm ὃ its slant height, and obviously ὃ cos 0 
its altitude ; consequently χρη oe 2 18 the base, or the element of the surface ® is 


given by the παει; γ. n dai, - 


This is the value of 28 that has η employed. The proof that I have 
given is similar to one given by Beez in the Math. Ann.; but as I obtained my 
proof before reading Beez’s article, and as the two proofs differ considerably in the 
methods of working them out, I let mine stand just as I obtained it. It is 
obvious that for the correspondence between the sphere and the surface d 
required in order to find the value of the meaaure of curvature, it is only neces- 
sary to write 


A 
| cid 
and so 
dy; 1 dA, dV 
du, V? | στα 4,5} 
Consider the determinant B,, 9. e 
dh — d dys 
du, dus dus, 
1™ | dà dy ty 
dynt1 «γαι 00 dys 4i 
du da '"''' du, 


Substituting in this the value of each constituent as given by the above 
formula, we find after simple reductions, : 


y" A, | As ` Anpi 
147; dA, dA, di 
2 du du dy du; 
p—_ L| 147; dA dA dA, μι 
1 Pat) ο duy du ’ di ' dus 
1dY* dA. dA T M 
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: a+ 
Now since v= Σ A?, 
. dV y ds dA, 


P AG, T 55 da 





dÁs 41, 
BE ac Sd x4 


so multiplying the second column of the determinant by 4,, the third by Ag, ete., 
and subtracting the sum of the products from the first column, we have 


A; A, ‘ Anat 

dA, dá — dAn+1 

A, ἄν da du, 
B= pari gh ie ο, ody shir ο.-αν he oes 





ee δω du 7 du 
ERE: NT 3 
Gey ὦ. «πει 
du, dun ` diy 
" also 
i=n+1 
Se, ae t 
: i=l dun, 
differentiate this and write as above 
d*as 
Ba = eT 1 du Jud. edu T 28 dudur ΕΝ, ) 
ae CE: da, 4,95 des ) 
-- du, du, εχ” du; d 


Now ποια. together the last two determinants, we find readily for 
the measure of curvature the value 


U 


k= Vrta? 


where U is the determinant formed out of the accented letters E; in the same 
manner that V is formed from £,. 
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It is not necessary to go into the proof that the determinant 


4 d A d Αι 
V du, V du, V 
A 47A dA 
Vo du VO du, V 

da d As 41 d ἄν μα 
V du du, V 
0 Ay Anl 

| V V 
reduces in this case, as in the simple one of n = 2, to the ratio 
σ 
Prnt? a 


and consequently that this bordered determinant gives the measure of curvature 
for the n-dimensional surface ® = 0 in M, da | 
In seeking the expression for the radii of curvature of the surface b = 0 at 
any point, it will be sufficient to consider the case of n+ 1— 4. 
Denote by £j, £j, £4, & the coórdinates of any point on the normal to ® = 0 
at the point 2, Xa, £z, %4; then 


& yt 45, ee ος 4. 


Suppose (E) to be the point where this normal meets the consecutive nor- 
mal, then 


da, + Αλ + AdA, = 0; 
deo, = αἲ ἅωι + afPdu, + ag? dus, 


and similarly we may write 


dA, = Adan + APh + Apdu, ; 


but 


consequently 
(af? -+ 2AP) dar +. . . + Ada = 0, be l 25:9 4 
Eliminating du,, dih, du, and da from these we obtain 
ay + AAP, αὖ + 2A, α + ad, 6 
ay + AAP, ay + adp, aP-d-AAP, Δ, 
αβ HAP, aV HAAD, αὐ FAAP, A, 
a+ Ad, af HAAP, aP HAAP, A, 
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Calling ρ the radius of curvature, we have p! = I (É, — n) = 2V’, and conse-. 
quently . | 
A= Y 
Substituting this in the previous equations and n one simple reduction, the 
equation becomes 

| ESV-gEAfaP, EV+ pSAPa, EyV+ pEAfa? | κ 

EnV + pEAPaP, «Β-Γ pEAP af, ESV--gxADap |= 0. 

Hy V + p Aff? Eg V + pii » Ey V + gXAPapP 

Introduce here the accented letters E',, i 


Bp = ABR + AIR AI + AY 
in which | 


Differentiate the identity 
l . j—4 
Σ A; αὖ) = 0 
j= 
and we obtain 
j ` j=å 
X αὖ) AY) zc E Ag 


There are in all six uo of this kind; the quantities on the left hand . 
side of each of these equations are the odeien of p in the above cubic equa- 
tion, while the quantities on the right are equal to 

— En, — Lg, — Eg, — δα, = ar, — Eg. 
The cubic equation for the determination of p snk now | 
Enp — EnV, Eyp—HsV, Egp— EnV 
Enp —EyV, Egp— EV, ἕρ-- Βα |= 
Enp—EyV, Egp— EgV, Ezp — Eg V 

The equation for the determination of the radii of curvature of D=0 in 

M; n is obviously 
Enp — EnV, Egp— EV .. . Enp — EnV 
Enp — EnV, Eyp—HyV... Emp EnV | 


* 


. ; l 
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The coefficient of p" in this is U, where as before 
| ζ'--|Βιὶ, Pln 


and the constant term is V**?. Consequently denoting by pı, ps. . . p, the 
roots of this equation, we have : » 





M LUN 
figa p Vt? 
the value of the measure of curvature. 
The equation . 
S " pq 
is the differential equation of all surfaces developable upon the n-dimensional 
sphere. - The result of equating the coefficient of p to zero, i e. 
gp... 


corresponds to a class of surfaces similar to surfaces of minimum area. 


Denoting by αι, αρ, ag the direction-cosines of a normal to the surface 


| (m,2,2,) = 0 and by βι, Ba, B the direction-cosines to the second surface at 
the corresponding point, write . 


_ da da- da 
h, l, a dw | du, 
da, das 
Mi, "TM, m = A du, 
48, di, dhs 
Au e Hát dut Ta 
.. dg dp dhs - 
hs Pn P du μ᾽ 
Then obviously 
σι Gg Oy 


ἡ & &\= Vk, 


my m m 
and, calling K the measure of curvature of the second surface, 


βι B βιὶ 
à gg |= OE. 
hy e 681 
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Take now the determinant 


7 | \ By ‘Bs Bs 0 0 
| NOE XE 
μι Us us. ὂ 0 
du dw du EHE —P 
du du du V V 
dy, d& dw P € 
| | du du du V V 
This i8 obviously | 
= Pk. κ. 


Substituting for, &c., their values - 
dy dy dm | dy da dy ἆπ go 
du 7 de, du t de, du τ da de? © 
this determinant is readily seen to be equal to the product 
| i d d d 
As dde De το = IM 


dz, dz, diy 
dh dy dy 
K d& dw An]. 
Ag Us Ês- Tn, dz; di, : 
0 0 0 m α αρ | 
000 LL & 
0 0 0 m, m, m 


This is obviously = V*ULK, so that no results of any consequence can be . 
obtained by bordering the functional determinant o 


d (2122) - 
in this manner. Take the determinant j 

-o dm da d dw ds 
du, du, dz, da da, 
(de da dy dy dy 
du, du da, de dit, 

de dm ἄγ. dy dy [oA 

du, du, de dm dam | 

Q 0 ὦ. dà dm 
du, du, duù 
dz, dz, dz 
0 0 DUE es 
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and multiply this by the determinant giving V’, bordered in a suitable manner. 
The product is m found to give 


" du, du, du, 
[ μι Xam a ασ 
E dus dus dius 


SA ον xA oh z sa% = 
=a . ASA, n E 4 AEA, dn. z ΑΣΑ, dh x 
— — P424, " : 


dai for 2 ZU. the value . 


and dropping the factor V?, we have 
(TEASE RIASEEASÉ. - 

The first of the factors in this expression is dii to the cosine of 
the angle between the normals to the surfaces ᾧ -- 0 and u = const. The second 
factor is proportional to the cosine of the angle bétween the: normal to ᾧ = 0 
and the tangentto the curve 1η = const. traced on the second surface—say 9 — 0. 
The first factor of the last term is proportional to the cosine of the angle be- 
tween the normals to = 0 and wu, = const., and the last factor is proportional 
to the cosine of the angle between the normal to ® = 0 and the tangent to the 
curve u, = const., Y= 0. Call these angles 9j, Φι, Os, Par and write 


dy dy, : dy; dy; ie 
σσ, ια = (Ja W= θε "du, du, "ad 


m T= L, 5 (2 PA we have then at once 
— A= V! (ILL cos 6, cos φι + DM cos 6, cos φεὶ 


μα. AE x4,d 


If the surfaces u= const. intersect ᾧ = 0 orthogonally, we have cos 6, 
— cos 0, = 0 and so A= 0. If cos $ = cos $, — 0, all the normals to the sur- 
face ® = 0 will be parallel to the normals at the corr wo points of tb — 0. 


Vor. IV. 
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es The determinant JM 
i d (ss - - . 0324-1) - 
d (σσ... «Ὁ μι). 


bodel as above will lead to a similar result, viz. 
— A = V*2H, L; cos 0; cos φι. 
Denote by xyz a point on the first surface, then - 


-Ὁ Yo οἱ 
Qe ἂν de 
ES du du du |—cos0, 
do dy dz 
de ἂν ^d» 


0 denoting the angle between the radius vector from the origin to (1). and-the 


normal, and v = VeHy +A. - Denote by p and 4 the — radius 
' vector and angle on the second surface, then 











E π d 
"Past αλ ΣΈ. 
e du du du |= cos 4}. 
Bu D due o 
dv | de dv 
Multiply together the two determinants 
d d d | 
τ. ΠΤ 208 3 
dp dp dg ὦ ὦν ἃν 
ty X wal lo de ἃ te 
> “de “dy d dy do do 
0 a b ο] {9 αν : 3 


a, b, ο being the direction-cosines of the normal to the first surface’ at t (ey) 
9 product of these two is readily found to be l 


E n ¢ 
ας dyn ας 
=v CO8 0| du du du |= v cos 0. p cos sj 





| dv : de dv 


κ" 


-—— 
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therefore 
d; d: ας . 

τρ Μο 

1! ο NS 

cos Jj za — ‘de dy de 

d; ας dt 

: dz dy ds 

0 a b ο 


The ratio between the corresponding elements of area on two corresponding 
Surfaces (xyz), (D) has been shown to be — 





ae Urs e 
* “de dy ds 
dy d 
B = qe a | =— $ 
dt dp k 
Tv uw y & 
0 a b c 
This can be given in a different form in the case when the surfaces 
E =F (xyz) 
n = Fa (xyz) 
ς-- Κι(αγα) 


are orthogonal. The coórdinates of a point on the second surface may be coi: 
sidered as given by the intersection of the three surfaces 
F = const, F= const, F, = const. 
The conditions for orthogonality of these’ surfaces are, writing E, η, ζ in 


. stead of fis P, Fs, ! 
de dp | di dq , d dp 


ur idm dy ay τ... 
«dy dz , d» dt , dj dz _ 
usu dp a de ee 
K di , dt di I: 


ο τα dy dy a ds dz 
Find the product of the last given determinant and the functional deters | 


minant 
d (590) 
d (σης). 


ο ρα by 1, 0, 0,.0 for ita first row and by the- same for its first column. 
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Write | -— Ea EN 

AER 
eer 
(a) G+ =" 


We have; then, for the required product 
B a B y 0 
=E 0 0 Ecos | 
0 H* 0 Hoos 6, 
0 0 2) Zoos 0, 


. where 6,, 9, 6, are tho angles which the normal to the original surface makes 
with the normals to. the surfaces E, η, C at their common point of intersection, 
Expanding this we have 


. BAZ} HZa cos 0, + t cos 0, + E& Hy cos T 


and ης 














— EHZ | 
Y^ d (£t) . | aza cos 0, + Zi cos £5 + RHy cos ^ | 
d (xyz) | P 
or | 
eee m ΠΣ 7 TE 
& H Z 
d (xyz) 
If we denote for the moment by n 
| | αι. βι Yı 
a, s- 7: 
as Dy γε 


. the ιο E of the normals to the surfaces £, η, ζ spitting: we 
have 











" | | αι B γι 
ἀ(ξηξ) i 
8. 8 
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. and consequently 


| "^" ee cond Ben y cos 0, 
ag? εε πρίν + +t. 





Te 

Of course a similar formula applies for.a surface of n dimensions in M, +y 

I will now work out a few simple properties of curves in a space of more 
than three dimensions. The results obtained are (with one exception which is 
referred to below) I believe new. For simplicity, at first consider only a space 
of four dimensions—M,. A curve in M, in the ordinary acceptation of that term 
will depend only on one parameter—it may either be given by the values of its 
coórdinates expressed as functions of this parameter, or as the intersection of three 
3-dimensional surfaces, say 

| Φφι-θ, 2-0, ὧι-- 0. 

. Let u denote the parameter. First obtain the equation of the osculating 
flat space of three dimensions at any point of the curve. Four. points on the 
curve will determine the osculating 3-flat. Take then four points on the curve, 
‘saya, B, C, D. The coórdinates are | 

A . B | C . D 

a αι Δα αι + 2/2, + A, - αι + BAr + BAr + Aba,’ 
T Δα. ο... zy + 32, + 82 + Δία 
αν. €. Ar, αι 2Aa,+ αν + ὅλας + 322, + Avr, 

αι x, + Ax, Gd 2AT F p^ αι + 94824 + 8/3, + Ar 


Now if (ἕι, zu Ey, £4) 18 i any point in the 3-flat passing. through (a), its equation 
18 


αι (Ei — αι) + d3 (5- — d$) + as (És — 2) + Es 2z,) = 0. 
, Substitute for (E) the codrdinates of B and we have 


QAT T as Sons + IATa T as A, = = 0. 
In like manner substituting the coórdinates of O and D in the place of (£), 
" and using this last result to reduce the result. of substituting the coórdinates 
of C, and "—— reducing i in the case of the point D, we have 
σαδα--θ: Fass = =0. 
Eliminating (a) from the four equations, 
Σα(ἔ--α--θ ΣαΔα-Ξ0 
σαΔδα--θ XaAx-—0, 
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passing to the limit and η dins through by. du’, we have as the equation of 
the osculating 3-flat at the point (Œ) of the curve ® 


- 


ἕν--αἳ Es — 2s h—5 ἔι--- αἱ 


di, «ἅν. tg ^ tm MEE 
. du — - du du du | 
Ta Pn 7 d Φα |= 
dw? dub di? du? 
Pe, On, du, d, i 
dil di? dub. dus 
Of course.in exactly the same manner we obtain 
ἔι--αι, Ey — 2 En — €. 
da, do, dën 
du du du | 
de—ly,. d*^ as, d^ —lg, 
du^! dunt du»— 1 


as the osculating (n — I)-flat to a curve in M,. In a similar manner we obtain 
for the equations of the osculating 2-flat (0. e. orgating plané) to the point (x) 
on the curve oi in M, | 
ἕι--αι ἕνα 5— αν Ea — 9 


dm dey ty Ὃ dn 
cdu du . du du ΙΞ0. 
oa dh ža ds 
| od dè dw di? | 
And generally for the osculating L-flat to a curve in M, we find without difficulty 
ξι--ᾱι A Τ᾽. 
de, day do, 
du du du |. ò 
d'a, d*a, dia, 
du* „du? du? 


The equations of the tangent to the curve ® at the point (x) are of course 
&-—m Eg — o ἕη--αι ἕι--αι 
du du |: ^ du du 
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The direction-cogines of the perpendicular to the osculating 3-flat are 
de da ` dz, 
du du du 


1| da, da, απ 
αι, Bis Yis n—9 di d A , eC. 


σι du d'r, 
du? du did 


where of course 


dex dx (ο dz ds 
x RO es πα 
de daz Cx y fe dic 
= idu dà Ee da) ορ ae ΄ 
dx Æg Σ ἀν dg | 
los d ad d s i) 


Suppose we make s the independent variable, then 


ic i» 


and A 
πι 
Gp cd 4- a =- (T) 
i V 
_ Therefore : 
- 
1 ο. —x(5 


ol o xx ας) -α(ᾷ eS) 
|G). το 
It would not » difficult to find the radius of curvature of the curve at any - 


point by introducing the osculating 3-dimensional sphere and finding its inter- 
section with the osculating 3-flat giving an oseulating 2-dimensional sphere. It 
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is not worth while doing this however, as the reductions are rather long, and as 
the same thing has been done, in a different manner, by G. H. A. Brunel in Vol. 
XIX (page 42) of the Mathematische Annalen. M. -Bruncl’s formula is, changing 
his notation slightly, 


———— ——  .. 


HQ, M N; 
where 
» ^ 9 
| X1 Tg Qu f 
“, z^ d 
Zi Vg n 
D. πμ... 
a (P onl?) « . * 5 ap?) 


the accents denoting differential coefficients with respect to s. 


-- 


"Noté 0n the Theory of —À Linear Differential 
| — ΟΥ Difference Equations with Constant Coefficients. 


_ By J. ο. SYLVESTER, 


- 


This. bun is dp dign -same for differential as for finite-difference 
equations. The mere verbal part of the exposition being somewhat: easier for 
the former of the two, I shall. prefer in the first instance to deal with them, 
although: the applications are more interesting when made to bear on the latter. 
Simple to the last degree as are the ‘method of solution and the nature of the 
result, I. do not find the one or the other set out, or even indicated, except in the. 
most perfuhctory manner, in the ordinary text-books. This brief notice, designed- 
for the junior readers of the Journal, is intended to supply the lacuna. 

Let wu, x denote & linear function, with constant coefficients, of (s and of its 
first ε; derivatives-in respect to t. 


Let =- - Aa a s ELIT 


i a 3 tat tat Ἐν ο, ca 

: Uy, podia bin = 0 
bé ‘the system of „differential equations d -for integration. 

Call - atat.. .Ἔεισ-σ6ϐ. 


The process of arriving at the redücing ον ὃν for any one of the variables 
m after the manner of the dialytic method of elimination, viz.: | 
Along with the first equation take each of its (c = &)^ derivatives, with 


the second equation each of its (o — εν) derivatives, . ..&nd with the 7 equa- ` 
tion each of its (o — D derivatives. | ig l 
There will thus come into existence (i + 1)o — (a ει... . tHe) ie 
τ(σ--1)--σ --- between the αὶ (o -+ 1) quantities 
Gi, . δίωι, ΠΗ͂, ofa, 
Qs , d$, ο e > 070, id 
" Q1; ὅλως, ga», - 


᾽ Vor. ΤΥ. 
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If wé omit those which appear in any one of the lines above written, there 
wil remain (c + l)(;— 1) or ὑ(σ + 1)— c — 1 which might be eliminated 
between the { (c + 1)— o equations, and there would thus result an equation" 
. between the quantities contained in the omitted line. This elimination, it 
will presently bé seen, there is no occasion to perform ; the.noticeable algebraical ` 
fact about it is, that supposing it were performed, the form ‘of the equation 
resulting between op, (op, . . .' δίω, is invariable, whichever of the -Θ 
1, 2, ὃ, .. . 4% be the value assigned to k. i | 

. Let the order .of the highest derivative of each o be reduced by one unit 
όν the highest order previously taken, then there-will be ig — o or G — 1j σ᾿ 


equations connecting the a quantities τ 
Y r j —1 i | ο 
Qj; διῶι,.... 05 oy e 
3 , | à; Q3, Of ων 
—] 4 ᾿ g F E 
l ωι J δι O; > « . σσ € ὃς Qt ' | =, 


and accordingly, if we omit the σ quantities which appear in any one (say. the 
first) of the-aboye lines, the remaining (i — 1) o quantities may, each of them be 


bel expressed as linear functions of o, and its (o — 1) derivatives: but the elimina- 


tion previously indicated would lead to a homogeneous linear equation between 
o and its σ derivatives, and if in that, each ‘argument -& o, be replaced by A^ 
and A4, 24,. . . A, be the o-roots of the algebraical equation so formed, it follows 
from the ordinary theory for a single equation that o, (provided the given equa- 
tions, and consequently thé resulting ones, be left-in'their general form) will be of - 
the form 1C, £s! |. 10, 8s! 1... -- 10] σέ, and consequently by virtue of the pre- 
vious remark o, 93, . . -Or will be of the same form as ED (but, of course, with 
different coefficients), that is to say, the c roots hy, hs, o o . hy are the same for 
the equation in σε as for the equation in 91, 80 that the cosfücients in the equa- 
tion between o, and its c derivatives are; as premised, independent of the value 
of kh. E oar i 

Finally, to determine the equation whose: roots are hy, he, . ted he, let 
' C€* , one of the terms in the general value, be taken asa particular value of o, 
which with corresponding values of the other a’s will serve to satisfy the given 
equations; Ως, 0g, . . . @, being each of them linear functions of o and deriva- 
tives of o, must be of the forms *Ce* , *Ce™, . Oe, go that oj, 9, . . a 
` and the derivatives of each of them X contain the common factor €", and by 


n t 
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substitution 1 in the original equations we shall obtain a system of simultaneous 
algebraical equations leading to the equation ! | 


Banc εντ Rai 


Bua, d JEN COE z 
where i in general E,,, is what up, , becomes on writing A* in place of da, 

The above determinant of the i order will be of degree ate. om ει, 
i. e. of the degree σ (for the general case) in h, and the roots of the ain 
will give the o values h,, hs , TP" 

It follows, therefore, that the result of the κι Situations in the 
first instance referred to will be a linear function of ὅτωι, & lop, . . . δεώς, Or 
of which the coefficients will be identical with the μα ια Od ανα 
in the above determinant. Hence πο mattér now what special values may be 
attributed to- the coefficients of ‘the given equations, the result last obtained Ἢ 
remains of universal validity—without excepting those cases in which the result 
of the hypothetical elimination would be such that the corresponding algebraical 
equation possess equal roots, although in those cases the form assumed in the 
course of the argument for-the value of o, (viz. a linear function of exponen- 
tials) ceases to hold good. Neither for the same reason need any exception be 
made for those cases where the number -of terms in the equation to o, falls 
below σ on account of one or more of the leading coefficients in the result of 
the hypothetical elimination becoming zero : the degree to which A rises in the 
determinant will be in all eases the right degree, whether it reaches the extremo 
possible limit σ or falls below it. 

The result obtained may be briefly summarized as follows. 


If mE (Φι δι) ο + (yd) y Fl CRAI g —0 
(hô) α T 5)3))y-..... T (ψιδι) 2 =O s. e 
(asi) x + (ody -+ TE Ὧψ' “« + (to, δὴ) α--.0 " l 
(each $, V, . . ., o standing for 'a rational-integral functional form) then will 
| (Rb)c=0 (Hà)y-—0. . (RÀ) 2 = 0, bw s 
‘where #(6,) is the resultant in respect to α, e .. 5 of what the above: 


equations become when ὃ, is treated as an ordinary algebraical quantity ; under . 


- 
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\ 
which form the "-— (by virtue of Euler's method of multipliers) becomes 
'- go nearly intuitive as to abrogate all necessity for any other demonstration.” 

To pass to the parallel and more important theory in finite differences, it 18 
only necessary to interpret τὰ, κ to signify a linear function, with constant coeffi- 
cients, of (ωχ), (o3). . « . (Ogres where £ is the integer independent variable, 
(aay (ωχ). and its e, difference-augmentatives), and instead of taking the differ- 
ential derivatives of any one of the given equations, to take the corresponding 


difference-augmentatives. Then by μα, the same reasoning as before we 


shall have * S f 
i πω e plaso ; á 


= 


B, O,... L being so taken as ‘that W Bet... +L shall be the- 


determinant represented by the same form of matrix expressed by R's as before, 
but where Hi, gis obtained from u,, by writing gu in lieu of any argument 
ὡς + 6 which ae in it. - 
The simplest example that can be given is where = PM & 8l, 
DE Oo τα, 07 — "aac Ae, : t, s = ὅθι, ι 
| Ὁ. WE, .. | Uy χΞΞ-- 0 ci + Ώθὲ; y 
this- -was the case which occurred in the article on the extension of Tchebycheff ’s 
" theorem, in-the last number of the J ournal, leading to the equation 
α--λ b | | 
ς d—2A 
and to expressions for πε, 0, as linear functions of A1, Ai. 


me ~ 








+ 


It may also be remarked that this same case gives an instantaneous solution | 


of the problem proposed and successfully treated by Babbage in his Calculus of 
Funétions, more than half a century ago, and since revived in connection with the 
‘theory of substitutions (Berret, Alg. Sup 4 ed. tom. 2, pp. 256-262). ‘The problem 


anf a am -|- ἄν 


is to find Qz— | fot b FE” 


so that: φ΄α dy i im DE 


To find in "genera Qa itis only necessary to solve the difference ος, 


am .. U = My cb QV. 
: n | V; = (Qu, E 0v, τ; 
and then 24, ve wil, if Uy = 1, v, — 0, coincide wit αι, Bi, and if des D. = = 
l with αι, ὅλο. .. - E E TM E 


» 


^  — *Iregret that this simple reflection did not present itself to my mind before the neeced iis investi- ' 


gation, the necessity for which it does away with, had been set up in print. It of course appliee equally 
.well to the analogous proposition for finite-difference equations (t, V, . .. . being substituted for 


shall equal g for a given value of i ce 


H 


@,y...., and 1+ åA for δ). This last named proposition, limited to the case of equations of the first κ 


order 3 is the foundation-stone of my new theory of Matrices regarded as Quantities, te. as subject to 
every kind of functional operation which ordinary arithmetical or algebraical quantitiés are or can be 
, subject to: but though so important and so es established, I πο not where it can be found expli- 
citly stated. , 


^ 


᾿ `~ z a. ᾱ---ι “5 a > gs 1 
and when i —— co becomes CZA rta a a hae 2ο —— 


Difference. Equations with Constant Coeficiente. = ~ 89δ 


Thus ore pu ps the two roots of | 

epe α - 
T = Bo co 
a, will be of the form C (pf — p$) and 8, of the same. form except as to D. say 
I (pi— pi). Also αι, b, will be of the forms Cipi + Ospi, Dipi +- Typ}, where 
O,4- (,-; 1, I, +1,=—1, and the required condition will be fulfilled, pro- - 
ΤΠ only that pj = -ρ , or say 


E ini Salk le 


EU 








E 





im E (eos —— — v= sin ME 


4. e. if a + by — 4 (ab — aß) (cos 5 = i λ bine any integer SES (which 


without loss of generality, may be taken inferior to i) except zero.* > 
If A== 0, the two roots of the equation in p become equal and the form of 
the solution changes into 


u, =(A+ Ozi) ρ' | s, (0 T Cyt) p*. 
When w= 1 and w = 0 then w= a, 9 —, 


Gel, ο, = tt ᾳ-- 
| i 1 ντο p 2 p 
USC 0, pen th=a, vb, 


H 


GQ=4, 0-1, 6-0, 0-1, 
p p 


and pom ΕΕ ια which cannot be periodic for any value of i, 


ᾱ---ὖ 2a 

n puse lom e xc 
so that φίᾳ in this case continually converges-to a constant limit. | 
I may add that tx conver ges to a.constant limit not merely when the roots 


fi: fs of 








a—p α | 

ee β b—p 

are equal, but whenever they are real. For the general form of Qa, it may: 
` easily be found, is > - : | | 
| me [ίρι--- α) pi + (01 — α) P] e + a (pi — m) 
| | B (pi — pi) 5 + [ίρι — ὃ) pi + (x — ὃ) pi] 


* There will thus be (£— 1) values of 4 which will each give a distinct admissible solution of the 
problem of periodicity, but of course only those values of 4 which are relatively prime to αὶ will give 
primitive solutions. IP i=+d the effect of making A= 4d will be to make φωτ by virtue of its 
making φᾳ--θ. 





= 


& 


26 
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(ρι--α) α---α. αᾱ--ρι 
—fe+tp,—b β b—p, 
pı signifies the smaller of the two roots pı, β or in other words when 


which: if fs " when t= œ becomes where, 








Or 


a—-b>2 ν ap , the hmiting value to $'z, when. $x represents eee 18 
imr) tv G= αι ος , with the understanding int the quantity P the radical 


sign is to ^ taken positive. 
^. Bo, if | | 
Lipi: μι Spy = αι + by; L C2; : v, + Uy E "n aa, + vy + σοι, 
when all the roots of the determinant | 
α — À b c 


-are real, the point Les Yas 2,, 88 į increases, will be found to approach indefinitely 
ngar to a fixed straight line; and if all the roots are equal, to a fixed point.. 
The condition of the system of ratios a,:y,:2, being periodic and having a 
period m is tantamount to the condition that the m™ power of the matrix 


» | a b c 
E NE x x @ ος 
{ . gt Y d , 
shall be the matrix 
| 1 0 0 
0 1 0 
0.0 1 


The complete solution of this problem, and of. the more general one of ex- ` 
tracting the m™ root of any unit-matrix (i. e. a matrix in which each element in 
the principal diagonal is unity, and the rest zero), which constitutes the ultimate 
| generalization of Babbage’s problem and is soluble by the same method, will 
probably appear i in a memoir on matrices, in the forthcoming number of the 
Journal. 
In general, for a ‘matrix of the order o, the number of m™ roots is πι and . 
each of them is perfectly determinate. But when the matrix is a unit-matrix 
^or a zero-matrix.(the latter meaning one in which every element is zero) 
. there are distinct genera and species of such roots, and every species contains 
_ its own appropriate number of arbitrary constants. i | 


Alhazen 's Problem. 
lis Bibliography and an Eatension of the Problem. 


By MARCUS BAKER.. 


PROBLEM. From two points in the plane of a cw oa to draw lines meeting ata 


point in the circumfer ence e and making equat anglés with the tangent drawn at that 
point. 4 

This problem is. known as Alhazen’ s, and has been studied by several mathe- 
maticians, besides Alhazen, from the time of Huyghens to the present, The ΄ 
earliest solutions are all geometrical constructions in which the points are deter- 
mined by the intersections of a hyperbola with the given circle. Later, analytical 
solutions were given, and lastly trigonometrical solutions. | 

The following list of references and their. accompanying notes contains a 
condensed history of the problem. E 

ALHAZEN, Opticae thesavrvs Alhazeni arabis libri septem nune primim 
editi . . . à Risnero. 4p.l 288 pp. fol. Basilede per episcopros MDLXXII. 

Alhazen was an Arabian who lived in the 11th century of the Christian era, 
dying at Cairo in 1038. He wrote this treatise on optics, which was first 
published, as above stated, in 1572, under the editorship of Risner. -The first 
published solution of the problem is contained in this book, pp. 144-148, Props. 
34, 38 and 39." The solution is effected by the aid of a hyperbola ο. 
a circle, and is excessively prolix and intricate. 

ANALYST.(The). A journal of pure and applied η Edited and 
published by J. E. Hendricks, A. M. 8vo. Des Moines, Towa: Mille & Co. 1877. 
© Vol. IV, No. 3, pp. 124—125. ~ 

A general solution was proposed, but the solution of daly a special case 
was published. - ς 

Barrow (Rev. Isaac, D. D.) Lectiones xviii ών) in scholis publicis 
habitae in qvibvs opticorum phaenomenQn genuinae rationes investigantur, ac 
- exponuntur. 8vo. Londini, typis Gulielmi Godbid, 1669. Lect. ix. 
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_See a WHEWELL’s edition of Barrow’s works. 8vo. --- Univer- 
sity Press, 1860. Lectiones opticae, pp. 84-89. | 
Barrow refers {ο Alhazen's “horribly prolix” solution, and discusses ; some 
of its special cases as applied to optics. ' ^ 2 
"Horrox (Dr. Charles). Trigonometrical solution of Alhazen’s problem. 
[/n LxvsounN (Thomas) The mathematical questions proposed in the - 
Ladies" -Diary (οἷο) 8vo. London: J. Mawman, 1817.' Vol I, pp. 167-168.] . 
ο A-trigonometrical solution by trial and error. 
Huyenens (Christian) and Stouse (Francis Rene). Excerpta. ex ορ σος 
nonnullis (ete) —— — 
[I PHILOSOPHICAL TRANSACTIONS of the Royal Society. ΠΝ London, 1673. 
Vol. VII, pp. 6119-6126, 6140—6146.] -- | 
Several solutions are contained in this correspondence, all of them Pene | 
rical, and all except one being by the aid of an hyperbola. One solution, ‘by 
Sluse; is by means of the intersection of a parabola with the given circle. One 
of the solutions by Huyghens is the. most elegant the problem has ever received. _ 
. Kastner P, .. .Problematis Alhazeni xi — 
metrica. 
[Un Novr ΟΟΜΜΈΝΤΑΉΤΙ MaE regiae scientiarum Soman tomus VII, 
- 1776. "4to.  Gottingae, J. C. Dieterich, 1777, pp. 92-141. EpL] 
A complete trigonometrical solution, with applieation.to several numerical. 
examples, and containing differential equations to facilitate the computation. 
C Lanes Diary. 16mo. ` London, 1727. Not seen. | 
. The problem concretely stated was the prize problem i in the Diary for 1727. 
Solved the following year by trial and error πμ... 
| Ἴμεσβοσεν (Thomas) Geometrical τη of Alhazen’s problem. 
[Zn Luysourn (Thomas). The mathematical questions proposed ‘in, the 
Ladies’ Diary (ete.) 8vo. London: J. Mawman, 1817. Vol. I, pp. 168—169.] 
This construction is arranged from old material. The proof is Biyen clearly 
and concisely, and a few bibliographic indications are added. 
L'HosprrAr (Guillaume François Antoine de). Traité analytique desections . 
coniques. 4to. Paris: Montalant, 1720. Livre X, Ex. vii, pp. 889- 395. 
| In Book X, on determinate sections, Alhazen's problem is selected as an 
example of a problem whose geometrical solution can be effected by the aid of. 
a conic section. Two solutions are given, essentially the same as those by 
: Huyghens and Sluse, but with improved methods of arrangement and proof. 
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MAYER (Tobias). In a collection of problems by Mayer there is said to be a 
solution of Alhazen’s problem. Not seen. 
PHILOSOPHICAL Transactions, See HuvanENs and WALES. . 
Priestiy (Joseph). History of optics, translated into ΕΠ with notes by 
Simon Klügel . 2 vols. Leipzig, 1775-6. Not seen. 
Said to contain information about Alhazen’s problem. 
Riser (Frederic)—Editor. See ALHAZEN. | 
Rosıns (Benjamin) Mathematical- tracts. 2 vols. 8vo. London, 1161. 
See Vol. II, pp. 262-264. κ | 
One of these tracts is a scathing review of Robert Smith's “ compleat system 
of optics.” Robins points out the complete omission of Alhazen's problem, and 
supplies a short and easy proof of the correctness of one of Sluse’s ΘΝ 
. Seitz (Enoch Beery). Solution of a problem. 
[Jn Scnoor (The) Vrsrron, devoted to the study of mathematics'and grammar. 
8vo. Ansonia, Ohio: John 5. Royer, 1881. ~Vol.-II, No. 2, February, pp. 24-26. ] 
| A complete algebraical solution by an equation of the eighth degree, with 
numerical application and roots found by Horner’s method. | 
ΘΊΜΒΟΝ (Robert). Said to have solved the problem, but no solution is con- 
tained in any of his works accessible to the author. 
— (Francis Rene). See Huycuens and SLYSE.- 
. (T...) See Lanes Drary. 
oo (William), On the resolution of adfected equations. 
[Jn PHILOSOPHICAL TRANSACTIONS of the Royal Society. 4to. London, 1781. 
Vol. LXXI, part 1, Ex. vi, pp. 472-476. ] 
Alhazen's problem is selected as furnishing an — of an adfected quad- 
ratic equation whose solution is easily effected by the aid of the — 
tables and his method of using them.. — 


Alhazen’s Problem ος to the Surface of a Sphere. . 


. The solution of Alhazen’s problem gives the minimum (and also maximum). 
path between two points and an intermediary circle, the points and circle being 
situated in the same plane, and we shall here give the solution of the same 
problem when the two points and circumference of the given circle are situated 


. in the surface of a sphere. 
Vou. IV . 
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To fix the ideas, — the terrestrial ο to be a dam m let 
. Our given points be | 


| A of which the latitude — $; and longitude Άι, 
‘and B tt I NET — = 9, C LL λα. . l 

The shortest distance between these points on the surface of the sphere is 
along the arc of the great circle joining them. Suppose this great circle track - 
passes north of a given parallel of latitude @; we wish to find the minimum 
path between A and B on the spherical surface which does not pass to the north 
of latitude 9. 

The shortest path , consists of two arcs of — 
circles drawn from A and B to a point P in latitude @ ` 
in such a manner as to make equal angles with the 
„parallel $.at P. We proceed to determine this 
point P. - | 

Referring to the annexed diagram, let us for a 
moment consider Alhazen’s problem without the ex- .. 
tension. Let Od=a, OB=6b, and OP = T; then ' 


α sin 2 


tan APM— and tan BPN — acts 
G cos g — r 


b cos y — 





and as these angles are equal we jos. | 


asin (b cos y—r) — 
b sin y (a cos z—r) 


=1, 


in which eg y=a 8 known angle. Replacing y by a—zx, we have a con- 
‘venient formula for solving by approximation. | 
The solution for the extended problem is analogous to the foregoing. Ois 
the pole of the sphere,. A and- B the given points, and P the point sought. OA, 
OB and OM are arcs of great circles, as are also PA and PB; and AM and BN 
are arcs of great circles perpendicular to OP. Let AOM —«, BOM = =y, and 
OP = 90° — x | 
Then | -sin AM = sin AO sin T, 
sin BN-= sin BO sin y, 
and be πῶ | 
tan OM = tan AO cos c, 
-tan ON = tan BO cos y; 
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tn AM _ tai BN 


also tan APM = tan BPM or an PM επ PN 
tan? AM sin? PM 
whence WEN T νὰ d) 
Now 
tan? AM sin? AM cog BN __ sin?AO sin*x (1 —sin?BO sin*y) | (2) 
tan’ BN - cost AM sin BN d — sin’ AO sin's) sin! BO sin*y ". 
and again, since - PN— ON— OP and PM= OM—OP, 
sinPM (sin OM sing — cos OM cosy )* _ cof OM ( tan OM sin y — cos g 
sintPN | sin. ΟΝ sin e — cos ON cos 9 — ex? ON ED 
But | | | | 
coaOM . 1+ta*®ON 1-4 tan?BO cos’y 
co*ON " 1--tanOM 1 + “11540 βίο > 
X whence | . $ ; | 
imMPM (1+ tan*BO cosy) '( tan AO cos zsin φ---008 “η . 5. (8) 
~ PN = i+ tan AO cose 


tan BO cos y sin p — COS Q 
` Substituting e) and (3) in (1), and ET that 


AO=90°—q, and BO=90°— Ds 
-we obtain 
cos’, βίδα (1 — cos pa sin’y) — 1 + cote’¢, = coig φι BIN φ COS T — CO8 9 1 
(1 — cos*¢, sin*z) C08", sin*y (it οοἰσῆφι cos*a ) ' Mi Q, Sin q COB y — CO8 Q 
Or ) 
oos, sin'z (1 — eost, sin'y) (1 + cote costa) (dotg pa cosy — otg g)P _ 


cosy, sin*y (1 — οοβῖφι sin?) (1 =+ cotg*y, cosy) (cotg φι cos 2 — cotg g) 


Now «+ y —24—A4— A2, whence eliminating c or y we have an ο ολη 
which can be solved by approximation as in the case of a plane surface. | 


WASHINGTON, D. C., October 26, 1881. 


On the Non-Euclidean Trigonometry. 


By παν E, STORY. 


In the “Sixth memoir upon quantics” * Professor Cayley ‘has given a pro- 
jective definition of geometrical quantity of one dimension (distance between 
two points and ‘angle between two lines), which has been -generalized by 
Dr. Klein in a paper “Ueber die sogenannte Nicht-Euklidische Geometrie." + 
Professor Cayley afterwards. gave an example of the non-Huclidean trigonometry 
= incthe plane, obtaining the formulae for the special case in which the funda- 
mental conie or absolute" is a circle, and the constants of measurement have 
particular values.t I propose here. to deduce the formulae for the general case 
of projective measurement in the plane with an arbitrary absolute and arbitrary 
constants. The application of the results to a space of two dimensions with 
constant curvature in a third dimension is evident, It is also evident from the . 
nature of thé projective measurement that the results aro independent of the 
particular choice of coórdinates, and therefore are not affected by the circum- 
stance that a real point may have imaginary coór dinates. | i 

Following Professor Cayley’s notation, I put a dash over any quantity - 
measured projectively. The projective measure a of the distance between two 
points B and C, and the projective measure A of the angle between two lines 
b and ο, are defined thus: | 


aka, Askling,” 


where a is the anharmonic ratio of B and C with respect to the ΠΤ ΜΗΝ οἵ ] 
the line BC with the absolute, and a’ is the anharmonic ratio of b and ο with 


* ποιο να Transactions, Vol. 149, 1859. ^ { Mathematische Annalen, Vol. IV, pp. 579-895 
{ο $ Mathematische Annalen, Vol. V, pp. 680-684. 


Story: On the Non-Euclidean — | |^. 888 


respect to the tangents from the point be to the absolute, and k and # are two 
arbitrary constants corresponding to the, a units of ordinary linear and 
angular measurement. 

-~ Let the equations of the absolute in point-codrdinates V, Yı 3, and in tan- 
'gential coórdinates u, v, w, be 


| Qz/(s, y, ου and gs F(u, ο, ο)--0, 
respectively ; and let 


09 oo p 20, 
W= f(a, 3A; 24); x Ee —— 43 A a ΞΕ E 


Q 
OuzF(u, w, w), Unc. ~ [un TEN fa 


and similarly for other combinations of the suffices 1, 2, 3. 


Let A,B, C be the vertices of a triangle, a, b, ο their sides, A, B, 6, 
a, b, c the projective measures of the angles and opposite. sides, respectively ; 
. and let the codrdinates of A, B, C, a, b, c, be 2, Yis δι ay Yor Za; Xe Yas Zz; 
My Vi, uj Ms, Uy, Ἴδῃ} Ug, Ὅς, We, respectively. Thi by the above definitions, 


Qs; + V By Όμ Gee , 


ποπ 


A — In Un t Dh mum 
| Us — ^/ 08 δαῦτο 
which can be put into the forms 











m Q T: . δα 

a= 9i [1]... A — 94k cog — 

.. cos Vata. A = 2ik' cos ποτ 
4 | 
dé s a A UE is Gu) = Vania 


For convenience I take for the lines o= 0, y= 0, z= 0 respectively two 
conjugate polars ae the point A and the polar of A with respect to Q, so 
that `- 

Qzs-ry 1-2), and hence g= 4 ΕΕ 
a Ltg Ysa t Zag, Ues E Us + Vg T WW, 
E 1291:% = 0:0:1, | 


πως Us: 0p U= Yai — 2:0; 


- 
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and, —— qs = = 7008s, ys = =ar singa, a= nodus n= atsin di, 
I find 


Q4 = 1, Q4 = (ή +1); Qu 08 1), 
Oy —5, Qis = δα, Ogg = βρη [7375 908 (s — $3) +1], 
Un = 557i; Un = 47%, Us = 7 a Ze Ta 19 008 (Φε — -$y); 


cos ee — NL COS E E E cos (9. -- Pa) z | 
(s) vm is (-» | HS ZEN 


Me (i) = vat ' sin Μία zm. 


s (i) mer (ὦ iin (Ὁ + sin 9 a Ga) Es à. 


where each sign + Ta to be so determined that the distance between two coin- 
. cident points and the angle between two coincident lines shall be 0, or some 
multiple of the, whole length of a straight line and whole angle about a point re- 
spectively, while it remains arbitrary in which of the two ) possible directions the | 
measure is positive. : If the a B and C coincide, c = b, a=0, A= 0, 

hence, by the last formula, 


l= + cos? (Ean a) 


therefore the upper. sign is to be given to both terms, i. e. 


us (i i) = 08 (na) did (ἃ) tein Gi) i (ὦ« = Ic 


| corresponding to the formula of spherical trigonometry . 





cos a = cos b cos c + sin b sin c cos A, 


from which, as is well known, all the other formulae of spherical trigonometry 
éan be obtained, without the use of any other relations than those implied in the 
definitions of the trigonometric functions. Hence, i in a uniformly curved space 
of two dimensions, with a projective measurement based upon any conic, whose 
constants of linear and angular measurement, are % and E respectively, the 
trigonometrical formulae will be obtained from those of spherical trigonometry by 
replaciig each side (or are) by the — side (or ος line) divided by 
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200, and each angle by the corresponding angle divided by 2ik'. Of course, what 
we call a straight line in such a curved space is a geodesic line, i. e. the shortest 
line between any tio of ifs points measured as above. 


1 l 4d 
MS σου. 
9” 9i 
; - ree Fi - 
| JE πας i πο — — 20 ------ Á 
then Sik δι; 
cin (σι) -- iginha, cos (5) = costa, 
Aud κα ο OY μας, 


whence . 

| cos d — LP a@— cosh b cosh. 
m sinh b sinh o : 
the formula given by Professor Cayley, which, however, holds i any other 
fundamental conie, 88 well as for-a circle. 


BALTIMORE, March 28, 1889. { 


Note on Mechanical Involution, 


By J. J. oie eerie 


Mechanical involution is the name invented by me to signify the relation | 
between six lines in space, so situated that forces may be made to act along 
them whose statical sum is zero. The definition may be extended to comprise 
- an indefinite number of lines, any six of which have this property. 

I shall use [ p, q] for the pr esent to denote the moment of a unit of force 
acting along the directed line p about the directed line g, taken positive or nega- 
tive according as to a spectator looking in the given direction (or sense) of q, 
& force in the given direction (or sense) of p tends to produce a right-handed or 
a left-handed rotation, which tendency, by a property of our mental constitution, ` 
we know is not affected in kind by the lines p and q becoming interchanged—a 
fact which might also be anticipated with a high degree of probability from the 
circumstance that the unit-moment is measured by the product of the perpen- 
dicular distance from each other, of the two lines, multiplied by the sine of the 
angle between them, so that each factor of this product changes its sign when the’ 
relation or aspect of the two lines to each other is reversed. Hence it follows 
that [p, q] = [g p]. 

- Three lines in a plane, it may be, noticed, are in involution when they-in- 
tersect in the same point, or, as a particular case, are parallel to each other. 

Let a, b, c, d, e, f be any six lines in space, λη, Ag, Ag, Ag, Ag, Ag SIX 
forces capable of balancing whén acting along the lines 1, 2, 3,-4, 5, 6 
supposed to be in involution. 

Then by the equation of moments in regard to suk of the first series of 
lines taken successively as axes of rotation, we must have 


D, e] + 3.13, e] EAS ο] + λι[ ο] ES a] AUS, ο] =0 
^D. + ΜΙ EM e 


USO) ποθ, F) + λε [δν] ES 71 2015, 7] (6710 


-— 
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and consequently the déterminant: 


ΜΗΝ Ko dou As αφ ο Ὁ. Peal: 


~ [1,7 ο... tf 
` Consequently we may find quantities μα Uy, Mos μα; µε, Uy Such that 
T i μά » tale É + wala H Tals Hu TATE us 


* 


Ua [α, 6] T us [5, 6] Tus [6 6 T Ua [d, 6] T (ίο [ε, ΘΕ uy Lf 6] =. 
Thus it, becomes evident by regarding μα, uy, με, Ma; Bas uy 38 the mag- 


nitudes of forces acting along the lines a, b, c, d, e, f, that the equations of . | 


moments of a given set of forces about six lines which are in general inde- 
pendent, become linearly related when the six axes are in involution —a conclusion 
which springs also immediately from the consideration that the law of statical 
composition of directed lengths is the same whether they be regarded as repre- 
senting forces or as ο, the axes of couples. ‘So mu by way of intro- 
duction. 
| I now pass to the formation of the intrinsic equation of condition to be 
satisfied in the case of involution. : E 

To obtain this, let. the lines a, b, c, d, e, f be made identical sii 
1, 2, 8, 4,5, 6. 

In nth of these latter lines (say ini) let two points be taken at the dis- 


1 a 
tance I — apart, "whose quadriplanar eodrdinates are respectively i,, ἆ μα D 


i, lys τ i, and let (7, j )-—where 718 another of the lines in involution—denote 
the determinant 
| t, ὁ n hl- 


Vou. IV, r x ~ - 
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This determinant will represent {enlarged six-fold) a tetrahedron, two of | 
whose opposite edges are the lengths intercepted between the pairs of points on : 
4, J respectively, and consequently. 7,4 (2, 7) will serve to represent (on the 
same scale) the quantities previously μην by [1,7]. 

‘Hence the determinant of the sixth order above written becomes 


0 44,2), &44(1,3), 44,4), 44(1,5), LA4(, 6) 
Ju ES . Ὁ a kL 3), 650,4. 45505). 440.6) 
-ζ]ι(6, 1), 45(6, 2), ζεῖε(6, 8); Lal, 4), &5(6,5); -0 


and this equated to zero gives the intrinsic condition of involution. 

Imagining this equation to be formed, the terms in each line and also the 
terms in each column will have some common factor, removing which, by.a two- 
fold scheme of division, all the quantities 7 will disappear, so that now regarding 
each of the pairs of points on the lines 1, 2, 3, 4, 5, 6 respectively as any 

_two non-coincident points whatever, the intrinsic condition is represented by the 
evanescence of the following. symmetrical invertebrate (i.e. zero-axial) com- 
pound determinant 


0 (,2 (3 (4 (,5 (1 6) 
(21). 0 (2,3) (2,4) (2,5) (2,0). 
(3,1) (3,2) 0 (3,4) $5 $9| . 
(4, 1) (4, 2) (4, 3) ps (4, 5) (4, 6) 
(5,1) (5,2) (5,8) (5,4) .0 (5,6) 
(6,1) (6,2) (6,3) (6,4) (6,5) 0 


where pud pair of numbers within a parenthesis represents à determinant of 
the fourth order.* | 

Just as the equations of moments of a system of forces about six lines in 
space are in general independent, but cease. to be so if (and only if) these lines — 
are in involution, so the equations of moments of a system of forces in a plane. 
&bout three points are in general independent, and only cease to be sọ when the 
three points lie in a right line; Thus under the two-fold aspect of a system of 
force-directions and a system of axes of momente, six lines in involution in 
space are on the one. hand the analogues of three force-directions in a plane in 
* This determinant (which is sufficiently obvious, I have found since going to press} has ‘been given 


by Prof. Cayley in his memoir on line-coórdinates, Cam. Phil. Trans., 1861, which is avowedly based 
upon my constructions connected with the problem of Involution: : 


- 
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. involution, 1. e. meeting in a point, and on the other hand of three points (centres 
of moments) lying in a right line; and as concurrence is the ‘polar correlative to 
- collineation we ought to expect to find involution in space to be its own polar 
correlative ; 7. e. that the polar reciprocal of a system of lines in involution in 
respect to a general quadric should be another such system: and such is the fact : | 
for, as I have shown in the Comptes Rendus, the necessary and sufficient condition 

of six lines being in involution i is that they shall respectively intersect pairs of 
corresponding rays in. two homographic pencils lying.in two planes whose in- 
tersection contains the centres and two corresponding (coincident) rays of the 
two pencils—a condition which will not be affected by any polar transformation. 

This leads to the remark that we may change the signification of-the symbol 
(i, 7) in the equation last indicated without destroying its validity as the condi- 
tion of involution: viz. we may suppose two planes to be drawn through each line 
instead of two points being fixed upon it: and then if we understand by the 
determinant of two lines in space the determinant. formed “by the coefficients ` 
` of the two pairs of equations which denote the lines, we may interpret (i, ï) to 
mean the determinant of 1, j and sum up the result obtained in the following 
proposition : 

The determinants for med by six- lines in involution, nien two and two together, 
are related in precisely the same manner as the e distances- from one another of 
six points in four-dimensional space. - 

The legitimacy of the second reading of (i, j) may be proved directly, as 
follows. For greater clearness let (?, 7) when read with reference to pairs of 
planes through ὁ and j, be called (I,J). Then 


ὃ ty Ye d 

l i, ] iy ΜΙ ï, 

| 004, d, d d 

] : D, PD, T, T, 


will constitute an example of what in the Johns Hopkins University Circular 
for May, 1882,* I have called a split matrix, inasmuch as each of the first two 


* Baltimore: John Murphy & Co.—It is interesting to notice (as there indicated) that the same 

theory of the split matrix here applied to mechanical involution has an important, although quite a dif- ' 
ferent kind of bearing on the theory of algebraical involution! The two theories of involution have a 
considerable affinity to each other—groundforms and their coefficients in the equation of linear connec- . 
tion in the one theory, being regarded as the analogues of space-directions and the force-magnitudes 
acting along them in the other. (See J. H. U. Circular, June, 1882.) It was the sense of this connection 
which caused me to throw a retrospective glance on the theory of mechanical involution, abandoned by 
me since the remote date of the appearance of my papers on the subject in the Comptes Rendus. I ought 
to mention that I owe the idea of applying the split-matrix theory to the proof of the polar property of” 
an involution-system, tos suggestion | of Professor Cayley. 
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lines multiplied term för term by each of the latter two gives produgts ΤΠ sum 
is zero. Hence by. virtue of the property of such a matrix, each complete 


minor of the upper pair will bear to tho ORo complete minor in the lower : 


pair. the ratio of (4) to (7), where 
(iP = a Fio XE Te 


sii, xo and (pm zn > 
tat 


ΣΠ, ΣΙ. | 








and of course the same μη, apply mut. mut. when j, J take the place of 


ὃν I; from which it immediately follows that 
| GAG 2720 G): D): 
Let now in the (i, j) — which is equated to zero, each element 
in | any e column be multiplied by 4, and then again each element in any θη 


row by the same; these multiplications will not affect the equality to zero of 
the determinant so modified, but the effect of the combined multiplications will 
be to change thé element in the ¿è row and j* column, viz. (4,7), into 


ARDT = (4, J), i, €. into (1, J). Thus it is proved that we may pass from the first 


reading of the. (i, 1) determinant to the second; and this in its turn serves to. 


i 


prove that if six lines are in x their polus in respect to any oo | 


must also be in involution. 
The theory of involution. may of course be extended to a system of 


a lines in-n-dimensional space, 


Note on Determinants of Powers. 


| By O. H. MITCHELL. 


If «7» 8 0 y 9, then 

a^ a? α d d gd αἱ d αἱ α) a! a 8 8} 3! δν 
b“ bf bY p E A b? b AE = 8? m p p? . 903 92 91 90 
eC ο cd) C oe ig g y γ᾽ y y Πω ΤΙ 
d d' Ë|) |P d$ d P δ᾽ 595.» OF ο 0: δ 
‘terms, all positive (0° = 1). In briefer notation, ipud ‘the first two 
determinants by their principal .diagonals, and MUS ‘3 (v, y, e, t) for 
(s — y) (— 9) (α--ῃ (y—2) (y —8 (α--9, 


(ασ) ζτία, B, y, ὃ) 
(aid) = (3, 2, 1, 0) terms, all positive ; 





and the like is true for determinants of any order. Calling the left-hand mem- 
ber @,, the subscript denoting the order of the determinants, Οι, may be 
expressed as a linear function with positive coefficients of similar quotients, Qs; 
and by successive applications of this formula Q, is expressible as X a? b1c" d’, 
where p, q, *, s are functions of the two sets of exponents, a, β, y, ὃ and 
3, 2, 1, 0, and of (4 — 1)! variables whose limits in the summation are certain 
ΓΕ ofa, β, y, ὃ. And the like is true for determinants of any order. 
For a proof of the preceding, consider the expression for Οι as given by 

Prof. Cayley, Salmon’s Higher Algebra, p. 292, viz: 

Se, ee ee a 

(ασ) | He Hs. Hy» Mis 

(αἱ λος) | Ha Πρι γι Mai 

HH, H, RH 


Y 


var 


« 
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where H, — the sum of all possible powers and. produets of à i b, c, d of the 
m degree. If ô= 0, the last row and the last column may be cast off, since Ἢ 
H,—1, and H , — 0. The left-hand ΠΕ is divisible bye abcd; thus 


(ab^ ed?) d j 


(Pidh) JE» Ay abc ig P (Hess Hii I. a 


Expanding each element of s determinant on the right-hand side i means 
of the formula ! 


Hala, b, δν a -ᾱ- +de H, (a; b, ore H, (a, A αἰῶ, 
and resolving the determinant into the sum of similar determinants, we get 


cere y=p—8—1 g—y—$5—1 E 3 bas LL 3 


(eed). yy, | v g 
ο να. 


mn == ε--0 H, | 
á H, * (a, δ, ο) 


— - where iba H's now involve only.a, b,c, and 0 — a + B +y 3:8 — 8 — 48 
— (m --9 4-2). A little consideration shows that the lowér limit of « may 


. be put = f — ô and the lower limit of y put =y — ò without changing the 


value of the right-hand member; since the TE UE obtained in the sum- 
mation for lower values of z and y either vanish identically, having two columns 


. the same, or destroy one another by twos, the members of each pair differing - 


from each other only by an interchange of two.columns. In fact, whatever x ` 
may be; the determinant obtained by putting j — m, z — m, vanishes identi- 


cally, while that yielded by putting y =m, z — n; is destroyed by the one having 


y= n; z= m, the variable multiplier, d?, being the same for each. Of those 


. determinants which remain, the one obtained by putting z = / and either y or 


z = l vanishes identically, and the one having «= l, y — m, z=n, is destroyed 
by that one whose z — m, y — I, εξ n, if B—8>t>y—s8—1, but by that 
,one of which g-—n,y- m, ο τῇ, if e es the variable coefficient, ὦ”; 
.does not interfere to prevent this mutual destruction of the quantities obtained 
in the summation, since 0 — a + B +y—33—8—(@+y+z2). For those 
determinants which now remain, 2324/32, and we have MEE 


(ee saint d gei eee b 
(cbe) a am | : x νο 
(αλα) jq» a'b'cd Bx EN (able?) ών. 


greed : y—y—$ 
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. By successive applications of this feymula we get, 


(abcd) _ όν ος ας e a 8,725: UTE yim, —2,—1 Wen m i Fal] o 
π΄ -aP btc" d* , 
(SB dq 2 
= ag—a4 03 7 4 7 04 απ Yi“ eq αν 2 8α--0 2,—0 
where κα ο Qd db 


Μπ ay Aa dt loe. 
00 rz (gud y 1)—2ys— (αι) + (4 ας t y) 
8 = (m—0)—8 — (0) + (αι + & + y + αι. 


| The ‘notation is slightly changed, and the values of p, q, 7, 8 are written in 
a somewhat redundant form, in order to show more clearly the law for deter- 
minants of higher orders. | 
Since the number of terms in the H, of n letters is expressed by the 
binomial coefficient C™+*-!, the number of terms in the summation above | 
(ἑ. e. the sum of the Coen all of which are positive) is equal to the deter- - 


' minant 


. + n 
(On Gp Pap topes), = (Op OONO), Ao 


obtained from the H-determinant. As an example, 


ο] = Xo? + abo + Xafl? + xoc + d qe. 
= o4(7, 8, 0) | 
which has 42, = "AZ, 1,0) terms. 


If αι, αχ, etc., be the n roots of a — Pz” d deed — T = =0, by sub- 
‘stituting the roots and solving for P, we get 





MU CC ο es a a) 
| C (qw. aT aR aaah) | 
| quod. xr l το T y 
Thus (ebay = Xabe, and since the number of terms in Sabe is Cj, we get 
the following expression for the value of the binomial coefficient, 6$ viz: 
| gi aa, 3,2, 0 
REUS | | 088,2,1,0) 
ο in general, we have . 
On = ti (n, n —1,. e2A-——r--1,n—r—1,...2,1,0) 


τ ? 
E ζὶ (n—1, n — 2, * © 070—017, &—r—1,. . Ms 1, 0) 


~ 
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_ the direct proof of which is of course very simple. Having proved that C? has 
this value, it is easily shown, . without reference to the roots of an equa- 
tion, that P,, i. 6, Xa,a,. m has the value obtained above. Thus, taking 
ae athe i 
. third. degree, in which such a term as abc occurs at least once. - Zabe is also such | 
& function; in which abe occurs only once. Hence their equality is proved Sen 
it is shown that the number of terms in each is the same. | 
It may be remarked that if the last row of (a*b^c*) be subtracted from each 
of the preceding rows, and- these rows be then divided respectively by a— 6, ` 
b — c, and the second row be then subtracted from the first and the result. 
divided by a — b; we get f | 


TT Η, ία, 6, ο), Hs_3(4,,b,¢), H, .(a, b, ο) 
emet Ha ν Β, νῷ, , Hao 
| Πο ^. , πὶ . , Ho) 
and- since bH,,_1(b, ο) + H, (c) = H, (b, ο), and aH,_,(a, b, ο) + Hy (b, c) = 
H, (a, b, c), ete., the determinant on the right is at once Bi by combina- ᾿ 
tion of rows to the similar determinant already considered, in which each row 
involves every letter, and which is obtained'in the text-books, as far as I have 
observed, only by an indirect process. "The method obviously applies to deter- 
. minants of any. order. The following evident identity is used in the reduction: 


H,(a,c,d,e,... 2) --- H, (b, ο, d,e,. .. 8) (a — b) Haila, b, ο, N . 3). 


The above process of reduction shows that the value of the H-determinant ᾿ 
is the same for every distribution of the letters among the rows, subject to the 
_ conditions (1) that the letters of every row are contained in each of the pre- 
ceding rows, and (2) that no row contains less than a — 7 + 1 letters, where o is - 
the order of the determinant, and ris the number of the row, counting from 
the top. 


BALTIMORE, 20 May, 1882. 


a special.case for brevity, is seen to-be a symmetric’ function, of the © 
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Determination of the Finite μεν Groups. 


By W. I. ER SH l à 


Professor of Mathematics in the University of California, 


r 





If we apply to a set òf quaternions the definition of a group as given in 
the Theory of Substitutions; then a quaternion group of the m*' order means ἃ 
set of m quaternions (scalar unity always included) whose products and powers 
are also quaternions of the same sét of group. The object of the present paper 
is to determine all the possible finite quaternion groups. 

These groups, or rather their analogues in the ordinary Theory of Functidns; 
. have usually been interpreted geometrically as the linear transformations of the 
plane of complex variables in itself -automorphic transformations. ' The formulae 
for these linear transformations were first given by Professor Gordan in his paper 
“Ueber endliche Gruppen linearer Transformationen einer Veründerlichen."* 
The quaternion. formulae, although they have their éxatt correspondents in 
Gordan's algebraic formulae, have, when interpreted geometrically, a more gen- 
eral eharacter, in that they represent certain automorphic linear transformations 
ofa three-dimensional infinite homoloidal spice, or what is the same thing, of 
a three-fold extended sphere. The determination of these. formulae might be 
made to depend upon Gordan’s solution, but the following is a shorter and 
simpler | solution than that of. Gordan, and includes it as a special case. 


Some Gener al Jena 


Let g, r represent two quaternions belonging to a finite group. In order 
that the group may be finite, the tensors of q,r, etc, must be unity, so that - 
‘q and r may be written in the form l mE | 

area D,- 
r= cos ψ -+ usin ψ, 


se a a re πμ. τσ. a IF 
* Math. Ann. Bd. XII, pp. 28-46. “Compare also Cayley '' On the finite Groups of linear Transfor- 
mations of a Variable," Math. Ann. Bd. XVI, pp. 200-68, 489-40. The proof concerning the number 
and character of the possible groups was given by Prof. Klein, Math. Ann. Bd. IX, pp. 188-408: 
' * Ueber binüáre Formen mit linearen Transformationen in sich selbst." 
Vor. IV. 


~ 
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ᾧ, Ψ being T arguments, A, u the axes of g, 7 respectively. According to 
definition gr is also a member of the group, and if we write - | 
(i) mE qr = cos y +y gin yy 
y represents à new argument and v a new axis of the group, and they are sies 
mined by the relations 
(ii) VEM A μμ É a 
(iii) -cos y = cos $ cos ψ + SAu ΠΡ 
| | = cost $ cos (p +4) + sin? D. cos (p — +), 

where f is the angle ind by à with u. 
. In particular, we have the well-known formulae 


ἜΜΜΕΝ 


(iv) | P= COS πῷ dis λ sin nb. 

In order that q may belong to a finite group, it is further necessary that 
Some finite power of -¢ should reproduce the identity —i. e. unity—so that, 
e. g, 7° —1; > is then a rational multiple of ©; m is called the period of q. 

I. In the following discussion it is ηταν to remember, that when fico 
. - guaternions of the same group have the same axis, they can. e be written as 
powers of oné and the same τ᾽ 


Limite of the Period: 
‘Amongst the quaternions of the group there i is one sot—or | one E A 


. . at least—whose argument is the smallest which the group contains. Let g be 


such a quaternion, and moreover such that its axis 4 forms with some other 
axis u of the group the smallest angle (the case A = + u excluded) which the : 
axis of any quaternion of the group with the smallest argument can form with 
«ny other axis of the group. Under this hypothesis we -- if be the quan- 

_ ternion whose axis 18 μ, | 
vu ps aac 2 TYAu. 

— From the product "qr is deduced easily . 
A uVrgr= pe Im 


e). | V.uUVrgr = 





D Tyr. mE 


STRINGHAM : Determination of the Finite mu Groups. ` 847 


In order that the condition ΤΥ. uUVrqr2. cg Vau may.be fulfilled, we must 
^ therefore have 


(vi) | | y3g2 Prr, or qI q, | 
4. €. costo € cos 0, 


where @ is the argument of rgr; ᾧ, however, is by hypothesis the ΜΗΚΗ argu- 
ment which the group can possess, so that- the only possible supposition is 


cos $ = cos? 9, or Sgr = τε δα. 


ωμά that S? — Y?r—1 (since Tr = 1) and that 4 r= Sr+ did we have, 
if the sign before the second member be plus, 
(vii) | Sr. Sgr = 0, 
but if minus, | 
S.rgrVr= 0. 
Thé latter, of these conditions, however, would Eve 
t l ; SA . tan d= tan "b; } 
now as ψ by hypothesis cannot be smaller than Φ, we should have 
| δλμ----1, ie =y, 
and r would be a power of q, & case we evidently do not need to consider. We 
have remaining therefore only the former condition Sr. Sqr = 0, which com- 
pels us to write either ' | 
| _Sr= 0, or Sqr= = 
The case Sr = 0 affords a possible solution, and determines fon r the ο. 4, 
But perhaps Sgr = ue 18 also a solution. On the supposition that it is, write 
gr in the form - 
qr = = gt gtr gig sug e ii 
This equation shows that the axes of qr and qi rg? make gynal puse with the 
axis of q. This.angle cannot be smaller than the angle between Aand μ, and: 
we have, if we rewrite the condition (vi) for this case, 
(viy Ἢ LN μα Sr, 
so that the condition Sgr = 0 demands also that Sr = 0; that i is, the two condi- 
tions in question are equivalent, and v has in Ay cise the period 4. We 
have therefore the following result: . | 
IL. Jf q and r belong to a finite pud group, and if the argument of q is 
-~ the smallest which the group contains, and if. the angle between the axes of q and r is 
the smallest one existing between the axis of a quaternion with the smallest argument 


nw 
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cand an y other axis of the group (the angle zero or 20 excepted), t then Sr — 0 and 


r has of necessity the period 4. 
One quaternion belanging to the group is 
| | = rq" cos Φ +A sin $, 
where A = au, If naw we form the. product qd'q— which must also be a 


quaternion of the group—we shall find, by the same ame 88 that by which 
(v) was found, that | 


AE E V. AU Vor _ sing | Vaal, 
ο) 199 = ny: 


‘and since $ is tho smallest argument of the group, 


sin $ > <T Vqq'q . 
Rom which and the preceding equation it follows, that 
(viii) - = TV.AU Vqg'q S TV AN. 


This last inequality shows that the axis of ggg, if it do-not exincide with. À, or 
A', must lie between them and therefore coincide with uw, for u is the only axis 


.. lying between these limits, We have therefore three. possibilities: . 


qqq— q^, or gg'q — 9", or ggg = μή, | 
where æ, y, z aro integers. The case gg'g = q^, if we develop the ie 
qq — qq zs aie operate with V.2 on the result, givos 


0 = Ῥ.λλ etn go + V.AVAXM, 


(ix) ο 0— V.2X etn φ---2'--λ.δλλ'; 


ane Bally by m means of the operation ὅ.λ/, 
S*22/—1 1 


"which means simply according to (D— iis g is a power of q. The second |. 


case ggg — g and the case gq'g= + «= +: l, give a similar.result, since g 
becomes respectively φ = q"—* and ¢ = + q7?. - We therefore conclude, 

- Πτι. That the quaternion qugu~*q , if it belong to. a finite group, is either a 
power of q, or is equal to + u; mor u; as compared with all the other on of 
the group, forme with the axis of q the minimum angle. 


Groups which have a period greater than 10. 

In order that the equation gqq = q’ (or ¢ — q’~*) may be satisfied, we must 
have ja = = + A, which demands further, that either 
(x) VAa = 0, or 2 
(xi) SAu= 0, | 
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that is, u is either parallel or perpendicular toa If ο EUEI qgq— +u should 
be satisfied, then 

Sqq'q = cos $ cos 29 + SAX &in 7 sin 2$ = 0, 
(xii) | | DAN = — ctn $ ctn 26 


The smallest value which ? can here assume is 5, ' and corresponding to this 


Sav = —1, XzAz- PEE 
that is, r is a power of q, a case we do not consider. The condition ql = Eur. 


value we have 


therefore, is only possible when ᾧ is greater than Ξ » t. e: when q has a period 


~ less than 12; and since it will be shown in the sequel (p. 353, VI) that the largest 
period of a finite group having more than a single axis must be an even period, 
it follows that the condition in question can exist only when the period of g does 
not exceed 10. We have, therefore, if the period of g be greater than 10, 
_ the single condition (xi), the condition (x) being irrelevant. Since of all the - 
axes of the group µ has the greatest ΘΕ to the axis of q, it follows from 
the results just obtained, that | 
IV. If q has a period greater than 10, all the axes " the group, Bop that of 
q itself, lie in the plane—passing thr - the origin—to which the axis of Qi 18 per- 
pendicular. | 
It will next be shown, that | 
| V. Of a group containing a period greater than 10, all the quaterni nions which 
are ‘not powers of q have either the period. 4 or 2. | 
If there be a quaternion s of the group, whose period 18 different from 
4 or 2 and which is not a power of g, then there must be several such—with : 
different axes, but with the same argument—which can be formed by means of 
the transformations qsq~*, q'sq^?, .. . Let us suppose, therefore, that there 
are two such quaternions e, s with the argument y and the axes v, 1’. Then by. 
IV, either Ves’ coincides with A, or else it με. in the same plane with Ve and | 
γα; that 18, we must have either 


S v γα = S. Y Vee! = 0, 
"RM 97 a OS, ve! Vae = 0. . 
These two equations are equivalent respectively to ... : 
(Svr — 1). sin 2y = 0 

and να, x 7 Ῥ᾽νν',αἰηῖχ = 0. 


l 
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. Either equation would be satisfied by Sry — 1, or what is the same thing, 
by Vi» = 0, in which case, however, v andy’ would, contrary: to hypothesis, 
coincide; hence y must be so chosen as to make either sin 2χ or sin y vanish, 


that tisto say, y must be an integral multiple either.of ©, or of £ —Q. E.D. 


` Qyclotomic ( Kreistheilungs) Groups. If the condition gg'q =q", i.e. Va M 0, 
be fulfilled, all the axes of the group coincide with A. 

The group contains then only powers of a single quaternion g. If q. be 
written in the form | | 

qos +A sin ci 

we may assume as the generator of the group any power of q of the form. o°, 
- where ais prime to πι; the powers of g* form a cyclotomic group of the m™ order. 
“Since there are $ (m) numbers prime to m, there are $ (m) such cyclotomic 
groups composed of powers of g. Regarded as a whole, such groups are repeti- 
tions of each other written in different order. ps 

If, besides the powers of g, there exist, as belonging to the group, only 
.quaternions of the period 2, such quaternions are evidently all identical with - 
each other and equal to — 1. If this be combined with all the quaternions of a 
^ cyclotomic group of even order, say m, the resulting group will be a cyclotomic. 
. group of order 2m, composed of the powers of (— q). If, on the other „hand, 
a cyclotomic group of even order be ἘΝ with —1, the result will be the 
same cyclotomic group again. : 

The Double- Pyramid Groups. - If besides the m powers of da m being 
even, there exists in the group a quaternion having the period 4, which we may 
represent by the vector u—and`u is in this case also perpendicular to Am 
then, by combining u with all the powers of q, we can form m other quaternions 


ug , ug, «ματι: 

(or "a. is the same thing qu, Ἂν. .. Se Qu, since: ug" = g τ) which 
together with the m powers of q compose a group of the order. 2m. If, how- | 
ever, πι be odd, then besides the 2m quaternions just mentioned, the. group will 
contain 2m other quaternions 

μα, μὖ = | MET passi 

μον wd pq" [w= a], 
ol the group will therefore be of the order 4m. Hence the order of every 
quaternion group. of this type is a multiple of 4. | | | 
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Suppose 4m to-be the order of a double-pyramid group. Then g has the 
périod 2m, and we have just seen that there are ϕ (2m) different powers of q, 
represented -by g^ (where a is prime to m) any one of which will ‘generate the 
_ cyclotomic group of the 2m‘ order. We can use any one-of these powers q^ as 
one of the generators of the double-pyramid group of the 2m** order, u being 


the other generator, and can thus "- this group: also in @ (2m) different ` 
forms. 


Groups containing no Period greater than 10. 


The Period. 10. If g has a period not exceeding 10, we have then, for the 
determination of the angle between λ and μ, the condition (xii), p. 349, viz: 


(xii) S. (Au)! = SAX = — ctn > ctn "h 
For the period 10, therefore, we have 


Saal = —' cos 2 f= = | 
if 2f denote the angle which λ makes with X, 4. e, if f Ἢ the angle between à 


and u. Hence 
cos 3f -L- gp cos f= T so = Se 


If. we write 7$ and make the plane of (^, u) that of 
(i, k), we idi find the values of à and q to be : | 





LEVE. 


where e= | 


— dk 
| SERA HUNE 
6 +- i— dk 
q= cos FA sin g = E 
where e = ni d] - By combining q and { and their powers isi products’ i iu 


all possible ways, we shall generate a closed group consisting of 120 different 
quaternions :—the Double-Ikosahedron Group. q and iare called the generators 
of the group. (The quaternions.of this and the following groups are written 
- out in fill in the accompanying tables Za — Qj, -pp. 354, 355.) " 
Hare chosen L3 — 4, we might then have written, instead of- 

A= 4 cos f+ sin f, 


a= i cos f-+j sin f. 
The latter assumption would evidently—on account of the symmetry of 
the 7, 7, Æ, in their relations to each other—result in a group similar to the 


this Sine 
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one determined by -the former value of λ. It will be found that the two 
groups differ only by an interchange of e and 6, and it is also easy to show 
that the former group becomes the latter by ΚΝ to -it the transformation . 
(1— 5) () (1— X); that is, by writing, in the former group, for each quater- 
. nion g the quaternion (1 =h). q. (1 ΗΓ Two such groups are called 
“similar and isomorphic*.. i mE 


The Period 8. If g has the period 8, then ¢= P > and 


| AA = - — cos 2f = — cin 2 otn = --0, 








4. 
o. 
i dn ΠΕΙ 
Writing 4 —i, we have f 
ps _i+t 
^2 : 
and since > fe forms with A an angle of 45°, we may assume | 
i Poo i 
u= A/S We uu 


qand u will then be the generators of a closed group of 48 quateriions :—the 


> Double-Oldahedron Group. The choice p = {ΕΕ could evidently equally well 


X2 
have been made; it turns out however that η and 2 — the same group - 
itj. | 
as q and wa 
The Period 6. If 6 be the onde of η, then ᾧ = = and 
ο ος 


ET — — pice, a 
- SAA’ = — cos 2f== — cin à ein a 


cos f= JT τ᾽ a 
` Here, if we write u=7 and determine the plane (A, κ) in nidi 8 way that 
it bisects the angle between j and k, we shall have for the values of à and q 


λ---ξς sin f+ i cos f= HES, | 
_ let ΤΕ. 
a ae 


* C. Jordan, Traité des substitutions et des equations algebriques, pp. 28, 56. 
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q and 4 are the — of a group of the 24m order :—the Double- Tetrahedron 


Group. 
The Period 4. If q have the period 4, theng= A. If the condition (xii) 
_be apalied to this case, we find Sgq q = 0 = San’, f= i and thus obtain the 


. same value of f which gave rise to the double: oktahedron group ; and we should 
in fact obtain this same group for the above value of f in the present case. 
This results from the fact that the product Au would be a quaternion having 8 
for its period. We may therefore throw aside the μμ... (xii) and applying 
(xi) — 5. e. SAu = 0—write ` 
Acc ui 

which two quaternions are the generators of the well-known group of the. 838 
order, viz. +1, +å, ls x τ This is-& .- example of the double- - 


pyramid type. 
The Periods 11, 9, 7, 5,3. In order ind oe ‘that the above enumera- 


tion of the finite quaternion groups 18 exhaustive, it will only be necessary to 
show, Ἢ 

Vl. That the greatest period -; in, any dida quaternion group, which ts 
not a cyclotomic group; is even. 


The smallest argument which can belong to an odd period m is in 22. - If such 


an argument however belong to a finite group which possesses more than a single 
axis, it cannot be the smallest argument in the group; forif g be the quaternion 


whose argument is - > Mm boing odd, and ii u be as before the axis most inclined | 


m-l 
- to that of g, then qm*q^ δ =—q na belongs to the group, and since 


mtl - 
fannie 





es COs (ins +=) TM μμ - 
ES cos? + à sin 2, | 


therefore the group contains the argument =, which is half of = ^9 , and thus the 


proposition is proved. With this demonstration ends the possibility of forming | 


any other class of finite — groups man those above enumerated. 
Vou, IV. : 


$ 
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Tables of the Five Different Types of Groups. 

The explicit formulae which constitute the five different types of groups are. 

contained in the following tables. : N= order of the group. i 
| Το 


|. The Cyclotomic Groups. 
"These have the form | 


. ο q^, * " 4 c jt; N= m f a prime to m5 
where q is any quaternion having the period m. | 
an 


_ 1l. The Double- Pyramid Groups. 
These have the form  . = | 
| gU opp 
μα”, ug’, ... + ug"; N= 4n, a prime tò 2n; 


where q is any quaternion laris the period 2n, and where. u 18 8 vector lying 
in the plane perpendicular to the axis of g. - [Su = 0.] 


2,.Qu: The i-j-k Group, viz: _- l sn $ 
E TEE ΤΙ | 
le * 
The Double-Tetrahedron Group. 


i : | κ $ ; . j* : Lk ΜΠ ` P 
ο η | pide meom 
Ὁ D: — 9 2 ' 2 j 


gzzl, 9, 8, 4 $21, 2, 3,4, By 6; N= 24, 


This is a special case of Ja. 











m Qa. 
Te. Double- Oktahedron Group. - 
11ἐν TETN l-FkwWw. 
1 k ve)’ I Wis ak 
i ; η E eee " ον E "7 PEE: pn η 
πο us Cae) Cae 
i+ kts (itd 
e» Ca. 2 
vi) v | MC 


gem ll 9j ο ses N= 48. 


-- 


( : - 
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Qa m 
1, The Double-Lhosahedron Group. Bd 
a " | » 
(tray, σου αφ. 


ey ey Cy 

f (FIN, S ως asy. 

ο πο. ο. 
eigen, (αρα, Gy, Coen) 


& T i zl: y, € -- — | ά ας y, 


¢ + ej — ο (it -- | Sn 
9 m 9 i 1 ni 


"ET στ rg 


e+ dj — kN e+ ¢k—irs e+¢i—j Ni 
[PT PPM aa, ἯΙ 
e=l,....4; η--ἷ,....6; £m], κά 10; N E20. 
.-- Ley ου ο = =r, 
2. Oo: A second FOE ed differing from the iios by 
the interchange of e with δ’. 
= The groups Q, and Qu are aned Q,, and Q, in Qu; | as permutable 
sub-groups.* Also a double-pyramid group of the 4m’ order contains a cyclo- 
tomic group of the 2m order as a. permutable (ausgezeichnet) sub-group. ' The 
group Qi contains no permutable sub-group except the group. 1 of the 2* order. 
The vectors of the quaternions of these various groups represent geometri- ᾿ 
cally the axes of symmetry of the corresponding regular polyhedra ; that is, they 
are the. diameters of the circumscribed sphere, which pass either through summits, . ` 
or middle points of faces, or middle points of edges. 


* C. Jordan, '' Traité des substitutions,” pp. 1-50; and W. Dyck, “ Gruppe und Irrationalitüt regulärer- 
Riemann'schen Flüchen," Math. Ann. Bd. XVII, p. 481. ; 


"€ 
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| The G ‘oups of ADU of the Regular Polyhedra in | three-dimensional Space. | 


It is well known that any displacement of a sphere about its centre as a 
fixed point can be replaced by a simple rotation about a determinate axis, and 
that such a rotation is represented by the operator g()q~*, q being a quaternion 
-. whose axis is the axis of rotation and the double of whose angle is the amount 
of rotation. From the foregoing discussion, therefore, it follows immediately 
that all the finite groups of automorphic transformations of the sphere are re- 
. presented by the various groups of operations of the form q()q-!; when, for a 

given group, 4 assumes all the values of the different quaternions in some one 
of the above: enumerated quaternion groups. The linear transformations. of 
Gordan are therefore represented in the following scheme. 

L()I. If g assume all the values of the quaternions of a cyclotomic 
group of the. m or 2m" order, m being odd, then the operators of .¢()q7 
Q()q?,.... q^ () q^" represent the m movements, or rotations. about, the 
΄ axis of q, which transport any vertex of a polygon of m sides— whose plane is 
perpendicular to the axis of g—into all the other vertices of the polygon suc- 
cessively. These rotations I call the automorphic or self-congruent movements 
of the. polygon.* > 

Ja () Jz. If q assume successively the values of the quaternione of a 
double-pyramid group of the order 4n, the resulting rotations φ()ᾳ”-1 will re- 
present all the self-congruent movements (Bewegungen 4n -- of a double - 
pyramid having in all 4n faces. 

Qu() Qu. lf g assume 'successively the values of the quaternions of the 
group Qu, then the operators q()q^* represent the 12 self-congruent move- 
ments of the tetrahedron, such that its four summits | 





i+j+k —i—j+k i—j—k —i+j—k 
ee A3 - JS ᾿ JS | 
its four centres of faces ! : 
ο ie i—j—k —i+j>k | 
SS WE ) = / EI Ee WE ) m WE , 
and its six ΕΕ points of. edges "P 
ded. +7, +k, 


are separately permuted with m other. το l 3 

ΣΤ call a figure self-congruent, when without undergoing any change as a whole, like parts—as 
points with points, lines with lines, etc.—are interchanged. Self-congruent movements or rotations are 
those which produce such an interchange of like elements ; thus all the motiong of 8 sphere about its 
centre as 8 fixed point are ΕΕ movements. 
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Qu() Qu. ΤΕ the quaternions of the group Ωμ bé substituted for g in 
` q()4 !, the resulting transformations will be the 24 self-congruent movements’ 
of the oktahedron. The summits of this oktahedron are- 

ROS l +i, Bj l +k; 
-its centres of faces are 


NUN ER. EXE Aem 
{ΠΠ τί: | yk —ibj—h. 


= κα re a 








| C8 ο. Νε ea 
and its middle points of edges are = 3 .. 
| jak . bud PX" 
ES "i ) E RC Ve ———— 1 EIC } 


and the movements in question permute these like elements with each other. 


Quo () Oizo Finally, if in g()q^!, q be made to assume all the values in 
Qing, the οι. will be the 60 sel cong: dant movements of the ikosahedron. 
We have. here for summits 


ej +k ek -- A "n 





LÀ . επ. (AS "ar 
for centres of faces TN | | 
ο ο” ppebo C wii 
um MER = WEJ Y^ SE VE y σας WEJ ) 
qd ESE, A τ. Es | 


Ss - Ωγ’ ὃ α/ 8 
and for middle points of edges | 
| | +i, Lj, +h, - 
ή rodar pens. 
The above scheme -contains all the possible finite groups of automorphic | 
linear transformations of the sphere, or what is une same thing, of ihe plane of 
complex variables. 


mias 


BOHW ARZBAGH, Saxony, September, 1881. 
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_ The Counter- Pedal, Surface of the — 


Bx THOMAS TT Johns Hopkins University, 


The particular surface investigated in the present paper is merely one of a 
class whose properties do not seem to have been studied; there is at least no 
reference to the surfaces in any works that I am αι... with; further, 
Prof, Cayley expresses his belief that the subject is quite new. The definition. | 
of a counter-pedal surface is obtained from the definition of a pedal surface by a 
very slight change of the wording, thus: a pedal surface is the locus of the inter- 
section of the tangent planes to a given surface with straight lines drawn from 
. a given point parallel to the normal; the counter-pedal surface is the locus of 
the intersection of the normals to a given surface with planes drawn through 
a given point parallel to the tangent planes. We can have in like manner pedal 
curves and counter-pedal curves. Problems connected with counter-pedals, 
whether curves of surfaces, willin general be more difficult than those connected 
with pedals, as it would seem that in general the degree of the counter-pedal ‘is 
higher than that of the pedal. Before taking up the analytical part of the work 
I must first express my great obligations to.Prof. Cayley for the assistance he 
has given me in this connection, especially in finding the equation of the surface. 
I had’ found the equation of the surface, but in a complicated form and encum- 
bered with a factor of the sixth degree, which I knew must exist but.could not 
find. On presenting my difficulty to Prof. Cayley, he was good enough to work 
out for me the equation of the surface in another and simpler form. The inves- 
tigation below to find the equation of the surface is, with some insignificant 
changes, entirely due to Prof. Cayley. Ihave also received assistance from him 
oh many other minor points in working out the properties of this surface. I 
have not as yet done much on the general theory of: counter-pedal, surfaces and 
curves, but if one may judge anything from analogy in the case of the counter- 
| pedals of the ellipse and ellipsoid, these new curves and surfaces seem to be more 


t 
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closely related to negative id than to the direct pedals. For Minds the 
degree of the negative and counter-pedals of the ellipse is six ; the degree of 
the negative and counter-pedals of the ellipsoid is ten; while tive degree of the 
pedals is in each case four. In both of these cases the pole is supposed to be at 
the centre. If for the.ellipse the pole is taken at the focus, the negative pédal is 
a curve of the fourth degree having the lines αὖ + 7° = 0 for stationary tangents. 
The counter-pedal surface of the ellipsoid, as considered in the following, is 
the locus of the intersections of central planes parallel to the tangent planes of 
the -ellipsoid with the normals. at the did points of contact, The 
ellipsoid is given by thè equation i | 


- δ e ` 
a+ 7+ $=. 


The length of the central perpendicular upon ar tangent p" to d 

— at any point may be — " P; then 
1 
"Hiec uas dp - AE ; 


further write | 
| a, B, y—P— à, e—a, ?—t. 
Denote by æ, y,.2 the codrdinates of a point on the counter-pédal corres- 


ponding to a point ἕξ, n, Ç on the ellipsoid, then it is obvious that these are 
given by the equations | 


e=) mro | α--ζ(1-----). 


In order to find the equation of the counter- pedal we have to eliminate 
Esn, ὅ between these ο and . o | 


a f 
M | E — + -r BE d = i. 
Iti is to be noticed that these un give | 
Ἂν e+e ΕΣ, ον 
κ l 
παζ-- zm) + des 4) +E (m — y&) = 0. 


The geometrical meaning of these equations is obvious ; one should be able 
to eliminate between these and the equation of the ellipsoid wd find the equa- 


-+ 
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-- 


tion of the surface. I was, however, not able to do it. The eni was οἳ the 
degree sixteen, instead of ten, the proper dégree; but I could not find: the. 
required factor. Instead of — Pit will be convenient to write merely ¢, then 


ο yan (EEE | =o (H; 


from these by aid of 








e nr c. 
a twtw4-— 


we derive- er à 25 
a b% : 
| απο ση taper! 
and 


"RN 2 lc 
CETRA T tx t 
' For greater convenience replace &?, 1), £', a, &, e by x, y, 2, ἂν ὃι €, 
then to find the required equation we have to eliminate ¢ between 
ας y 
un ΠΝ dd tero 
1 
Gg ES ter^ uon 
Multiply the second of these by ¢ and add to the first; this pre 


ενα ευ 


ai UE EE 


which is to be combined with 


e 


etat ote rta 
We have thus to eliminate ¿ between a sextic and a quadratic equation. 
The method followed by Prof. Cayley to effect. this elimination ἵ as follows : 
Expanding the quadratic it is 
(z4- ν tz)? --- [b det ebay (EB ortoni a= 0. 


ΡΘΕ 
: Ρ8 + Q+ i= 0. 


Denote by t, and ἐν the roots of this quadratic, then we have | 
Pe + Qi + R= P(t —1)(—45), 


.R 
htm= E 44=5- 
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The minimum value of ¢ is of course — a, and its maximum value — c. 
Make ¿= — a, then we have | 
a(aty+z)—a(b+e ΡΝ y ab JH leon also P (ai) (at) 
and obviously 
Plat t,) (a + ἐν) = "in 
© {54 t)(b 4) —yay 
(07 Plett) (eti) = — af: 
The quantity (ti— 4} will be needed ; this is given by 


4PR 
ici ER 
Substituting for P, Q, R their values, this is ` E 
| dos ya 2 dui + Bly? +? — fryz — aay — yaz | i 
| pue v Qi Fy ME | 
or say | 
(&—5,— 5 


The values of ¢, and 4, substituted in the sextic equation, will lead to the 
expression required for the equation of the =e The sextic expanded 
is 
(b +A (e + taz + (e+ t(a t tf by n (b4- Da 2 t ez — (a # DU -J- e J4- t — 
Write this as 

~- Aaz + Bhy + Cez — D 0; 
denote by the suffix 1 or 2' the result. of substituting for’ t its values by and 5; 
multiplying together the two identical equations thus obtained we have . 
(A,az + Biby + Cra B) Ἐν + By + Ocz — D4) = 0; 
this expanded is 
Ada -- B,B,by + 0,02 + D,D, i 

+ (BiG, + ΒΙΟΙ) beyz + (A0; + 440) cazz + (AB; + A;B,) abay ..΄ 

~- (AD, + A;D,) az — (B,D, + B,D,) by — (C.D, + OD) e= 0. 

Using the above equations giving the values of a y; a, the coefficients 
in. this are readily found. 


A, τ. ag ane 





DD = (a +i} (a+b)... (6: + 4) = i ο, 


- Vor. IV. , - 
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ΒΙΟ, + B, C, — (c +i) (a+ h(a + 8)* (6 4- 6+ (6+ 6) (a +4) (a+ &) (b + 
= (a Hilat Ὁ) (etary HA H (ο) (ο κ᾿ 
"d ο... (& — hP 4- 2 bth. b+ h: PUN iun 
oL oP + i | n 
| ο [ρα] B 
| ——— ——— Ὃν 
OG (e d- 4) (a 4-5) (6+ 4) (e +: 
OL E e| OP e o e e | 


aly? (s — 4) + δα +4) (a+ 9) 
ES Ἐς aep 5, E] 


The remaining values-are written down by symmetry. Substitution of the 











DA values i in the above equation gives ~~ . ®. 


E inis a + PE oy] 











PT 4 (bea + cay + abz) y+ ege ΤῊ + caya n aba $ 





a“ 
on iv (aa? yz + ὄβθαα -+ ozy) — deyz. αβγΡ [aa + tB * a= 
The au παν divides by the factor. `. E 


"ers 





aye. 
effect this division, then multiply out by. = and duod furtis by — th 
aa +- bB + cy = -.0. The terms in the result - E IR: .. as a factor: a 
easily seen to be . 
τα; [aa + 126» -+ dy + 2B ye + TA Ἔ tapa] = E yz (ia + τῇ " oy) = = 
The terms remaining are now . 
a B's — (aa ye + Df + cy) ν + P* (bow + cay babyy = 0. 
This j is the equation of a skew surface of the fifth "e "The princip 
séction in the plane of ay is the.cubie , . l 
(a—b}zy Miis + ay) (€ i we ) PE 
This has an asymptote 2 | 
- be n ay + ab — = 
which meets the curve in’ — 
EXE UL EMT | αὖ + by e 0. 


CRAIG: `The Counter- Pedal Süzfacs of the Blips. E 363 


There i is further an termptt πα = m | 


and this meets the curve in ` u “Ἢ fg ὁ 
cnm 
TN Gh - 


The discussion of’ this surface is reserved for the present, but we may just 
notice the values of the coordinates of a point on any. of the principal gections 
corresponding to a given value of t. We have . 


ax „by a 1l i 
(x9 ter ten i 
πολ cer ao ο 


For the section iit the plane x = 0 we may write 
y= MEA (xc M(e ὃ, 


then .. , 
| . me "Gn qi n)! 
andso: Ἢ mE -- ὦ + Pe (c 4- 9, 

E | (b—o)t 


Introducing this value of M we have the values: of 2 y, and z corresponding to 
#==0. Similarly the coórdinates of a point in other two planes may be 
given. Arranged i in tabular form these are ^ — 


r=0.. 7 . | (49049 | ^. «0045 

Ξ CEE eee Ce 0—0——MÀTUEITC- 
_ b+ e+) | - οσοι xs un NE 
y= ς--οι ~ y=0 | yee 2 TOY 
_—b+octy |, C ero |". «-Ε 
s (b—e)t B (c — a)t 2=0 


The equations of the sections of the skew surface corresponding t to these m 
of values of c, y, 2 are 

| (6 —9^ py ty t= 

(c — α) τω — (az +-cz) (2 + ο) = 

(a — bay — (be + ay) (x + τω 
If in the equation of the skew surface we replace c, Y, 2, a, b, ο by the 
squares of these quantities we have at once the required equation of the counter- 
‘pedal. The correspondence between these two surfaces is such that to every 


— 
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generator on the ruled surface corresponds a certain curve on. the counter-ped 
The curve and generator are found by giving t a certain constant value in bc 
cases. The lines on.the ellipsoid corresponding to a given value of ¢ are read 
found. Required to find the line on : 


| n oy y=] E. 
for which ¢, ἡ. e. — P5, has a — value, " — di: this gives 
ΙΣΠ 
ilia required curve 18 ᾿ the inte ot the two ollipsoids 
L t4 E = EU 
y wr ΚΤΉΝΗ ΚΞ aj, 


‘The projections of this.curve on i: αμα planes are evidently c coni 
the pope on the plane of az for example.is the hypérbola 
Eod —b δ GC ὑδ--οἳ &—D5 . 
, τὸ dd. dd Te, a 
From their definition, these curves are obviously Poinsot’s-pollhodes. - Fort 
value f, = b the curve on the éllipsoid i is the separating ος ; its pr mece 
on the pens xe is the. pair of lines 
στα 
ec αἲ. ο dd TIME NM 
The pollhode itself consists of two ellipses whose planes pass through the a: 
of y, . The curves on the counter-pedal corresponding to a certain constant val 
oft, i.e. — P*, are found by laying off on the normals to the ellipsoid along 1 
° corresponding pollhode the length P. The extremities of these lines also lie 
that parallel to the ellipsoid for which the modulus =-P; the lines on the count: 
pedal are then the intersections of the inner sheet of the parallel surface w 
the counter-pedal, These are only partial — and I have not been al 
to determine the degree of the curve. 
The equation of the counter-pedal i is obtained from that of the "ο surfi 
as above indicated, and is - | 
αβγών) 
--(α αγ) DIP a a! + ch y*) lat + By! y + pn — "a y — fy — 2yaz: 
+(e 4 y T " Cee T δα y+ =! (aa + Qf + 97x" 
— 3Byys vagas day E 








hi 


|. or, writing 
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The counter-pedal is therefore of the tenth degree—the same degree as that 
of the negative pedal of the ellipsoid. ' The terms are grouped into those of the. | 
‘sixth, eighth, and tenth degrees respectively. Writing . 
| | = [Z2], Belgas ποσα, 
D= = δα Por PE PROME P, Gg) ys Pe, 


-- 
+ 


| the. equation may be written - 
G+(B— Ey(A0— L = 


the equation is : -- τη 

| | G — LM— = 0. | 

The Lis the v ofthe above. `, For G — 0 with M= 0 we sine the principal 
sections of the surface—complete in the. planes z= 0 and «= 0, but as we shall 
see not complete in y — 0. These principal sections are the: counter-pedals . of 
‘the: principal sections of the ellipsoid together with, in the plane y = 0, a cértain. 
pair of straight lines. .The" NUM, of the Michi Mia of the prineipal 
ellipses are Ἢ 
(P — ay yee — - (eaf 2 Py ῳ F 2 = -— 
(αἳ — αλ); a? — (aX? + ea) (25 + ay = 
(d — Py asy — (P2 + aby) (e+ y = Ἷ | 
The codrdinates of 8 point on each of these sextic curves are given by the E 
table i | 










αὖ = 0 roe +e ιός | TETTIE 







pier (+i (ὅ 2-£ M ιαπ 

μ.ο ΑΟ ου... y= CHOC HH 
_ +N C+} | a (& -- t (2 4-1) ME ον 
σσ i —e)t ud Fw z= 0 | 


i is important to notice. that these yalues go in pairs. For values of —¢< 3 
the first-and second columns. give real values of a, y πᾶ, while the third - 
gives imaginary values; for — i= 2° the first and third columns vanish ; for 
values of — t7 δὲ the first column is imaginary while the second and ΠΝ are 
real, This remark is important in making a drawing or model of the surface, as 
it shows just what-points in the three cross sections are to be united. - 


~ 
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> 


If in the equation of the surface we make 


G-—0-dL-0 S 


- 


we have for the three possible cases 8 pu of straight lines in pud of the. plane 
These are 
(ax — By) — 0 in 2— 0; 
ce 3 (By! — ys y — 0 inz-, 
2 (yz? — ac? = 0 "gem * s 
Of these only the last, - | a 


- 


aes -yò = 0, EE 


net 


is T and completes thé principal , section in the plane y == 0. The pri 
cipal sections of the surface shown in isometric prgjecuons are given i in figure . 


a 
κ. 


zZ 





5 
~ 
Tr L 3 . 
z a 


‘ 
- 


The portion OBA of the loop in thé plane y = 0 corresponds to values 

t between — b? and — οἳ and is joined to the corresponding points in the loop 7 

the values of the corresponding points in OBA and Æ are found from the abo: 

table. The portion OCA is joined in like manner to D. The small letters ind 

cate corresponding.points and serve to show completely how t a drawing or mod 
of the surface may be constructed. o 

In ‘making a drawing of the surface it will of course be desirable to WO! 

out the numerical values of a few of the corresponding points though the lin 

joining them will have to be filled in by the eye—unless indeed one chooses : 

go through a very tedious anes to, find the intermediate . points di 
ps which to trace them. | TETTE" ES 


` 
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- The lines l | . 6. ὦ 
ad. ye 0 o uu" 


. &re clearly double lines on the surface ; 8 section of the surface through the point 
_a of Fig. 1 will consist of two curves like Fig. 2. | 





. Fig.A. 


This section gives ‘nly eight real points of intersection with a right line. 
There are four real singular points of the nature of triple points in the plane of 


y= and an equal number of imaginary ones in the other two planes; the origin 


is à singular point of a very high order and will hardly repay study. The double 
lines ~ i τ. ἘΝ 

: aa? OP 0 
on the counter-pedal correspond to the separating pm on the quem the 
projection of these lines has. been shown to be. l | 


We————— Eis Og E 


d ag, e gu 


the angle between these projections and. the double ike being called 0, we have 


cos — (à + δ) Vaz + A ar (a E) ad d o. 

This 18 à right angle only for ellipsoids of revolution, as we can only have 
cos — 0 fora=0 ory=0. . The projection and the double line will coin- | 
cide with each other for cos = =ł; this gives ' mE : 

a? m TO 
Pp c 

The double lines are al atright wg for an ellipsoid whose. axes are connected 

by the relation p 


`- i e dr E η 
l 
. 


- MA. 
a + d | 

. I thought. that the umbilies of the ellipsoid might ως to the ων 
όνος: triple points or the counter-pedal; on testing I found that they did 


p = 


"not correspond, though there is a singular relation between the coórdinates of the - 


points corresponding to the.umbilies and the coórdinates of the triple points. 


Tr 
ees 


T^ 


4$‘ 
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| The ‘coérdinates of the umbilies on the ellipsoid are; 
pel 8' n=0, ee ο 


| £ 
the value of f for these points:is — aa ΘΗ dis in the second column . 
of the above table we have ' ᾿ 
P= y=0, P= 


The sobvanites of the triple points on the morem are found - | 
making £z: — δ}; they are ` 


"WEE NR - 
j of -- — BS y=0, ος -i 


The ales of a and g for the two series of points are just interchanged. The - 
condition that the umbilics on the’ μας should correspond to the triple points = 
on the counter-pedal 1 is 


piama M 
pte 


-— 


~ Besides the two EIE double lines on the surface e are two other: 
double lines whose projections are of a quadrifoil shape, the'curves in space 
. having the same shape only bent to fit the surface. . 

The existence ofthese lines is readily inferred from Fi ie ΚΠ are 
produced by the intersection of the portion of the surface joining ilia loop Æ 
to the partial loop O B A with the’ portion which joins the loop D to the partial 
loop OCA. The degree of these nodal lines I have not been able to determine. 

-The lines of curvature-on the counter-pedal to the ellipsoid are its intersec- - 
tions with the counter-pedals to the two confocal hyperholoids., I have not been. 
able to deduce any results of consequence concerning the curvature of this 
surface; but in the next few pages I have given the values of all of the quantities 
employed by Gauss in his investigations on the curvature of ‘surfaces. These - 
values will certainly be necessary in any future. study.of the curvature of the 
counter-pedal, so it is worth whilé giving them here, although I have not been. 
-able to determine in & simple manner the radii of curvature. 

Denoting by u and v the curvilinear codrdinates of a point: on the surface 
| of the M we have 


EE S | E. 


— Bye? =a? (a + u) (e? Fo), 
— yan? = b (B -- u) (P ἠ- v), RS 
ο ο 0 cl 


v 
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The element of area of. the counter-pedal is 


dX — 59 -—4 dudv, = Ududv. 
Now 


a dial Oe ο 


This is easily brought into the form 








1 (P)-Luy(P?-L oj Ρ2Ρ PPR 
πη 16 PUP ue ab Tray (Pc (P? ἠ- + (P? pal 
or again | 
S (P? + u) ners +o ΖΡ} (Ρ’ἠ-υ} .᾿ P?Pi(P?+ wu} 
ee ΠῚ BB | ρθει us ] 
Or say 
po ge 
5 
| πμ pipi" : 
the element of area is now 
1 T 
So m 
d, 4 BP, dudo , 


and for the total area we must have 


2 -- jf Των 


— Ὁ — b* 


of course the area of the ellipsoid i 18 : 


The ratio between corresponding elements of area on the ellipsoid and its 
counter-pedal is 
ds L, 

Denoting P (αι, £1, γι) and (as, Bs, γι) the direction-cosines of the normals 

to the ellipsoid and counter- pedal respectively at corresponding points, we have 
da dz dz 
c^ ΕΣ dy wr 
. dy . dy dy 

T= Θὲ dE dp d . 
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The visitation of this value of T by TE dui the τη, would 


be a very. difficult matter, as the.values of 05; Ês, ys, whether obtained directly | 
from: the equation οἳ the ‘surface or in the manner ‘indicated below,’ ` are l 


extremely complicated, 3 "own x 


Using the notation employed by, Salmon, Geom. of tree Dimensions, write 


SN 


"200 -am Ὁ. ἀ(ξ, Ε} (p 
2 A; B, C= dfw, o) d(u,v) d (ur v) 
referring & to the o ellipsoid: also | HEP 
-.ἆῷ,3) die): dle, y) 
y dE d(u, κ) du, v) diu δ)” 


5 t ` 


|  Feferring to the, TTE ‘For. convenience I will. write Ang coórdinates 


L, Y, 2 as 
e ΠΝ, i e k= — Py 


4 


also write . 


m sima. (+8) {ΠΟ 


We find- now at once si i 
oe. wey a(n D ο dk, ὃς ip b 
BT d iei d dio) 
or ΄ - eb: V M 
~ = ep &.| 
| ο ew τα 
pax]. OF ο ή, E 
dw «ἀν du |. ον 
| ae ὦ ας ᾽ 
| | © | de* do’ de. i : 
j^ Get ata) atu) stg) 
. d den us dw! . du ^ 5 
dk dy 


~ 


- 


i 
- - e. I 


"auf V tp €5 
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or finally | y "e mE : P DUE "LL OLD l 
: à aon á E P | m i ” 
Feet): BiB] poke. d 
005 Ρ dk dg d e| dt dp a | - 
Ve Cat aa? ga | οι da de” de 
joa, a xj |a, dod 
"ED del |: de dv ^ | de. de dv 


- 


The ne of 4 aud Ὁ may of. course-be written down at once by symmetry. . 
There are three other quantities necessary in obtaining the expressions for 


the radii of curvature, &c., n Gauss's method, vize |. . © .- -:.- 
dà æy dz ΄ 
| du ' di / dw . 
-| de dy dz |... : 
T — ue } . OR 1 du &c ; : , 
| w dy d 
do dv’ “dv s 
or | 
2 dy dy dz (eu 
J dw LI di ar du 9 ; 


- 


The wales of these expressed as determinants of. the. fourth order are easily 
found ; j they are 








mI ET às 
abe , πα & nu ue | 
oak a om wee. .° 3 απ | ο. 
m^ E ai ar a | 
Tae ἃ d alee yah ME to] 
du du du du' S P Se i "m | 
dk dz dz S η : - 


- 
A 
Pal 37 
z - 
4 
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Writing abc = T -+ L, this becomes >  : "e 
τ E ΠΕ; | 
. T, p P η; gw 
Φ PE dy ἃς 
1 dé αν dé' dé' dé ἽΝ 
/ ος p E 
Te πα. ο ae 
` : du‘ -~ du’ du du’ -` 
| ES : | de dd ὦ ας 
᾽ "E. i do ` dv --᾽ do - dy 
The expression for 9’ may-be written down by symmetry; that for μζ΄ is 
E =o o | es ET FLU ΓΕ 
Dus cu os iT ὄν ν᾽ 
ἀμ. di. | dk 1: ξ dudo” dudv:  dude' ` duds 
f= Saga tata ae ὦ Ba a [.. 
ο... soil | ἀκ . du. dw; du |5 
HEN ; Cho Ed dp | 
LP .. . de ᾿ de Us de dv |: 


1 have not been’ able to simplify these expressions any considerable amount. 

| If we denote by v, y; z the coördinates of a point on the pedal of the 
ns it is soy to see that ae o 

peer oc 

QOEM . RN 5 i » "Ug u 
2 z-—f-—m, -y= >y, acis. 

ALT E, F, ἃ refer to the pedal, we have for the element of length ο ‘on. that 


- 


-surface ο, UM 4 
, . p — Edu? n 2Plude n at 


4 
4 


Ei 18 ; quite ‘easy to show that ΙΙ | : 
p? κ . i 5 . . : ο. 
A = 2 p TNCS Su P2 d E A 
xs . 1 - p , | p . 
2 | = 6+ Gta ἩΝ 7 | 
E Eu CIA A 
b σιν "m i " E Dx i 
` : ῃ 
| 
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Ld 
+ 
-- 
΄ 


~ 


iid then for the element of length on the o 
| 'Pde déc | 
jo 
d= cd AR 2 +S) es 


writing” ` E CE 
: So πα ο, . - 44 
TE Se Αιξ α Γη. bu. dtu, ` | E os 
: ΛΣ -- α) +e. "EN sd . ὦ | Todes ἘΠ 
'' term in do becomes s αν l . s 
uf πώ M 7 FE 


i . eti. DES 2 | i 


and so 


uc um = dat ditt 4 ες η η 
(* 

It would lis interesting A find an interpretation c of this last term, but Τ᾽ ᾳ 

s οἱ ae ο 9 


- 
$ 


- 


.gee no means of- doing it. 
, Denoting by d the element of area on the pedal, we have. 





m mE B , d= =v -Pdudo;. M 7 
also | | | RU 
- — Pc, ul 
Us wu Eu uiu 
` - g - no oP P? FR x τ 
τάδ᾽ 5-5 - 
A — 1 PA y i 
y B= Gwe - ge 
calling the quantity. under tl the radical n" y? we, have τ. 
Pu . p. Per 
[P ΒΓΗ͂, 


"pue = ve pra 


va 


and for the ratio between the elements of area of the pedal and countér-podal. - 
en s = iP bu oP EP ht PPP ο 
| 2007 T | | BVP EY I P i+ Pi " 


. . i 
" . Uv, v * ” 
1 πο. * = 


8:56 τ᾿ ὄμμα: The Comior-Podal Surface of the ars | 


κ... - - 


"T Calling'a: Qs , B; Ys ui ds, ᾱ, » the E of the norma.: at çor- 


responding points to the counter-pedal ahd pedal respectively, this ratio 18 the 
value of the determinant | | 


| de de dz . 
| | 7» ^ dr dy ^d l ; | 
; ὃν dz . dy, ὦ |, s e 
LO dz ds ode c 
| f ‘oa = 
` fa Bs Ys 5 


Let F G ηζ)-- 0 οταν ας any surface, and denote by Fy, P, F, the dériva- 
tives of ¥ with respect to £, 2, č. The equation of the tangent plane ud this 
surface i is (x, y, Z denoting current coórdinates in the per 


e Pad 


l un E ee i) F, + e0 E= 0; TA MT 


| taking the origin as the pole-we have for the perpendicular upon the tangent 
plane 


Eua X Sos 9 p-— ο E .. Rds PTA 
where ~ E CT 0ϱ-- ΕΣ ας ῬΑ} FÈ. 
The direction-cosines of the normal, and therefore of p,-are 
‘ τ ` $ 4 ^ i m F; F, “δὲ n 
i Q 3c Q’ ὁ. ? 4 
and the coórdinates of a point on the pedal surface are. ο = 
ES ᾿ . | 2i το ay - pH ` př, pF : aiw 
, x Sq ys —'- ο ο ο ' ; so 
Writing — gm D we have for the coórdinates of a point o on thé Αα 
0T - αΞΕ m. | 
7 : 2 B "E l í 4 » l — =y of kE kF, - 


> 
4 ΓΗ “e 
+ - 
* ` $ - s 1 . 
* ^ . t " n + ς EM 
a LI -— R5 - 
- τ --- 2 ως 
> à - 


- 


The elimination of ἔ, η, ¢ on chess αλλο aud F=:0 will give the - 
equation of the Cue pedali of F=0. - = | T 


Cai 
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Write the coórdinates £, y, ἃ in the form 


v 


a= Etr, -Y y=n +y, z=ť +7 
and. we have for T „J, D the general values 


-g= -B+E i Ko. 


dp d 


the quantities Lo du are proportional to the. direction-cosines of the 


du du 
ἂν d 
du . du 
are proportional to the diréetion-cosines of the tangent to the edd 
curve u= const. traced on the pedal ; calling 0 the -— between these two 
tangents the above value of AT ἴα 
Au E+E+ Ἀν g E cos 0. 
| Writing 0, = = = (5. i), wè may also write - | | 
| θες (ον ο), $i (u, ο), a o us 
The whole set of values is then . | 
ια πα -COS ος. 
J—FRFY ÌM p G COS φι + ἀν BG cos $s, 
p= Gr -+ G + ΖΝ q (C08 0,. 


. «αὐ would be interesting to find ihe αὶ for which the square of ds 
element of length on the counter-pedal is equal to the sum of the squares of the 
corresponding elemenis on the given surface and the pedal. δ. e. the surfaces. 
which give the relation Ἢ i i 

da? + dude + Dd? = Bh? + 2 dudo + Gdo + Bao + 2F ado + Gd ` 


ος. 


tangent to the curve u = = const. traced on the original surface ; and Ca 


M 


dii ds? +- do?. 


The conditions for this are obviously i 
cos h =0,,. cos 0, — 0 
and . OLIM | MEI E 
. MEE cos oy + V EG cos Q—0; ᾿ 


-- Vor IV | 


x 
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or otherwise 


The quantities F, Z, O may be written in the form 


d(y,2) ἀ(ζ, y) l 
d(u,v)  d(w,v) 


dl 
d(w,v)  d(w,v) 


ἀ(ξ, y) — d (y, 2) l 
d(u,v) d{u,v) } | 


There are many other general formulas that one might write down, but it 
is hardly worth while to do so. | 








=4+4—| 








T=B+B—} 








ο = 0-4 ζ--- 


Tables for the Binary. Sextic, . E 
The Leading Coefficients of the First 18 of the 26 Covariante. 
| By PROFESSOR Carney. 


| Including the sextic itself the number of covariants of the binary sextic is 
— 26, as shown in the table p. 296 of Clebsch's “Theorie der binüren algebra- . 
-~ ischen Formen," Leipzig 1872; viz. this is - m 


ORDER. 
F 0 . 2 4 (6 8 10 12 
4 Ἴ ΠΝ - 
a] 4 ΜΝ ΝΕΕΣ ΒΕ 


a Bo] tea | «| — (Gà 
EI Es | | 
LGM LGM | | | 4 
vum | | | 








15 (6 t)r I5), 


 MAPIHPINPHPAAR I 
. 


, 


oo wN 


c 


W, —(A, EIX, — (A, ΕὟ 


4, 


^A 


-— 
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— Or, using the capital letters 4, B, ..: Z to denote, the 26 covariants in | 
-the same order, thé table is aa | 


p ἃ M 4 =- 6 8 10 . 12 








L,— (D, οὐ 
M, = (0, Ey | N, (0, By | NC = (D, EM 
QF EY 
| R,=(G, EF 


(8, = (A, PY | πὶ - . oo 














Y,-(G,Ey c | | ! | | | 
"uu i . l ‘ i . 2008 
ES (G, Ey e. B Ri | 
.. A is the sextic. Pis Balmon's C, p. 204. 
.B ~“ Salmon’s A, p. 202... © (0 ῬΡ * — D,p. 207. 
I1 "E B, p. 208. . Z" “. E, p. 288. 


The references are to Salmon ’s Higher Algebra, 2d Ed., 1866. 


In the present short paper I give the leading sosiiduii of the first 18 
"eovariants, A to R (some of these are of course known values, but it is con- 
venient to include them): for the next four covariants δ, T, U, V, the leading. 
coefficients depend upon the coefficients of A, C, G and E?, viz. writing © 


A — (a, b, ο, d, e, f, g fa, y) 
E*= (a, 48, .1γ, 18, εἴα, y) 

= (a', 4B', dy’, A9, efx, yy 
c Gs s s Bes des 9) 
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.we have | E ee d t 
i S, Coeff. — — bà + ey — dB + ea, | . 
(T, " æ= að— 2by + 808 —4da, . 
U; S9 t 2a/à — By +B — Wa, 
V, “o at= 2802s — 3585 + 10y"y L 20yB 4- 24a. 


Similarly the invariant W and the leading coefficients of .Y, Y depend on the 
coefficients of A, G and E*; and the invariant Z depends on the coefficients of 
G and Κ΄, But these two invariants W and Z have been already calculated ; 
viz., as already mentioned, W is Salmon’s invariant D, and Z his invariant E, 
- given each of them in the gecond edition of his: Highér Algebra (but not repro- - 
duced in the third edition): on account of the great length of these expressions 
it has been thought that it was not expedient to give them here. 

For the reason appearing above, I have added we ο ptepmona for the 
remaining ο U) of CO, E, G. 


A, Bio ο, D, E, Fie o Ge Η, αὐ 


α ag + 1|αε +1lae +1lacg + l|ae 1 α +1) ed +1 
abf — 6\ abd — 41a — 1| df — 3) Æ —liabe — 5| abe — 8 


06 +15 οὗ +3 |. | e Η{9|αΐθε---1| cd --9| at? + 9 
d? — 10 ab'g — l| bed + 2\a°'d + 8 
| bef + 3| ο —1| bê — 6 
E . bde — 1 . 
f E ce — 8 


"PN ed? + 2 


988 CAYLEY : 
Shee M J, x K, a? 
laeg --l|ef + llédg + 

er^. ae abef —-10| ef — 

@g — li edf + Alabeg — 

def’ +2, ce +16] bdf. — 

e- —1 de —12| bà + 
abeg — 1 |αδ)αξ +16) ef- + 

BP +1) Be + 9| ede 

bedg + 2| bef — 12| ὦ. + 

beef — 2| bede — 16|a Dg + 

df — 2 Ae + 48| Bef — 
| bd? +2) de +48) Bde + 

eg --1| σα — 32| bee. + 

cdf 4-2 l bed? — 

ee +) 

cite ---8 


Tables for the Binary Sextic. 


im C» ho C» b2 OO ATCO στο 65 I4 I4 


D, x 


def + Lieg 


M, 


N, x O, αὖ 
acfg — 1αα 0 
df? + 3) df + 8 
ëf — 8| de — 2 
abfg + ljaPdg - 0 
beeg + 2| Bef + 1 
bef? — 3| beg 0 
bg — 4| bedf — 14 
bdef — 12| be? +11 
b? +15) bde + 1 
dg + l df + 9 
cef + 9| de — 14 
cbf + 4| οὔ + 6 
cde — οἱ \a°b’cg 0 
de + 8| Pdf + 8 
aeg — 8]. Be’ — 9: 
Bedg+ 6| Bef — 6 
Beef + 9| Bede + 16 
df + 32| P? — 8 
bide — 39| be — 8 
be’g — 8| bed? + 2 
be df — 66 
bêd 4-18 
bed?e +- 76 
bdt — 32 
cf +27 
cde — 45 
cd? + 20 
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(Po 7 . .: θα Β,ω 
Jep +a) [eae |- |- 1 
deg — 6| . eg .. + 9 
f — 8 
abeg qd 8 
bdfg — 24 
beg — 46 
bef? + 66 
efg (> "δεῖν. 3 
edeg | + 5|+ 48 
X edP’ |+ 6|-- 12 
-cef |— T|— δι 
dg -- 83|— 16 
def |— 8. 86 
dé i+ 4!|-- 8 
αλλον ; 0 Ἔτη 2 
Befg | + 41+ 12 
bdeg |— δι + 192 
δα |— 6|— 48 
bef i+ Ti — 144 
beg |—. 5|— 159 
bf? | — ΟΙ 18 
bed?'g |} + T|— 48 
bedef | — 16|-- 24 
be? - | + 28 | + 219 
bd |+ 30|— 48 
d? |— 88,|— 84 
οσα |— .l|- 42 
cef |+ 96] -- 158 
ePf |-- 8T|— 36 
ede? |— 68} — 399 
ede |+ "79 + 812 
d  |— 24|— 64. 
αὐ |— 2| -0 
"beg | + 7^5 0 
Bcf? |-- 6|. : 0 
bdg | +. οἱ — 224 i 
bdef | + 22) + 144 
-| Be: | — 27| +. 54 
Bedg|—- 8 | + 336 
Beef — δθ!-- 108 





Pde: | -- 22) + 144 
beg. | + 3|— 126 
ρα | + 84 — 648 
bc? |— 21! + 432 
bee | — 102 | + 564 
bed? -| + 441 — 288 
| Of — 27| + 270 5 
cide + l 45. --- 450 
d.. Ἱ--- 20 | + 200 a 
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E s Remaining Coefficients ορ. e, E, G. -—3 
E. | α 1 


ος 


"b 
+ 
To 
ae 


pend 


* | 
Bi] 1-1 |4-|8 


Ro 
ο 
oss Ν το ο P 
bo O5 RI b5 05 Co RS 





jd 


p. 
2 
9- 
. 6 
8 
4. 
0. 


ἘΠΕῚ 
5 P 


* ar 


E^ 
LJ à Fa 


Note.—In the tables on this page, a 
has been treated like the other letters; 
. on the preceding pages, the powers - 
of a have been suppressed except in 
the first of every series of terms con- 
taining a common power of a: 


zd poses 





The final result is that we have the values of the inyariants B,J, P, W,Z 
‘and the leading coefficients of the covariants A, C, D, E, F, G, H, J, E E 
M, N, O, Q, R: also the means of calculating tha cuins coefficients of the 
--- covariants S, T, U, V, X, Y. oe. 


3 


Issued July 18, 1882. ' 


